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Abstract— In this investigation, thermal diffusion
and thermal radiation effects are studied on an un-
steady natural convective flow of an electrically con-
ducting fluid past an inclined vertical plate. A uni-
form aligned magnetic field is imposed onto the fluid
or the plate. The governing PDEs are solved using the
Laplace transformation technique. The effect of vari-
ous parameters on velocity, temperature, concentra-
tion, skin friction, Nusselt number, and Sherwood
number are analyzed graphically. It is observed that
the velocity field rises for increasing the value of the
thermal-diffusion effect. Moreover, fluid concentra-
tion gets oscillate with the effect of Prandtl number
and thermal radiation parameter.

Keywords— Soret effect, thermal radiation, In-
clined plate, Laplace transformation, Roseland ap-
proximation.

I. INTRODUCTION

MHD is the science of motion of electrically conducting
fluid in presence of magnetic field. The study of MHD
flow is very significant as the topic has diverse applica-
tions in various fields of engineering and sciences. MHD
principles find numerous applications in missile technol-
ogy, astrophysics, medical sciences, cosmology, geo-
physics, etc. Several authors like Alfven (1942), Cowling
(1957), Ferraro and Plumpton (1966), Shercliff (1965),
Crammer and Pai (1973) made pioneering contributions
to the study of MHD. The theoretical significance and the
scope of applications of convection problems pertaining
to electrically conducting fluid in presence of a magnetic
field have received much attention in recent years.

The study of the combined effect of heat and mass
transfer on free convection flow received considerable
interest in many theoretical models and experimental as-
pects because of its various applications in industry, sci-
entific, and engineering processes. Some of its applica-
tions are in chemical engineering, agricultural engineer-
ing, petroleum technology, and many more. The in-
ventive and electrical work of MHD channel flow was
studied by Hartmann and Lazarus (1937). The problem
concerning MHD free convection and mass transfer flow
with heat source and thermal diffusion was studied by
Singh (2001). Upreti et al. (2022) analyze the nature of
heat and mass transfer on the 3D flow of Casson
nanofluid. Sharma et al. (2007) have studied the Hall ef-
fect on MHD mixed convective flow of a viscous incom-
pressible fluid past a vertical porous plate immersed in a
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porous medium with heat source/sink. Assessment of en-
tropy generation and heat transfer in three-dimensional
hybrid nanofluid flow due to convective surface and base
fluid were studied by Upreti et al. (2021). Heat and mass
transfer assessment of magnetic hybrid nanofluid flow
via Bidirectional porous surface with volumetric heat
generation was examined by Joshi et al. (2021). Kim
(2001) studied unsteady MHD convection flow of polar
fluids past a semi-infinite vertical-moving porous plate
in a porous medium. Joshi et al. (2015) investigate the
mixed convection flow of magnetic hybrid nanofluid
over a bidirectional porous surface with internal heat gen-
eration and higher-order chemical reaction. Sattar and
Hossain (1992) have discussed free convection and mass
transfer flow through a porous medium with time-de-
pendent temperature and concentration. Sivaiah et al.
(2009) and Das and Jana (2015) have studied heat and
mass transfer effects on MHD free convection flow with
different boundary conditions.

Soret effect which is also known as thermal diffusion
effect is concerned with the mass flux under temperature
gradient. The experimental investigation of Soret effect
was first performed by Swiss chemist Charles Soret in
1879. Soret effect is applied for isotope separation and in
a mixture of gas with very light molecular weight (H2 and
He). It is observed in mixtures of gases, liquids, and even
solids. Several researchers have study on both Soret and
Dufour effects due to its various importance. Gamal and
Rahman (2010) studied on the Soret and Diffusion
thermo effects on Hiemenz flow and mass transfer of
fluid flow through a porous medium onto a stretching
surface. Turkyilmazoglu and Pop (2012) examined the
Soret and heat source effects on the unsteady radiative
MHD free convection flow from an impulsively started
infinite vertical plate.

