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Abstract−−The effect of homogeneous and hetero-

geneous reactions, as well as second-order velocity 

slip, on the magnetic influenced flow of nanofluid 

(Cu-water and MgO-water) passing above an extend-

ing surface has been examined. To alter the nature of 

the leading equations of this problem, a new set of di-

mensionless variables have been employed. The re-

sulting equations with the corresponding surface re-

strictions are solved using the Runge-Kutta-Fehlberg 

technique (RKF45) by developing a code in Maple-18. 

The outcomes of this investigation are presented in 

terms of pictorial mode with the effects of different 

novel flow parameters. Also, numerical values of 

physical quantities that are associated with this prob-

lem are set in terms of tabular mode. It is perceived 

that with increasing the number of solid particles, the 

thermal and mass fractions of the nanofluid behave as 

an enhancing function, whereas the motion of the 

nanofluid is a decreasing function. 

Keywords−−Nanofluid, heat transfer, MHD, homo-

geneous and heterogeneous reaction, velocity slip, 

Runge-Kutta-Fehlberg technique 

I. INTRODUCTION 

The fluid streaming above an elongating surface has mul-

tifarious applications in engineering sciences, medical 

sciences and industrial problems. The fluid flow along 

with thermal and mass transmissions over an elongating 

type geometry have different applications. Polymer ex-

trusion, wire drawing, paper production and annealing 

and thickening of copper wire are some important appli-

cations of this type of surface. Crane (1970) was the first 

author who formulated a mathematical model of viscous 

fluid flow caused due to an extending surface. In the re-

cent time, many authors such as Muhammad et al. 

(2019), Khashi’ie et al. (2019), Dey and Borah (2020, 

2021), Dey et al. (2021a) and Dey et al. (2021b) have 

explored their ideas of the border-layer flow of different 

fluid models by considering the present geometries. Re-

cently, Dey et al. (2022) and Jeevandhar et al. (2021) 

have investigated the boundary layer flow with the ef-

fects of the magnetic field by taking elongating geome-

tries under the different fluid models. The fluid flow con-

taining nanoparticles over an extending/contracting ge-

ometry has important in modern technology.   

Enhancement of heat transfer rate or energy transfer 

is the key requirement of all modern industries. Numer-

ous unique methods have been employed for several dec-

ades to develop heat transfer rates and achieved different 

levels of thermal efficiencies. Scientists and researchers 

have developed a technique to control the heat transfer 

rate by adding nanoparticles of sized 1-100 nm in a tra-

ditional fluid. This development has taken a great deal of 

interest in modern times due to its imperative applica-

tions in different physical fields. The nanoparticles uti-

lized in nanofluids are naturally prepared of metals, ox-

ides, carbides or nitrides etc and the traditional fluid is 

regularly a heat transfer fluid like water (as in this study), 

kerosene and different bio-fluids etc. Choi (1995) was the 

first author who proposed the term ‘nanofluid’ experi-

mentally. These smart fluids have numerous applications 

in engineering sciences, bio-medical sciences and indus-

trial processes etc. This special type of fluid is responsi-

ble for the enhancement of the thermal conductivity of 

the fluid. Anuar et al. (2019) have investigated the ther-

mally stratified nanofluid flow containing CuO & Ag by 

considering an exponential form of contracting surface. 

Alzahrani et al. (2021) have investigated the importance 

of solar energy by considering nanofluids containing dif-

ferent nanoparticles such as CuO & MgOetc. Recently, 

many researchers Shravani et al. (2018), Rajesh et al. 

(2020), Dey and Chutia (2020), Zehra et al. (2021), Ho 

et al. (2021), Prasannakumara (2021), Jamshed et al. 

(2021) and Dey and Hazarika (2021), etc.; have investi-

gated the nature of nanofluids flow caused due to differ-

ent geometries with thermal transmission by considering 

different base fluids. Mehdi et al. (2022) have investi-

gated the heat transfer phenomena in presence of the 

magnetic field of the nanofluid flow between two parallel 

disks of infinite lengths. Recently, Hasnain and Abbas 

(2019), Abbas et al. (2021), Naveed et al. (2021), 

Hasnain and Abid (2022) and Hasnain et al. (2021) have 

analyzed the nanofluids flow under the different novel 

flow factors by taking different geometries and methods.   

