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Abstract— The fundamental result of this work is
to provide a connection between an input-output
model such as a two-degree-of freedom control system
and an equivalent model in the state-space, whose
state vector depends exclusively on the measurable in-
formation of the original system provided by its out-
puts. This allows taking advantage of powerful nu-
merical methods to perform controller synthesis and
then come back to the two-degree-of-freedom control
system for the implementation of the controller. This
work focused on state-feedback control laws that en-
sure robust performance. The effectiveness of the
method is validated through the application on the
magnetic levitation system.
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1. INTRODUCTION

In a classical feedback control scheme, the control signal
is obtained through the difference between the reference
and the current output. Since there is only one input to
the controller, this classical control structure is also
called a one-degree-of-freedom (1-DoF) controller. On
the other hand, a controller has 2-DoF, when the
reference or the tracking error signals and the plant
output, can be processed independently to obtain the
control signal. Two fundamental problems arise in the
design of control systems. Reference tracking and
disturbance attenuation. It is widely known that both
problems are produced by the corresponding closed-loop
transfer functions (sensitivity and complementary
sensitivity) (Safonov et al., 1981). Although, 1-DoF
controllers have known structural properties (Davison,
1976), a trade-off must be reached between fast tracking
and disturbance attenuation. Whereas disturbance
attenuation is exclusively a feedback problem, the
tracking problem, is an open-loop property that can be
solved by using a suitable precompensator. The
advantages of employing a 2-DoF control system are well
known: the closed-loop properties can be configured
independently of the reference tracking transfer function
(Grimble, 1994). This possibility results from the
separation between the response to the reference signal
and the feedback transfer function. Therefore, the
tracking problem is conveniently handled within the 2-
DoF control framework.
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The objective of this work is to present a simple method
to design a 2-DoF controller to solve the robust tracking
problem. The main idea of the method is to translate the
tracking 2-DoF problem into an auxiliary state-space
feedback-control synthesis problem that only uses the
measurable information of the plant. The parametric
uncertainty of the plant is modeled through a polytope
and LMI algorithms (Boyd et al., 1994; Duan and Yu,
2010) are employed to compute control gains assuring
both robust tracking and a satisfactory transient response
by placing the closed-loop poles in a predefined region
of the complex plane. Finally, it is shown how to convert
the state-space vector gains into polynomials of the 2-
DoF control system for implementing the controller.
The article is outlined as follows. Section 2 depicts
the problem formulation. Section 3 provides the main re-
sult of the work, where it is stablished a connection be-
tween the 2-DoF system and the state-feedback control
synthesis problem. Finally, section 4 shows the effective-
ness of the method by considering its application to the
Magnetic Levitation system.
Notation: Capital bold typeface letters denote matrices
and small bold typeface letters denote vectors. a =
da/dt, d(t) = d*a/dt? a9 (t) = d'a/dt!, Ris the set
of real numbers and AT = transpose of A.

Il. PROBLEM FORMULATION
Consider the system described by
D(p)y(t) = N(p)u(t) 1)

where y(t) € R is the plant output and u(t) € R is the
plant input. N(p) and D(p) are polynomials and p is
equal to the time differential operator d/dt or the La-
place complex variable s. Polynomials D(p) and N(p)
are written as

D(p) =p™ + X5y aip', N(p) = X%, bip" (2
with a; € Rand by e R forall i =0,..,n—1and j =
0, ..., m. The order of the system is defined as the degree
of D(p). We also suppose that the system is controllable.
In this case, polynomials D(p) and N(p) must be
coprime (Antsaklis and Michel, 2006).

In many real-world applications, the uncertainty of
the model is reflected in the parameters of the plant equa-
tions. In this work, we consider that the coefficients a;
and b; in (2) may be uncertain and are represented as

a; € [a7,af], b; € [b7, b{'] ©))
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2-DoF Controller

Figure. 1. General 2-DoF control system.

where a;,af,b; and b} are known bounds associated
with the parameters of the plant model.

A block diagram of a general 2-DoF control system
appears in Fig. 1. The 2-DoF controller (Chen, 1999;
Landeau and Gianluca, 2006) is given by

L(s)u(s) =T(s)e(s) — R(s)y(s) (4)
where e(t) € R is the tracking error, defined as
e(t) =y, (t) —y() ()
with y,.(t) € R the input reference and polynomials
L(s),T(s) and R(s) are written as
L(s) = Bk, I;st
T(s) = X2, tist (6)
R(s) = X;5 st
Problem 1: Given the plant (1) with parametric uncer-
tainties (3), find polynomials L(s), T(s) and R(s) in (4)
to compute the control input u(t) so that the controlled
output of the plant y(t) tracks robustly a predefined ref-
erence input y,(t) with zero steady-state error in the 2-
DoF control system of Fig. 1.