Radiation is made of energy transfer in terms of heat
by electromagnetic waves or by photons. Thermal radia-
tion on natural convection has become highly significant
because of its wide use in Physics and engineering pro-
cesses. Several authors have investigated the fluid flow
with thermal radiation effects. Some of them are Raptis
and Perdikis (2003), Makandi (2005), Ahmed and
Sengupta (2011), Seth et al. (2011), Prasad et al. (2021).
Omamoke et al. (2020) studied the radiation, and heat
source effects on MHD free convection flow over an in-
clined porous plate. Lavanya et al. (2020) examine the
radiation effect on unsteady free convective MHD flow
of a viscous fluid past a porous plate with a heat source.
Suresh Babu et al. (2021) conduct a numerical study of
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chemical reaction, diffusion thermos, and radiation effect
effects on the unsteady convective flow.

In this paper, our main aim is to study the effects of
thermal diffusion and thermal radiation on an unsteady
convective flow of an electrically conducting, incom-
pressible fluid past an inclined vertical plate. The flow
governing equations are transformed into a non-dimen-
sional form by using non-dimensional parameters. To
find the exact solution of the physical model the gov-
erned differential equations are solved using a closed
from of Laplace transformation technique. Velocity field,
temperature field concentration field and skin friction
profiles are illustrated graphically. Moreover, heat and
mass transfer characteristics are discussed in detail
through graphs.

Il. MATHEMATICAL FORMULATION
The unsteady motion of an incompressible, viscous, elec-
trically conducting fluid in presence of a magnetic field
are governed by the equations
Equation of continuity

V.g=o0 (1)
Magnetic field continuity equation
V.E=0 2)
Ohms law
J=o0(E+3xB)=0 (3)

Momentum equation
04 | (== = S, 7o B S
p[2E+(@.V)d| = —Vp+pg+]x B+uv?q (4)
Energy equation

pC, [at, + (3. V)T] = KV2T —V.q, (5)
Species contlnwty equation
0t,+( V)C = Dy V2C + D V2T (6)

Equation of state on the basis of classical Boussinesq ap-
proximation:
P =p[1 +ﬂc(T_Too) +,8f(C_Coo)] (7)
Governing equations are based on the work of Ahmed
and Sengupta (2011). All the physical quantities involved
in the above equations are defined in the list of symbols.
Radiation heat flux as per Suresh Babu et al. (2021)
approximation

R 4o S,
qr = — P vT
Now, T* = (T —Ty +To)* = 4T3T —3T3 as |T —
T.| « 1. So, Vg, = —2C 13v2T.
Equation (5) reduces to
PGy |2+ (4.9)T| = k2T + 2213027 (8)

Introduce a rectangular cartesian coordlnate system.
The x'- axis is along the plate in the upward vertical di-
rection, the y'-axis taken normal to the imposed aligned

magnetic field. Let B = (0, B,, 0) be the magnetic induc-
tion vector and G = (u/, 0,0) be the fluid velocity.

The investigation is restricted to the following as-
sumptions:
(i) All quantities are functions of y" and t'.
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Figure 1: Schematic diagram of the problem

(if) The Bossinesques approximation, the effect of den-
sity fluctuations and species concentration are taken
into account.

(iii) Viscous dissipation of energy are negligible.

(iv) Induced magnetic field can be neglected since the
magnetic Reynolds number is very small

Equation (4) reduces to

p?:,i— - 0’) jF—BOu sin?@f —
Equation (9) gives
p% = —;Tp — B3u'sin?¢@ — pgcosa + u—l; (10)
and
0=-2 (11)

By
Equation (11) gives the idea that pressure near the plate
is equal to the pressure far away from the plate. For fluid
region far away from the plate Eq. (10) becomes,