The movement of boundary layer fluids associated 

with a magnetic field is becoming increasingly important 

in various industrial concerns as well as in describing the 

behavior of the sun and stars. We can readily describe the 

formation of the solar halo via magneto-hydrodynamic 

(MHD) theory. Since magneto-hydrodynamic can gyrate 
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the magnetic field and the affecting fluid generates elec-

tricity. MHD has a variety of uses, including blood 

plasma and blood pump equipment. Chemical reactions 

in conjunction with magnetic fields have once again 

piqued people's interest in current times. Chemical reac-

tions in the current fluid model occur in a variety of 

chemically reactive systems, including incineration, ca-

talysis, and biochemical systems. The harmonized reac-

tions generally happen in the whole fluid bulk in the same 

phase and the assorted reactions happen on some cata-

lytic surfaces in two or more phases. In 1996, Markin 

(1996) formulated a mathematical model for isothermal 

homogeneous-heterogeneous chemical reactions in 

boundary-layer fluid flow caused due to a vertical plate. 

Recently, Sheikh and Abbas (2017) have formulated a 

model of the present considering chemical reactions in a 

viscous fluid flow by considering the Casson fluid model. 

Hayat et al. (2017) have analyzed the importance of the 

present considering chemical reactions in the magnetized 

border-layer flow of water-based nanofluid containing 

Cu & Ag by considering first-order velocity slip. Almu-

tairi et al. (2019) have extended this work by adopting 

the model of this problem. Malik and Khan (2018) have 

analyzed the effects of both chemical reactions numeri-

cally. Doh et al. (2020) have analyzed the consequences 

of both harmonized and assorted chemical reactions on 

the nanofluid flow due to a rotating disc. Waini et al. 

(2021) have studied the importance of chemical reactions 

in the form of the present model by adopting a hybrid 

nanofluid flow caused due to a shrinking/stretching sur-

face. Sheikh et al. (2021) have analyzed the boundary-

layer flow due to an extending plate with the influence of 

heat transfer phenomena in presence of both homogene-

ous and heterogeneous chemical reactions.  

 The main intention of this present problem is to ex-

plore the persuade of the present considering chemical 

reactions on the thermally stratified water-based 

nanofluid containing the nanoparticles Cu & MgO 

streaming above an extending surface with a second-or-

der velocity slip. The leading equations of this problem 

are developed by using some physical assumptions and 

laws. For solving these supported equations, a special set 

of new variables is introduced that gives a set of a solva-

ble form of equations. This set of equations is decoded 

utilizing the Runge-Kutta-Fehlberg technique (RKF45) 

by developing the code of a symbolic computer algebra 

program in Maple 18. The outcomes of this study have 

been established in terms of both pictorial and tabular 

forms with significant values of flow parameters. To give 

conformity to our numerical codes, we have compared 

our numerical values with the results reported in Hayat et 

al. (2017) and Almutairi et al. (2019). Hayat et al. (2017) 

have explored the flow behaviour of the nanofluid in the 

presence of both homogeneous and heterogeneous chem-

ical reactions with first-order velocity slip conditions. Al-

mutairi et al. (2019) have extended this work by consid-

ering second-order velocity slip conditions using the Ho-

motopy Analysis method. To the best of the authors’ 

knowledge, analysis of the MHD boundary-layer flow of  
 

 
Figure 1. Schematic diagram of the present model. 

water-based nanofluid due to an extending surface and 

thermal transference in presence of homogeneous-heter-

ogeneous chemical reactions with second-order bound-

ary slip conditions have not been considered so far. Here, 

we have taken the nanoparticles Copper (Cu) and Mag-

nesium Oxide (MgO) to form water-based nanofluids. 

These nanoparticles have multifarious applications in dif-

ferent industrial processes and played an important role 

to enhance thermal transmission. 

II. MATHEMATICAL FORMULATION 

We consider the time-independent, incompressible and 

two-dimensional boundary-layer flow of water-based 

nanofluid containing the nanoparticles Cu and MgO 

which is positioned in an extending porous medium. A 

homogeneous magnetic field of potency 𝐵0 is concerned 

in the normal direction of the flow. The sheet is charac-

terized by the velocity 𝑢(𝑥) = 𝑐𝑥 + 𝑈𝑠𝑙𝑖𝑝, where 𝑐 > 0 

recognizes the stretch at the surface and 𝑈𝑠𝑙𝑖𝑝 the velocity 

slip and the prescribed wall temperature is 𝑇 = 𝑇𝑤. The 

flow diagram of this problem is shown in Fig. 1.  

A simple homogenous-heterogeneous reaction model 

with chemical orders 𝐴 and 𝐵 is adopted by motivating 

Hayat et al. (2017) and Almutairi et al. (2019) which is 

explained in the following way. For cubic auto-catalysis, 

the homogenous reaction is exemplified by Eq. (1) and 

an isothermal reaction of first-order (heterogeneous reac-

tion) on the catalyst surface is represented as Eq. (2).  