In the next section, the preceding tracking problem
will be solved within a state-space formulation using a
LMI approach.

I11. PROBLEM SOLUTION

In this section, we consider the problem of designing a 2-
DoF controller that provides robust asymptotic tracking
of a predefined reference input with zero steady-state
error.

A. Plant and equivalent state-space model connection
Associated with system (1), we define the following
system:

x(t) = Ax(t) + Bu™I(t)

[An A12 x(t) + [(1)] u™(t),n.=m (7)

(t) =Cx(t) =[1 0]x()
The state-vector is selected by considering the
measurable information of the plant. That is,
x= [y, e,y Dy, ...,u("C‘l)]T € RV,
N=n+n, (8)
The partitioned matrices A;;, A1 and A,, are defined
as

[ 0 1 0 0 0 ]
o o 1 o0 0 |
Ay =] : :
0 0 0 0 1
—a, —a; —a; —Qaz .. —dp_1
0 0 0 0 0 10 .. 0
[0 0 0 0 |0 0 1 0|
Az =1 ¢ Y il R
0 0 0 OJ [0 0 0 1J
bo by 0 0 000 0
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Theorem 1: If System (1) is controllable and all the roots
of the polynomial N(s) in (2) are different of zero then
system (6) is controllable.
Proof: A simple calculation shows that the transfer func-
tion of system (7) can be expressed as

sy = N®

() = smeD(s)

If system (1) is controllable, polynomials N(s) and D(s)
are coprime. Then, if all the roots of N(s) are different of
zero, it follows that N (s) and s™D(s) are coprime
implying the controllability of system (7) and completing
the proof.

B. Uncertainty

For system (1) with parametric uncertainty given as (3).
The auxiliary state-space model (7), takes the form of an
uncertain polytopic system (Geromel et al., 1991) where
the state matrix A belongs to an appropiate polytope D4
with vertices N, < 2™*™ that can be characterized as

AEZJA—{AEJRNXN A=Y A,
YM a;=1,a; =0} 9)
Here, only the matrix 4 |n (7) is dependent on the interval
parametric uncertainty (3).

C. Robust tracking of a step reference
A fundamental result of the control theory is that zero-
state tracking errors are achieved by considering in the
control policy a suitable model of the dynamic structure
of the reference signal (Francis and Wonham, 1976).
Replacing in (5) a step-reference input y,(t) and
using the output equation in (7) gives the time-derivative
of the tracking error as
é(t) = —Cx(¢t) (10)
Applying now, time-derivative to the state equation in (7)
and considering the parametric uncertainty expressed by
the polytope (9), vyields the augmented step-tracking
uncertain system
e(®] _ro —c e(t) e+l
[;’\'c(t)] - [0 [x(t)] [B] ut@ (1)
AED,
In compact form, (11) can be written as
20 = A, 2(0) + Bao®, Ao, = [g 4] (12)
i=1,..,N, <2mm
where the influence of parametric uncertainty (3) is
highlighted through the matrices A; with index i
changing between the different vertices of polytope (9).
For the performance of the closed-loop system, it is
employed the state-feedback control law uy(t) =
K,z(t) in (12), and we consider the placement of the
closed-loop poles in a desired LMI region using the
following result (Chilali and Gahinet, 1996).
Theorem 2: System (12) where state matrix 4 belongs to
the polytope (9) is stabilizable by a state-feedback control
law uy(t) = K,z(t) and its closed-loop poles are placed
in the LMI region R(e, 0, p) (see Fig. 2) if and only if
there exist a positive definite symmetric matrix S €
RW+Dx(N+1) and a matrix R'* ¥+D sych that for the
vertices i = 1, ..., N4 the following LMIs are satisfied
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Figure 2. LMI region R(a, 0, p).

A, S+SA, +B,R+R"B," +2a$ <0 (13)
—pS A, S+ B,R
[ ’ s ] <0 (14)
sin(0)[®] cos(6)[I]
[ * sin(6)[@] <0 (15)

® = A,,S+SA,, +B,R+R"B,"
I'=A4,S—SA,] +B,R—R"B,”
The control gain is K, = RS~
Although LMI conditions in Theorem 2 are computa-
tionally complex to solve. They are easily handled and a
numerical solution can be computed using LMI control
Toolbox of Matlab (Gahinet et al, 1995) or LMITOOL in
Scilab (Baudin and Couvert, 2010). Applying Theorem 2
to (12), it places the eigenvalues of closed-loop state ma-
trix (A, + B.K ) in the interior of the LMI region of Fig.
2 by means of the control input
uy(t) = Kaz(t) (16)
Confining the closed-loop poles to this region ensures
a minimum decay rate a, a minimum damping ratio & =
cos(@), and a maximum undamped natural frequency
w, = psin(P). Expressing gain vector K, € R1* W+

as K, = [53 K21in (16) yields

1x1 1x

Next, it is found the relation between the gains K; and
K, in (17) with the polynomials L(s), T(s) and R(s) of
the 2-DoF controller in (4). After performing time-inte-
gration in (17) and using the state-vector x(t) from (7),
the control signal u™< (t) can be written as

y(®)
umI(t) = K. fte(‘r) dt+ K y(n_'l)(t)
1 o 2 u(t)

u(nc—'l) ®)