0——%—pmgcosa (12)
Ellmlnatlng -, from (10) and (11) we get
p at’ = aBou sin?g — (pe — p)gcosa +ua 2 ~ (13)
Now,
Po — P = p[ﬁc(’r - Too) + .Bf(C - Coo)] (14)
Putting the value of (14) in the Eq. (13),
p% = —oBZu'sin*¢ — pB.(T — Too)gcosa +
pBs(C — Co)gcosa + u ayfz (15)
i.e.,
au’ a%u'
— =V—3+8B:(C — Cx)cosa + gfs(T — T, )cosa
at 6y’
G'Bg .2 ’
——, sin“pu (16)
Equation (8) becomes
_ 1, 9°T  dar
pCp W =k 6t’2 ay' (17)
Equation (6) becomes
ac’ azc’ 32T
30 M 2977 T oy7% (18)
The boundary conditions are
t'<0:u'=0,T=T,, C=C,foraly
t'>0:u' =ugexp(a’'t’), T =T, + (Tyy — To,) AL,
C=Co+(Cy—Cr)At' aty =0
u=0T->T,C->Crasy—>
where
A =u3/v. (19)
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Introducing non-dimensional quantities
u:u—, QZT_TOO 'y__yu(]
Ug Tw—Teo

Gr = gﬁf” (T, —T.,), Gm = gﬁ”” = (Cw = Ca),

2
DT(TW Too) t""0

sr=2wTe) ¢ L2 g —

V(Cw—Ceo) v

(CW Coo)
(Cw—Co0)

(20)

Substituting (20) in Egs. (16)-(18)
du _ o%u — + Grfcosa + Gm¢cosa — Msin*pu  (21)

at
a6 1 926
0 _ 1y 8]0
ot Pr 3N] dy?

i.e.
90 _ A 8%0
o~ proy? (22)
9 _ 1 % 9%6
at Sc dy? Srﬁ (23)
where A= [1 +—
3N
Boundary condition
t<0:u=0,¢=0,0=0,forally
t>0:u=ugexp(apt),p=t, 0 =taty=20
u—-0,0-0,¢p->0ay—> (24)

I1l. METHOD OF SOLUTION
Taking Laplace transformation of Egs. (21)-(23), respec-
tively, we get the following ordinary differential equa-
tions:

Su=— + Greosaf + Gmcosag — Msin?@iui  (25)
= Ad?F
5 L4 o d%
S¢ " Scdy? dy? (27)
Relevant initial and boundary conditions are
Sa0¢—2,9— aty:O

1-50,6-50,¢p>0ay— o (28)

Solving Eqgs. from (25)-(27) subject to the initial and
boundary conditions (28), we obtain the expression for
temperature, concentration, and velocity field as follows
0 =2 (29)

¢=~0+mA —nl (30)

Upg + Uy U3 HUaiSCeF LEF 1, Pr#A
Upg + Uz + Uz + U Sc=1,8 #1,Pr #A
Uzq t U3z + U3 +U34e:SCc#F 1,8 =1,Pr=A
Ugq +Ugp +Uys + U e:Sc =1, =1,Pr =A

(1)

where,
E—— A =AE,y,0),n=

Ay = A5, y,8), Uy = Ugpq — u1,1,2 U11,3 —
U1 =¥ =¥, a,a9,y,t),

Uyg2 = N1(A1¢2 + A3 + Asfy),

—Gmcos a(1+n) A1 yAz — _A1y A3 — _i’

Sc—-1 - aq

STSCS , a = Msin?g,

U1,1,4

N, =

a

1
Y, =¥, q, ally't) M =51 % =€T1,
Y =YL, ayt), fi=f1ayt),
U153 = Np(Ags + AsPs + Agfr),

—Gmcosan 1
NZ—T A4- 2'A5:_A41A6=a_2:

Yy =¥(1,a,a,,y,t), Uy 14 = N3(Ashs + Asths + Agf1),

—Grcosa

fq 2 = Ni(A1Ye + Axps + Asf?),

= 1/)(50, O,y, t), lpé = LP(SC! 0' ally! t),
f2 = f(SC,O,y, t)! 1p7 = l/J(f. O,y, t),
U3 = Np(Ashg + Ash; + Asf3),
Wy =W, 0,a,)0), f5=f(0y10,
Uy q = N3(Aghg + Ash; + Agf3),

Up1 = Uz11 — U2 — U213~ U4
Gm cos a(1+n)