 𝐴 + 2𝐵 → 3𝐵, rate = 𝐾𝑐𝑎𝑏2 (1) 

 𝐴 → 𝐵, rate = 𝐾𝑠𝑎 (2) 

In this study, we have assumed that both reaction pro-

cesses are isothermal. By employing the above supposi-

tions, the supported leading equations of this problem are 

illustrated in the following way (Hayat et al., 2017; and 

Dey and Hazarika, 2022):  

 
𝜕𝑢

𝜕𝑥
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 𝜌𝑛𝑓 (
𝜕𝑢

𝜕𝑥
+ 𝑣
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Equations (3)-(5) are derived from the principle of 

conservation of mass, linear momentum and energy re-

spectively under the above considering assumptions. The 

equation of motion (Eq. 4) is governed by the inertia 

force (left-hand side), viscous force (1st term of right-

hand side), Darcy’s force (2nd term of right-hand side) 

and Lorentz force (last term of right-hand side). In the 

equation of energy (Eq. 5), flow is maintained with free 

convection (left-hand side) and conduction (1st term of 

the right-hand side) heat transfers. The 2nd and 3rd terms 

of right hand side of Eq. (5) represent the effects of en-

ergy dissipation and Ohmic heating respectively. Equa-

tions (6) and (7) are derived from the principle of conser-

vation of species and the flow is maintained with convec-

tion and diffusion mass transfers under the influence of 

homogeneous and heterogeneous chemical reactions.   

The restrictions at the surface and free stream region 

are 

 𝑦 = 0: 𝑢 = 𝑐𝑥 + 𝑈𝑠𝑙𝑖𝑝 , 𝑣 = 0, 𝑇 = 𝑇𝑤 ,  (8) 

 𝐷𝐴
𝜕𝑎

𝜕𝑦
= 𝐾𝑠𝑎, 𝐷𝐵

𝜕𝑏

𝜕𝑦
= −𝐾𝑠𝑎,   

 𝑦 → ∞: 𝑦 → 0, 𝑇 → 𝑇∞, 𝑎 → 𝑎0 , 𝑏 → 0. (9) 

where, 𝑈𝑠𝑙𝑖𝑝 is the second-order slip velocity at the sheet 

and is defined as given below (referring Fang et al., 2010; 

Fang and Aziz, 2010 and Almutairi et al., 2019): 

 𝑈𝑠𝑙𝑖𝑝 =
2

3
(

3−𝜀𝑙1
2

𝜀
−

3

2

1−𝑙1
2

𝐾𝑛
) 𝛿1

𝜕𝑢

𝜕𝑦
−   

 
1

4
[𝑙1

4 +
2

𝐾𝑛
2 (1 − 𝑙1

2)] 𝛿1
2 𝜕2𝑢

𝜕𝑦2,  

 𝑈𝑠𝑙𝑖𝑝 = 𝐴0 𝜕𝑢

𝜕𝑦
+ 𝐵0 𝜕2𝑢

𝜕𝑦2  (10) 

where, 𝐴0 and 𝐵0 are constants, 𝐾𝑛 the Knudsen number 

that quantifies the molecular mean free path such that ve-

locity slip reduces with smaller values of 𝐾𝑛 and 0 ≤

𝑙1 = min (
1

𝐾𝑛
, 1) ≤ 1. Here, the constant 𝐵0 < 0 be-

cause 𝛿1 is always positive.  

The relationship of the thermo-physical properties be-

tween base fluid and nanofluid are defined in the follow-

ing way (Mishra et al., 2019; Dey and Hazarika, 2022; 

and Hasnain et al., 2022): 

𝜌𝑛𝑓 = 𝜌𝑓(1 − 𝜙) + 𝜌𝑆𝜙, 𝜇𝑛𝑓 = 𝜇𝑓(1 − 𝜙)−2.5, 

(𝜌𝐶𝑝)
𝑛𝑓

= (𝜌𝐶𝑝)
𝑓

(1 − 𝜙) + (𝜌𝐶𝑝)
𝑆

𝜙, 

 𝑘𝑛𝑓 = 𝑘𝑓 [
𝑘𝑆

∗ +2𝑘𝑓−2𝜙(𝑘𝑓−𝑘𝑆
∗)

𝑘𝑆
∗ +2𝑘𝑓+2𝜙(𝑘𝑓−𝑘𝑆

∗)
]  (11) 

 𝜎𝑛𝑓 = 𝜎𝑓 [1 +
3(𝜎−1)𝜙

2+𝜎−(𝜎−1)𝜙
] , 𝜎 =

𝜎𝑠

𝜎𝑓
.  