Partitioning vector K, as [K2, K2y] gives

y(®)
umI(t) = Klf e(t)dr + : l

KZy y(n_l)(t)
u(t) l

nc_ll [u<nc-1> ®

+

Table 1. Algorithm for computing polynomials R, L and
Tof the 2-DoF control system.

Input  Plant polynomials N(p) and D(p) in (2)
Plant parametric uncertainty bounds a7, a;, b, b}t
in (3)

Step1 Define the augmented vector x(t) used in (7)

Step 2 Compute matrices A,, for i =1,..,N, and matrix
B, in (12)

Step 3  Define the LMI region R(a, 8, p)

Step4  Solve for gain K, the Theorem 2

Step5  Using the components of vector K,, compute poly-
nomials R, L and T in (18)

Output Polynomials R(s), L(s) and T(s) in (4)

Taking the Laplace transform of the above equation
yields (4), where the polynomials L(s), T(s) and R(s)
are identified as

L(s) = =ly =135 — =+ = Ly _qs™ ! 4 s™c
T(s) =K,/s (18)
R(S) = -1y — 1S —++—7Tp_ys™71

These results are summarized in Theorem 3 and for

ease of reference; they are outlined in the algorithm of
Table 1.
Theorem 3: Given the plant (1) with parametric uncer-
tainties (3), then control signal u(t) in (4), for the 2-DoF
control system of Fig. 1, can be computed through the
polynomials (18) so that the controlled output of the plant
y(t) tracks robustly and asymptotically any step-refer-
ence input y,.(t) placing the poles of the closed-loop sys-
tem (12) in the LMI region of Fig. 2.

The internal model principle is easily extended to
other persistent reference inputs (ramps, sinusoids, etc.)
by following the same general procedure outlined for the
step input. In the same way, other robust performance cri-
teria can be addressed by employing similar ideas to
those used for closed-loop pole placement. For instance,
the criteria H, and H,, (Teppa-Garran, 2008).

IV. NUMERICAL VALIDATION
In this section, the proposed method is applied to the
magnetic levitation system (maglev) system. The maglev
is a popular plant to test control methods and has also re-
ceived great interest because of its practical importance
in many engineering systems, such as: high speed maglev
passenger trains, frictionless bearings, levitation of wind
tunnel models, vibration isolation of sensitive machinery,
levitation of molten metal in induction furnaces, and lev-
itation of metal slabs during manufacturing (Muthairi and
Zribi, 2004). The control objective for the maglev system
is to regulate the position of a steel ball by controlling the
current passing through an electromagnet. Several con-
trolling policies have been proposed, among them, one
can mention: constrained control (Huba and Kamensky,
2005), state-space control (Lee et al., 2007), polynomial
control (Gazdos et al., 2009), sliding-mode control
(Shieh et al., 2010), PID control (Hypiusova and Koza-
kova, 2017), fuzzy control (Farana et al., 2015), adaptive
control (Bidikli, 2020) and model predictive control
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Figure 4. Schematic diagram of the maglev system.

Table 2. Physical parameters and values of the maglev system.
Variables/

parameters Description Value and unit
kap A/D converter gain 0.2 MU*/V
kpa D/A converter gain 20 V/MU*
ke, Damping constant 0.02 Ns/m
ky Position sensor gain 821 V/m
k; Power amplifier gain 03 A/V
k. Coil constant 1.8x107¢ Nm? /A2
my Ball mass 8.27x10 3 kg
X0 Coil offset 7.6x1073 m
g Gravity constant 9.81 m/s?
Yo Position sensor offset 0.0183V
y(t) Ball position Mu“
u(t) Input signal MU“

a\/oltage converted by the data acquisition card and scaled to
+1 machine unit (MU).

(Chalupa et al., 2017; Rusar et al., 2017; Wang et al.,
2021).