Upiq = U1y Uzap = Nafy, Ny = -,

N3=

Up1a = Up1a Uz1z = Up1s Uz = Nafs = Uy,
Uz3 = Up3z, Uyg = Uy,
Uzq = Uzq,1 — U312 — U313 — U314 U1 = U1,
Ug1p = Uy Uz = Nsfy, N5 = M:

a
Grcosa
Uz 14 = Nefo, Ng = v Uzz = Nsfz = Uys,

Uz = Nefz = Ugg, ugq = u4,1,1 —Ug12 —Ug1,3 ~ Usaa

Ug1,1 = Ug11y Ug12 = Uz 12,
Ug13 = U313 Ug14 = U3 1a

Nusselt number

The rate of heat transfer at the plate is given by Nu =

—6—9] . Since 8 = A(&, y, t) which gives
[s5% y=0
Nu = —v,; (32)

where v; = v(¢§,t).
Sherwood number

Sherwood number is related with the rate of mass transfer
at the plate

=[5l =m-aron @9
where v, = v(Sc, t).
Skin Friction
The viscous drag is defined in non-dimensional form as,
ou
9y 6y=0’
ie.,
T11 +T12 + T3 +T14:Sc # L,E#F 1, Pr #A
Tp1 + 7o +To3+T24:S5c=1,& #1,Pr #A
t= T31 + T35 + 733 +T34:Sc # 1,§ = 1,Pr =A (34)
Tg1 +Tap +Ta3+T44:Sc=1,¢E=1,Pr=A
where

T11 = T1110 — T112 — 71,13 — T11,4
Tl,l,l = Zl = Z(ll a, ao, t)l Ql = Q(ly a, t)l
T112 = N1 (4127 + A0 + A3Py),
Zz = Z(l, a, al, t), cbl = q)(l, a, t),
T1,13 = No(AsZ3 + AsQy + AgPy),
Zs =17(1,a,a,t), Z, = Z(Sc,0,a,,t),
Ti,14 = N3(A4Z, + AsQy + AgPq),
Ti2 = N1(A1Z4 + A,Q, + A3 D5),
D, = P(Sc,0,t), Q, = Q(Sc,0,¢),
T13 = Ny (AyZs + AsQ; + Ag®3),
ZS = Z(E' 0' aZ't)! Q'3 = Q(E' 0! t), CDS = q)(fﬂ 0; t)1
T14 = N3(AuZs + AsQ; + Ag®3),
T21 = T211 ~ 7212 — T213 — T2,1,4
To11 = T11,1 T21,2 = Na®q, o3 = T11,3
T4 = T1,14 T22 = Na @y, Ty 3 = Ty 3, Toa = Ty,

T31 = T311 7312 7313 ~ 7314 1311 = T1,1,1
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T312 = T1,1,2) 13,13 = Ns @1, T304 = Ne@q, T35 = Ty 2,
T33 = N5 @3, 754 = Ng @3, Ty 11 = Ty,1,15
Ta1 = Ta11 ~ Ta12 ~ 0413 ~ Ta1,4 Ta12 = T21,2s
T41,3 = 73,131 Ta,1,4 = 03,141 Ta2 = T2,
T4,3 = 1331 Tga = T34-

IV. RESULTS AND DISCUSSION

To understand the physical depth of the problem, an an-
alytical study has been carried out in the form of graphs.
The fluid properties velocity, temperature, concentration,
Nusselt number, skin friction, and Sherwood number are
illustrated graphically. In most of the cases, the Prandtl
number have been kept fixed at 0.71, which corresponds
to dry air at 25°C. Further, the values of thermal Grashof
number and solutal Grashof number are chosen to be pos-
itive.

The variations of M, Sr, Sc, Gr, Gm and t on velocity
field are displayed in Figs. 2-5. It is noticed in Figure 2
that the fluid velocity rises for enhancing the value of So-
ret number effect. Therefore, the temperature gradient in-
creases fluid velocity rapidly compared to the concentra-
tion gradient. Figure 3 represents that the velocity of the
fluid increases as the magnetic parameter hikes, i.e., Lo-
rentz force impact the fluid velocity rise. Figures 4 and 5
depicted that fluid velocity falls under the impact of ther-
mal as well as solutal Grashof number. Hence Buoyancy
force plays an important role in velocity profile.