To alternate the nature of non-linear supported Eqs. 

(3)-(7) along with boundary condition (8), a mass preser-

vation similarity transformation is employed which is de-

fined as the Eq. (12).  

 𝜂 = √
𝑐

𝜈𝑓
𝑦, 𝑢 = 𝑐𝑥𝑓 ′(𝜂), 𝑣 = −√𝑐𝜈𝑓𝑓(𝜂),  (12) 

𝑎 = 𝑎0𝑔(𝜂), 𝑏 = 𝑎0ℎ(𝜂), 𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
. 

Equation (12) modernizes the supported equations 

into a set of coupled non-linear ordinary differential 

equations which is solvable. We have achieved the fol-

lowing solvable equations and the related surface re-

striction:  

 𝛽1𝑓′′′(𝜂) − 𝛽1𝜆𝑓′(𝜂) − 𝛽2𝑀𝑓′(𝜂) + 𝑓′(𝜂)𝑓′′(𝜂) − 

 𝑓′′(𝜂) = 0, (13) 

 𝛽3𝜃′′(𝜂) + 𝛽4 Pr 𝐸𝑐 𝑓′′(𝜂)2 + 𝛽5 Pr 𝑀𝐸𝑐 𝑓′(𝜂)2 + 

 Pr 𝑓(𝜂) 𝜃′(𝜂) = 0, (14) 

 𝑔′′(𝜂) + 𝑆𝑐𝑓(𝜂)𝑔′(𝜂) − 𝑆𝑐𝑘𝑔(𝜂)ℎ2(𝜂) = 0, (15) 

 𝛿ℎ′′(𝜂) + 𝑆𝑐𝑓(𝜂)ℎ′(𝜂) + 𝑆𝑐𝑘𝑔(𝜂)ℎ2(𝜂) = 0. (16) 

where the constants are defined in the following way: 

𝛽1 =
𝜇𝑛𝑓𝜌𝑓

𝜇𝑓𝜌𝑛𝑓
, 𝛽2 =

𝜎𝑛𝑓𝜌𝑓

𝜎𝑓𝜌𝑛𝑓
, 𝛽3 =

𝑘𝑛𝑓(𝜌𝐶𝑝)
𝑓

𝑘𝑓(𝜌𝐶𝑝)
𝑛𝑓

 , 

𝛽4 =
𝜇𝑛𝑓(𝜌𝐶𝑝)

𝑓

𝜇𝑓(𝜌𝐶𝑝)
𝑛𝑓

  and  𝛽4 =
𝜎𝑛𝑓(𝜌𝐶𝑝)

𝑓

𝜎𝑓(𝜌𝐶𝑝)
𝑛𝑓

. 

The dimensionless flow parameters are defined below:  

𝜆 =
𝜐𝑓

𝑐𝐾
, 𝑀 =

𝜎𝑓𝐵0
2

𝜌𝑓𝑐
, Pr =

𝜐𝑓

𝛼𝑓
, 𝐸𝑐 =

𝑢𝑤
2

(𝐶𝑝)
𝑓

(𝑇𝑤−𝑇∞)
, 

𝑆𝑐 =
𝜐𝑓

𝐷𝐴
, 𝑘 =

𝐾𝑐𝑎0
2

𝑐
, 𝛿 =

𝐷𝐴

𝐷𝐵
, 𝑘𝑠 =

𝐾𝑠

𝐷𝐴
√

𝜐𝑓

𝑐
,  

𝛾1 = 𝐴0
√

𝑐

𝜐𝑓
   and   𝛾2 = 𝐵0 𝑐

𝜐𝑓
. 

The restrictions at the surface and free stream region are:  

𝑓′(0) = 1 + 𝛾1𝑓′′(0) + 𝛾2𝑓′′′(0) ,𝑓(0) = 0,  

 𝜃(0) = 1, 𝑔′(0) = 𝐾𝑠𝑔(0), 𝛿ℎ′(0) = −𝐾𝑠𝑔(0), (17) 

𝑓′(∞) → 0, 𝜃(∞) → 0, 𝑔(∞) → 1, ℎ(∞) → 0.  

where 𝛾1 > 0 and 𝛾2 < 0 are the velocity slip parame-

ters. The diffusion coefficients of 𝐷𝐴 and 𝐷𝐵 are accepted 

to be of an equivalent form i.e., 𝛿 = 1.  

In this situation, we have from Eq. (17), 𝑔(𝜂) +
ℎ(𝜂) = 1 ⇒ ℎ(𝜂) = 1 − 𝑔(𝜂), then combining the Eqs. 