A. Magnetic levitation system

The maglev system CE 152 (Fig. 3) consists of a coil lev-
itating a steel ball in the magnetic field. With position
sensed by an inductive linear sensor connected to an A/D
converter. The coil is driven by a power amplifier linked
to a D/A converter. The plant is connected to a computer,
via the universal data acquisition card MF614 and is con-
trolling by employing the Matlab/Simulink environment.
Detailed description of the apparatus can be found in Hu-
mosoft (2002). A state space model of the system with x;
corresponding to the ball position and x, describing its
speed is derived in Humosoft (2002).

561 = xz
X' _ kfv x + kADkxk%Akizuzkc k k g (19)
2= 2 - — RaDRx Y-
Kapkyx mk<x1k:;’?yo_x(])
x

where u(t) is the control input, proportional to the volt-
age from D/A converter. Other symbols used in (19) and
their actual values are defined in Table 2 and a schematic
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Pole locus of the Maglev System
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Figure 5. Poles of the Maglev linear model when parameters
are varying in interval (22).

diagram showing the simplified internal connections of
the maglev appears in Fig. 4.

Equation (19) is linearized in the operating point
(teg» Yeq)- The nominal operation is chosen with the ball
levitating in the middle of the space. Two other opera-
tions points are considered, which differ from the nomi-
nal operation a distance of + 30%. From the resultant
linear state space description is computed the second or-
der differential equation

Sy — ke 29 £ =

¥y - -v(©) et \/nggy( )
where y(t) is the ball position. Equation (20) is used ex-
clusively for controller design. The uncertain model that
describes the operation of the maglev system throughout
the entire operating range is

y(t) —2.418y(t) — apy(t) = bou(t)  (21)

With the uncertain parameters varying within the inter-
vals

Tt y(t) (20)
Ueq

ay € [ag,af] = [2963,6134]
by € [by,bg] = [13638,28231] (22)
Figure 5 shows the poles for different values of pa-
rameter a, changing in the interior of interval (22). It can
be seen that the system has one stable pole and one un-
stable pole located symmetrically on the real axis.

B. Polytopic representation of the maglev system
Defining the state vector as x(t) =
[y(®) y@) u() u(@)]” in (7), the maglev system
model (21) takes the form

0 1 0 0 0
o _la, 2418 b, 0 0] ..
x(t) = 0 0 0 1 x(t) + 0 ii(t)
0 0 0 0 1

y@®=[1 0 0 0]x() (23)
With parameters a, and b, varying within the intervals
given by (22) and in this way producing that the steel ball
changes its position in the magnetic field from —30% to
+30% of the nominal operation point. Using the extreme
values in (22) allows obtaining the four vertices in (24)
for the polytope characterized by the state matrices
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Figure 6. Ball position response for the maglev system.
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Figure 7. Control signal for the maglev system.
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C. DoF design for tracking a step reference input
For a step reference input, the augmented step-tracking
uncertain system (12) has matrices

-1 0 0

0 1 0

2963 2418 13638
lo 0 0 0
0 0 0 0
0 -1 0 0
0 0 1 0
0 2963 2418 28231
0 0 0 0
o o 0 0
0 -1 0 0
0 0 1 0
0 6134 2418 13638
0 0 0 0
o o 0 0

)
]

01

(25)

[0 -1 0 0 O]
|0 0 1 0 0|
A, =l0 6134 2418 28231 0
|lo 0 0 0 1J|
0 0 0 0 0

B,=[0 0 0 o 1]

Using (25) and LMI region R(0.5,7/4,1) in Theo-

rem 2 yields gain vector K,
~10.0018 —890.6 —4.0 -—4098.6 —15.7

Ka = | ~—— N———— —— N— —— N——

Kq 10 T1 lo 15
From vector K, it is possible to recovery the polynomi-
als L(s), T(s) and R(s) for the 2-DoF control structure
as

L(s) = =1y + —l;s = 4098.6 + 15.7s
T(s) =K,/s =0.0018/s

R(s) = —1y — 1,5 = 890.6 + 4s
The results appear in Fig. 6 and 7 where the controlled
position of the steel ball and the control signal are scaled
to fit the range between 0 and 1. The position of the steel
ball is varying from — 30 % to 4+ 30 % of the nominal
operation.

Figure 8 shows the effect of varying parameter a in
LMI region R(a, t/4, 1) (Fig. 2) on the transient response of
the maglev system and Fig. 9 when the angle 8 changes in
R(0.3,0,1).

V. CONCLUSIONS

The proposed method to achieve robust tracking of the
position of the maglev system had a satisfactory perfor-
mance. The methodology can be extended to other refer-
ence signals and other robustness criteria could be incor-
porated, such as H, or H,,. Currently work focuses on
adapting the method to design 2-DoF controllers to
MIMO systems.
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Figure 8. Ball position for three different values of a in
R(a,m/4,1).
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Figure 9. Ball position for two different values of 8 in
R(0.5,6,1).
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