Figures 6 and 7 display the effects of thermal radia-
tion N, Prandtl number Pr, and t on temperature distribu-
tion. It is observed from Fig. 6 that fluid temperature gets
oscillates for raising the value of Pr. It gives the idea that
Lower thermal diffusivity oscillates the temperature field
inside the boundary layer. Figure 7 represents that by en-
hancing the value of N, the fluid temperature oscillates
inside the boundary layer.

The variation of concentration profile versus y under
the effects of Schmidt number Sc, Prandtl number Pr, So-
ret number Sr, thermal radiation N are represented from
Figs. 8-11. Figure 8 suggests that at near the plate the
concentration of the fluid shows oscillate behavior with
the effect of Sc. But this behavior takes a reverse turn
outside the boundary layer. It gives the idea that low mass
diffusivity fluctuates the concentration field in a slim
layer neighboring the plate. In case of Fig. 9, fluid con-
centration gives an oscillate behavior in a thin layer for
increasing thermal diffusion effect. i.e., higher concen-
tration gradient displays oscillatory behavior inside the
boundary layer. Figure 10 and 11 reveals that fluid con-
centration get oscillate with the effects of thermal radia-
tion parameter N and Prandtl number Pr. It indicates the
fact that radiation tends to oscillate concentration of the
fluid inside the boundary layer. Similarly, lower thermal
diffusivity oscillates the fluid concentration inside the
boundary layer.
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Figure 2: velocity field for the variation in Sr when M = 1,
Gr =15,5¢=0.22,t=0.5,6m=7,Pr=0.71, a = 60°,
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Figure 3: velocity versus y for the variation in M, when Gm =
7,8r =1, Gr = 15, Sc = 0.22,1=0.5, Pr = 0.71, a = 60°,

@ = 30°.
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Figure 4: Influence of Gr on velocity profile when M =1, t =
0.5, Pr=0.71,6m =3,5¢=0.22,5r=1,a = 60° ¢ =

30°.
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Figure 5: Influence of Gm on velocity when M = 1, Sr = 1,
Sc=0.22,6r =8,a =60° Pr=0.71,t = 0.5, ¢ = 30°.
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Figure 6: Temperature variation for Pr.
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Figure 7: Temperature variation in N.
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Figure 8: Concentration variation in Sc.
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Figure 9: Concentration variation for Sr.

Figures 12-14 explain the variation of viscous drag
under thermal diffusion Sr, thermal Grashof number Gr
and solutal Grashof number Gm. Figure 12 reveals that
the increasing values of Sr, increases the coefficient of
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Figure 10: Concentration variation for N.
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Figure 11: Concentration variation for Pr.
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Figure 12: viscous drag versus t for the variation in Sr.
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Figure 13: Viscous drag versus t for variation in Gr.
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Figure 14: Viscous drag versus t for the variation in Gm.
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Figure 15: Nusselt number versus t for the variation in Pr.
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Figure 16: Nusselt number variation in N.

friction for small time and decreases afterwards. There-
fore, higher temperature gradient increases rate of mo-
mentum transfer for small time and reverses after-
wards.Figure 13 and 14 illustrates that Gr as well as Gm
increases skin friction for small time, but after a critical
point, its nature reverses. So, high thermal buoyancy
force and high solutal buoyancy force decreases rate of
momentum transfer for small time and increases after-
wards.

Figures 15 and 16 exhibits the variation of Nusselt
number versus t. Figure 15 shows that there is a compre-
hensive rise in the Nusselt number with increasing the
Prandtl number. Pr = 0.71 represents the value of the
Prandtl number in air and Pr = 7 represents the value of
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Figure 17: Sherwood number variation in Sc.
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Figure 14. Sherwood number for distinet Sc values, when Pr = 0.71and & = 0.5.