(15) and (16) which are associated with the surface con-

ditions and Eqs. (15) and (16) become: 

 𝑔′′(𝜂) + 𝑆𝑐𝑓(𝜂)𝑔′(𝜂) − 𝑆𝑐𝑘𝑔(𝜂)[1 − 𝑔(𝜂)]2 

 = 0, (18) 

 𝑔′(0) = 𝐾𝑠𝑔(0), 𝑔(∞) → 1. (19) 

III. PHYSICAL QUANTITIES 

In this analysis, three physical numbers such as drag 

force, rate of heat transfer and mass accumulation rate of 

the fluid at the surface are observed. These numbers are 

the most important quantities in different physical fields 

such as engineering sciences, aircraft, geo-physics etc. 

These quantities are discussed in terms of 𝐶𝑓, 𝑁𝑢𝑓 and 

𝑆ℎ𝑥 and defined in the following way:   

 𝐶𝑓 = −
𝜇𝑛𝑓

0.5𝜌𝑓𝑢𝑤
2

𝜕𝑢

𝜕𝑦
|

𝑦=0
, 𝑁𝑢𝑥 = −

𝑘𝑛𝑓

𝑘𝑓

𝑥

(𝑇𝑤−𝑇∞)

𝜕𝑇

𝜕𝑦
|

𝑦=0
. (20) 

Using the Eq. (12), we have achieved the expression of 

the dimensionless physical quantities as:  

 𝐶𝑓√Re𝑥 = −
1

(1−𝜙)2.5 𝑓′′(0),  

 𝑁𝑢𝑥Re𝑥
−1/2 =

𝑘𝑛𝑓

𝑘𝑓
𝜃′(0). (21) 

where Re𝑥 = 𝑢𝑤𝑥/𝜐𝑓. 
 

Table 1. Thermo-physical properties of water-based nanopar-

ticles (referring Hussain et al., 2014; Chanie et al., 2018; 

Khashi´ie et al., 2019; Alzahrani et al., 2021; and Ismail et al., 

2018). 

Physical Properties Water MgO Cu 

𝜌(𝐾𝑔𝑚−3) 997.1 3580 8933 

𝐶𝑝(𝐽(𝐾𝑔. 𝐾)−1) 4179 960 385 

𝐾(𝑊(𝑀. 𝐾)−1) 0.6130 48.4 401 

𝜎(𝑠𝑚−1) 5.5 × 10−6 1.42 × 10−3 59.6 × 106 
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IV. METHODOLOGY 

Due to the presence of non-linearity in the resultant equa-

tions, the analytical approach for solving this type of 

equation is not fit suitably. So, we have employed the 

RKF45 (Runge-Kutta-Fehlberg fourth-fifth order) 

method with the help of symbolic algebra software Ma-

ple-18 (referring Bachok et al., 2013; and Rahman and 

Eltayeb, 2013) for solving Eqs. (13, 14) and (18) along 

with the surface restrictions (17) and (19). Maple is math 

software that merges the world’s most powerful math en-

gine with an interface that makes it extremely easy to an-

alyze, explore, visualize and solve mathematical prob-

lems. RKF45 is based on a numerical algorithm that is 

very competent to work out this type of problem. It con-

trols the error automatically using rules 4 and 5. In this 

problem, it is observed that the solution converged when 

𝜂 →7 and 𝜂 → 10, hence ∞ is replaced by 7 and 10

throughout the investigation. The procedure of RKF45 

code in Maple software is briefly discussed by Aziz 

(2009).   

V. RESULTS AND DISCUSSIONS 

Mathematical results for different novel physical param-

eter values are acquired to realize an understanding of the 

physical problem. Numerical results for different flow 

parameters such as 𝑀, 𝜙, 𝜆1, 𝜆2, Pr and 𝑘𝑠 are achieved 

and these outcomes are discussed explicitly in terms of 

graphs and tabular forms. We have taken 𝑀 = 0.5, 𝜙 =
0.2, 𝜆1 = 0.4, 𝜆2 = −0.60, Pr = 6.2, 𝑆𝑐 = 0.60, 𝑘𝑠 =
𝑘 = 0.3 and 𝜆 = 0.4 constant throughout the investiga-

tion unless otherwise mentioned except for the concerned 

parameter under analysis. In this study, we have taken the 

nanoparticles Cu & MgO with the base fluid water. For 

clear understanding, solutions of Cu & MgO nanoparti-

cles are denoted as dashed lines and solid lines respec-

tively.  

 Figures (2)-(4) are designed to show the action of M
on the velocity pattern, temperature distributions and 

mass fraction of the nanofluid respectively. Due to the 

application of a transverse magnetic field on the nano-

fluid, a force is developed called ‘Lorentz force’. This 

developing force has the propensity to enhance the re-

sistance force which reduces the speed of the nanofluid. 

Hence the motion slows down with the rise of the mag-

netic parameter (Fig. 2). From Fig. (2), it is also per-

ceived that the velocity of the MgO nanofluid is compar-

atively higher than Cu nanofluid. Again, due to the slow-

down of the fluid motion, one kind of heat develops that 

rises the temperature distributions of the nanofluid, as 

demonstrated in Fig. 3. The thermal boundary layer 

thickness of the water-based fluid containing MgO is 

smaller than the Cu -nanofluid. From Fig. (4), it is de-

tected that the improving values of 𝑀 enhances the mass 

fraction of the nanofluid. Also, the concentration border-

line width of the MgO -nanofluid is larger than Cu 

 The influence of 𝜙 (volume fraction of nanoparticles) 

is discussed in Figs. (5)-(7). Figure (5) demonstrates that 

with the increase of volume fraction, there is deceleration 

in fluid motion during Cu-water and MgO -water cases. 

This is because the Lorentz force persuades the accumu-  
 

 
Figure 2. Action of 𝑀 on the velocity pattern. 

 
Figure 3. Action of 𝑀 on the temperature distributions.   

 
Figure 4. Action of 𝑀 on the mass fraction of the fluid. 

 
Figure 5. Action of 𝜙 on the velocity pattern.  

lation of more conducting nanoparticles into the liquids 

and hence the velocity pattern drops down. Again, veloc-

ity of “MgO -water” nanofluid is higher than “Cu -water”  
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Figure 6. Action of 𝜙 on the temperature distributions. 

 
Figure 7. Action of 𝜙 on the mass fraction of the fluid. 

 
Figure 8. Action of 𝜆1 on the velocity pattern. 

nanofluid. Figure (6) illustrates the temperature distribu-

tions for improving values of 𝜙 The nanoparticles physi-

cally disperse energy in terms of heat. Due to this physi-

cal phenomenon, the temperature distributions of the 

“MgO -water” based nanofluid higher than “Cu -water” 

based nanofluid. Figure (7) is depicted to show the action 

of volume fraction on the mass fraction of the fluid. It is 

perceived that the mass fraction for both the liquids 

boosts up with 𝜙 Again, the concentration boundary-

layer thickness for the MgO -nanofluid is larger than Cu. 

Action of 1st and 2nd order velocity slip parameters (𝜆1 

and 𝜆2) on the velocity distribution, temperature and con-

centration pattern of the nanofluid are discussed in Figs. 

(8)-(10). Figure (8) illustrates the motion of the nanofluid 

containing the nanoparticles Cu and MgO with the effects 

of 𝜆1 The MgO -nanofluid velocity enhances with 𝜆1 

(Fig. 8). But an opposite nature is developed for the Cu- 

nanofluid. Figure (9) represents the mass fraction of the 

nanofluid with the 1st order velocity slip parameter. The 

first-order velocity slip parameter lessens the mass frac-

tion of the nanofluid and the concentration boundary-

layer thickness of the “MgO -water” nanofluid is higher 

in comparison to the “Cu -water” nanofluid. Figure (10) 

depicts the influences of 𝜆2 on the velocity, temperature 

and mass fraction of the nanofluids. The momentum 

boundary-layer thickness for the Cu-nanofluid is smaller 

than MgO -water based nanofluid under the influence of 

the second-order velocity slip parameter. Again, the ther-

mal boundary-layer thickness for MgO -water nanofluid 

is lesser than Cu-water nanofluid under the influence of 

𝜆2. The mass fraction of the nanofluid containing MgO 

nanoparticle is higher than Cu-nanoparticle. Figure (11) 

is depicted to illustrate the influence of the Prandtl num-

ber on the temperature distribution of the nanofluid. It is 

noticed that the thermal transmission of the nanofluid has 

been reduced with the improving values of Pr. It is also 

perceived that the temperature of the Cu-H2O nanofluid 

is larger in comparison to MgO-H2O nanofluid during the 

effects of Pr. In general, when Pr = 1, it means that the 

influence of the momentum and thermal diffusions is 

same in the system. Additionally, for Pr < 1, the thermal 

diffusivity is higher than the viscous diffusivity and 

hence thermal fraction has been reduced. The influence 

of the measure of the strength of the heterogeneous 

chemical reaction 𝑘𝑠 on the mass fraction of the 

nanofluid is discussed in Fig. (12). It is observed that de-

veloping values of 𝑘𝑠 reduces concentration boundary-

layer thickness from MgO-H2O nanofluid to Cu-H2O 

nanofluid. That is a reduction of concentration during 

both the liquids occurs due to the presence of reactions in 

the system. Again, Fig. (13) is presented to show the in-

fluence of the measure of the strength of the homogene-

ous reaction (𝑘) on the mass fraction of the nanofluid. 