Figure 18: Scanned graph of Sherwood number Profile for dif-
ferent Sc.

the Prandtl number in water. It gives the idea that the rate
of heat transfer with a water plate is high compared to air.
i.e., lower thermal diffusivity lowers the rate of heat
transfer from the plate to the fluid region. Figure 16 ad-
mits that the Nusselt number falls with raising the value
of N. Therefore, high radiation decreases the rate of heat
transfer from the plate to the fluid. The variation of Sher-
wood number versus t under Sc is displayed in Fig. 17.
It is seen that the rate of mass transfer of the fluid rise
with the increasing value of both Sc. Figurel7 gives us
that lower mass diffusivity upsurges the rate of mass
transfer from the plate to the fluid.

Comparison of Result

To check the validity of our result, we have compared
one of our results with Suresh Babu et al. (2021). Figure
17 of our present work and Fig. 18 from the work of
Suresh Babu et al. (2021) display the Sherwood number
profile versus time t for different values of Schmidt num-
ber Sc. Both results uniquely established the fact that
Sherwood number increases with Schmidt number.
Therefore, rate of mass transfer gradually increases under
Sc.

V. CONCLUSIONS
The purpose of the present work was to study the effect
of thermal diffusion and thermal radiation on an unsteady
natural convective flow of an electrically conducting
fluid past an inclined vertical plate. A uniform aligned
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magnetic field is imposed onto the fluid or the plate. The
major outcome of the current work is as follows
i. velocity field rise for increasing the value of ther-
mal diffusion effect.

ii. lower thermal diffusivity oscillates the fluid con-
centration inside the boundary layer.

iii. higher concentration gradient displays oscillatory
behavior inside the boundary layer.

iv. high thermal buoyancy force and high solutal
buoyancy force increases rate of momentum trans-
fer for small time and decreases afterwards.

The problem is idealized by imposing some realistic
constraints. There is a wide scope for reinvesting the
same problem numerically by reducing the number of
constraints.

NOMENCLATURE

B Magnetic flux density vector

Gm  Solutal Grashof number

D), Mass diffusivity(m?/s)

Gr  Thermal Grashof number

Pr Prandtl number

E Electric field(\V/m)

M Magnetic parameter

Dy Molar thermal diffusivity (J/K-mol)
N Radiation parameter

Sr Soret number

] Current density vector(A/m?)

Sh  Sherwood number

Cp Specific heat (at constant pressure) (J/kg. K)

p Pressure(N/m?)
Sc Schmidt number
t’ time (s)

C Concentration (molar species) (mol/m®)
C,  Concentration (far away from the plate)
Ty Wall dimensional temperature (K)
C Concentration susceptibility (m3/kg)
C,, Concentration of the species (at the plate) (mol/m%
a absorption coefficient
T,  Fluid temperature (far away from the plate) (K)
qr radiative heat flux
g Acceleration (m/s?)
B,  Applied magnetic field (weber/m?)
erfc complementary error function
Greek Symbols
Density (kg/m®)
angle of inclination.
* Stefan—Boltzmann constant (W/m2 -Ka)
Kinetic viscosity(m?/s)
mean absorption constant (1/m)
Thermal conductivity (W/m. K)
Br Volumetric coefficient (thermal expansion) (1/K)
c Electrical conductivity (s/m)
B. Volumetric coefficient (solutal expansion) (1/K.mol)
U Coefficient of viscosity (kg/m. s)
P  Fluid density (at free stream) (kg/m?®)

*

XX T D
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APENDIX
Using following functions to solve the problem.

A, y,t) = [(1 )erfc (‘;—ry) %eﬁ] t,
FEny0 = (44 52) rfFerse (L2 + i) +
() (- ),
W N ¢y ) = e P +,y,0),
Y nyt) = ieyﬁerfc (% + \/ﬁ) +
ie‘yﬁerfc <\2/i\/%/ - \/ﬁ),
00,0 = PREn 3,0 = = et + i erf (7e)],

Z(En, 1) = efta(En+ 4t = ¥(En y.0),
OG0 = £Eny,0) = —Lerf(Je) -

&n erf(\/ﬁ) - %e‘"t.
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