Improving amount of 𝑘 declines the concentration 

boundary-layer thickness of the present fluids, thereby 

the mass fraction of the system reduces during both the 

liquids.  

 
Figure 9. Action of 𝜆1 on mass fraction of the fluid. 
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Figure 10. Action of 𝜆2 on the velocity, temperature and mass 

fraction pattern. 

 
Figure 11. Action of Pr on the temperature distributions of the 

nanofluid. 

 
Figure 12. Action of 𝑘𝑠 on the mass fraction of the nanofluid.  

From Figs. (12) and (13), it is noticed that range of 

the concentration is more during the variation of homo-

geneous chemical reaction than the heterogeneous reac-

tion.  

Table 2 is submitted to validate our numerical codes 

with the previous results of Hayat et al. (2017) and Al-

mutairi et al. (2019) in the absence of energy equation 

and second-order velocity slip condition. They have stud- 
 

 
Figure 13. Action of 𝑘 on the mass fraction of the nanofluid. 

Table 2. Comparison of numerical values of skin friction coef-

ficient of Cu-H2O with the results of Hayat et al. (2017) and 

Almutairi et al. (2019).  

 

𝝓 

 

𝝀𝟏 

 

𝑀 

 

𝒌𝒔 

Skin friction coefficient 

(−𝑓′′(0)) 

Hayat 

et al.  

Almu-

tairi et al. 

Present 

Result 

0.05  

1.0 

 

0.5 

 

0.3 

1.278 1.23278 1.2332778 

0.1 1.465 1.41390 1.4138984 

0.2 1.955 1.88407 1.8840684 

 

0.2 

0.1  

0.5 

 

0.3 

4.542 4.31610 4.3161033 

0.5 2.827 2.70491 2.7049073 

0.9 2.079 2.00347 2.0034739 

 

0.2 

 

1.0 

0.1  

0.3 

1.897 1.81545 1.8154477 

0.3 1.928 1.85097 1.8509724 

0.7 1.981 1.91500 1.9150037 
 

ied the effects of both homogeneous and heterogeneous 

chemical reactions on the nanofluid containing different 

nanoparticles. We have compared our numerical results 

of skin friction coefficient of Cu-H2O with the results re-

ported in Hayat et al. (2017) and Almutairi et al. (2019) 

and achieved good conformity  

Numerical values of physical quantities that are im-

portant in different physical fields are tabulated through 

some novel flow parameters in Table 3. The skin friction 

coefficient which helps us to measure the drag force of 

the fluid at the flow surface of Cu-H2O nanofluid rises 

with 𝜙, but an opposite nature is observed in the case of 

MgO-H2O nanofluid. The heat transfer rate (Nusselt 

number) of the nanofluid at the surface decreases with the 

improving values of 𝜙 But, it enhances the mass accumu-

lation rate (Sherwood number) during the nanofluid con-

taining Cu nanoparticle and an opposite behaviour is no-

ticed in the case of MgO-H2O nanofluid. From this table, 

it is perceived that the magnetic parameter helps to con-

trol the heat transfer rate of the nanofluid. But it enhances 

the other two physical quantities during both the liquids. 

The physical quantities during both the liquids except 

skin friction coefficient increase with the effects of first-

order velocity slip. That is the skin friction coefficient of 

the nanofluids drops down with the influence of 1st order 

velocity slip. From this table, it is also achieved that the 

combination of MgO and water generates more heat 

transfer rate at the surface than the Cu -water nanofluid. 

So, MgO -water nanofluid plays an important role to en-

hance the heat transfer rate.    
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Table 3. Numerical values of physical quantities for various values of flow parameters when P𝑟 = 7, 𝑆𝑐 = 0.23, 𝑘𝑠 = 0.5, 𝐸𝑐 =
1, 𝜆2 = −1.

 
𝜙 M 𝜆1 Skin friction coefficient [−𝑓′(0)]  Nusselt number [−𝜃′(0)]  Sherwood number [−𝑔′(0)]  

   Cu                            MgO Cu                      MgO Cu                       MgO 

0.05  

0.5 

 

0.3 

3.003282 2.876463 0.370456 0.394243 -0.110886 -0.121756 

0.1 3.055699 2.832283 0.294899 0.341023 -0.106331 -0.125451 

0.2 3.083488 2.725534 0.195446 0.255932 -0.103915 -0.134106 

 

0.2 

0.5  

0.3 

3.083488 2.725534 0.195446 0.255932 -0.103915 -0.134106 

1.0 3.308428 2.907266 0.130745 0.200470 -0.084969 -0.119147 

1.5 3.499177 3.065679 0.081130 0.155603 -0.070914 -0.105463 

 

0.2 

 

0.3 

0.5 4.506724 3.770164 0.169504 0.255656 -0.123267 -0.142697 

1.0 3.083488 2.725534 0.195446 0.255932 -0.095464 -0.121508 

1.5 2.208204 2.019088 0.198133 0.244226 -0.069878 -0.097835 

VI. CONCLUSION 

It is clearly noticed that all the figures satisfy the far-field 

boundary conditions asymptotically. The Maple-18 soft-

ware is one of the most powerful math engines that helps 

us to calculate, visualize, explore and solve mathematical 

problems without any complexity. From this analysis, we 

have summarized the outcomes as follows: 

i. With the help of applying a magnetic field, we can 

control the motion of the nanofluid, but we should 

keep in mind that an excessive amount of magnetic 

parameter may damage the system by burning and 

over deposition of mass. Also, it enhances the drag 

force and mass accumulation rate of the fluid during 

both the liquids at the surface of the sheet.  

ii. The velocity pattern during both the liquids behaves 

like a decreasing function of the volume fraction of 

the particles. On the other hand, the thermal and 

mass fractions of the nanofluid characterize an in-

creasing function of the volume fraction of the parti-

cles. Again, for better achievement of thermal trans-

mission rate at the surface, the nanofluid containing 

MgO nanoparticle is more efficient than the 

nanofluid containg Cu nanoparticle. Also, this nano-

particle gives fewer effects of drag force and mass 

accumulation rate at the surface than Cu-H2O 

nanofluid.   

iii. Due to the effects of the second-order velocity slip 

parameter, the motion, as well as the temperature of 

the nanofluid accelerates, but an opposite nature is 

observed for the mass fraction of the fluid.  

iv. The mass fraction of the nanofluid during both the 

nanoparticles reduces with the improving measures 

of both heterogeneous and homogeneous chemical 

reaction factors. 

v. It is seen from the Table-3 that the combination of 

MgO and water generates less shear stress at the sur-

face in comparison to Cu-water nanofluid. So, MgO 

and water is a better combination to use in industrial 

purpose because more shear stress may damage the 

system. 

NOMENCLATURE 

𝑐,𝑎0 constants  

𝐴, 𝐵 chemical species 

𝑎 & 𝑏 concentration of 𝐴 & 𝐵, respectively (mol/kg).  

𝑓′(𝜂) dimensionless stream function 

𝑔(𝜂) dimensionless mass fraction 

𝐸𝑐  Eckert number 

𝐾𝑛  Knudsen number 

𝑁𝑢𝑥 local Nusselt number 

𝐷𝐴 & 𝐷𝐵 mass diffusion for 𝐴 & 𝐵 (m2/s) 

𝑘 measure of the strength of the homogeneous reac-

tion (s-1)  

𝑘𝑠 measure of the strength of the heterogeneous 

chemical reaction (s-1) 

𝑀  magnetic parameter 

Pr  Prandtl number 

𝐾  porosity of the porous medium 

𝐾𝑐 & 𝐾𝑠 rate constants 

𝐵0  strength of magnetic field (Tesla)  

𝑆𝑐  Schmidt number 

𝐶𝑓  skin friction coefficient 

𝐶𝑃  specific heat at constant pressure (J/kgK)  

𝑇  temperature of the fluid (K) 

𝑘  thermal conductivity (W/mK)  

𝑢  velocity component along 𝑥-direction (m/s) 

𝑣  velocity component along 𝑦-direction (m/s) 

Greek symbols: 

𝜌  density (kg/m3)  

𝜇  dynamic viscosity (Pa s)  

𝜃(𝜂) dimensionless stream function 

𝜎  electrical conductivity (s/m)  

𝜆1, 𝜆2 first and second order velocity slip parameter 

𝜐  kinematic viscosity (m2/s) 

𝛿1  molecular mean free path (m) 

𝜀  momentum accommodation coefficient 

𝜆  porosity parameter 

𝛿  ratio of the diffusion coefficient 

𝜂  similarity variable 

𝜓  stream function 

𝜙  volume fraction of the particle 

Subscripts:  

𝑤  at wall 

∞  at free stream region 

𝑛𝑓  nanofluid 

𝑓  base fluid 

𝑠  solid particle” 
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