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Abstract— The main focus of the present work is
to study heat and mass transfer on 3-D flow of
nanofluid over a stretching sheet which is extended
non-linearly in two sidewise directions. The governing
equations of the problem are made dimensionless by
using non-dimensional transformations and the prob-
lem is solved numerically using Matlab solver bvp4c.
The temperature and concentration distributions of
the fluid is determined for both linear stretching as
well as non-linear stretching of the sheet for im-
portant parameters affecting the problem in graph-
ical form and it is found that the rise in fluid temper-
ature is always low for non-linear stretched sheet as
compared to the linear one. Values of Nusselt number
as well as Sherwood number are also computed to
study the thermal as well as mass transfer phenom-
ena. The numerical accuracy has also been presented
by comparing the present result with existing pub-
lished work.

Keywords— Non-linear stretching sheet, nano-
fluid, radiation, heat source, chemical reaction, bvp4c

I. INTRODUCTION

Researchers now days have been exploring the phenom-
enon of heat and mass transfer on different solid surface
primarily due to the modern demands of various equip-
ment’s that are more efficient in dealing with the heat re-
lated issues. The focus of research interest has also been
shifted to moving solid surfaces particularly because cer-
tain process like manufacturing of plastic and metal
sheets, cooling of fiber etc. requires the knowledge of
management of heat.

Mabood et al. (2015) investigated heat transmission
process over a non-linear elongated surface on three-di-
mensional MHD nanofluid flow. Prasad et al. (2017) in-
vestigated nanofluid flow past a thin elastic permeable
sheet sheet in a three dimensional geometry and found
that the fluid velocity decreases due to suction but en-
hances due to injection. Mahentesh et al. (2017) studied
numerically heat and mass transmission process of un-
steady hydromagnetic nanofluid flow over an elastic
elongated surface in a three dimensional system consid-
ering the important effects of Ohmic heating, thermal ra-
diation and viscous dissipation. Kalidas et al. (2014)
studied unsteady motion of nanofluid with the effects of
thermophoresis and radiation on a hot stretched surface
and found in their investigation that thermophoresis ac-
counts for decline of heat transmission rate. Verma et al.
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(2021a) analysed thermal and mass transport process on
hydromagnetic fluid flow past an extending surface in
pervious medium with thermal diffusion and Dufour ef-
fects. Dhif et al. (2021) investigated thermal efficiency
of solar collector as well as its storage capacity on hybrid
nanofluid which consists of Al,0; — SiO, as nanoparti-
cle while KNO; — NaNO; as Phase Change Material.
Verma et al. (2021b) investigated numerically using
bvp4c numerical solver heat and mass transport process
past an extending/shrinking surface in micropolar
nanofluid flow with heat source, a first order chemical
reaction and thermophoresis. Sadeghi et al. (2021) inves-
tigated nanofluid flow comprising of CuO —water in a
rectangular oil water separator cavity to study its appli-
cations in power plants. Verma and Sharma (2022) inves-
tigated numerically the effects of thermal diffusion, vis-
cous dissipation and Joule heating on MHD flow through
an exponentially stretching sheet. They found in their
study that consequences of Ohmic heating and viscous
dissipation account for the rise in fluid temperature
thereby enhancing the thermal transmission rate. Pandey
and Kumar (2017a), Pandey and Kumar (2017b), Devi
and Devi (2017), Maleki et al. (2019), Singh et al.
(2020), Upreti et al. (2020), Zainal et al. (2021), Singh et
al. (2021a), Upreti et al. (2021), Upreti et al. (2022),
Abu-Hameda et al. (2021), Singh et al (2021b), Pandey
et al. (2022) report other important works on nanofluid.
Over the years, the hunt for sustainable energy partic-
ularly the ones that do not harm the nature have led to
several studies on solar energy. It is the best-known form
of renewable energy and investigation carried out by
Hunt (1978) has disclosed the fact that tiny particles can
be used to collect energy emitted by sun i.e. solar energy.
The work of Trieb and Nitsch (1998) disclosed the infor-
mation that solar collectors based on nanofluid technol-
ogy could utilize the solar energy to an optimal level.
Khan et al. (2015) in their study discussed the influence
of thermophoresis diffusion of nanoparticles accompa-
nied by Brownian motion over a non-linear stretched sur-
face. Considering all these aspects, we are motivated to
study heat and mass transfer on nanofluid flow over a
non-linear extending sheet in a three-dimensional flow.
The impact of chemical reaction has been incorporated in
the mass- transfer equation since it boosts the rate of mass
transmission. Moreover, the impact of thermal radiation
as well as external heat source are incorporated to study
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its influence on the nanofluid. The problem is solved nu-
merically by Matlab inbuilt solver bvp4c.

Il. MATHEMATICAL FORMULATION
Consider a flow of incompressible nanofluid produced
due to non-linear stretching of a sheet in two different
direction i.e. along x-axis and y-axis of the surface. The
material of the sheet is assumed elastic. Let the velocities
in x and y directions be u,, and v,, respectively; where
u, =alx+y)™andv, = b(x +y)™ a,b,m > 0. Let
the temperature at the surface of the sheet be T,,,. It is also
assumed that there is no mass flux at the surface of the
sheet. The temperature and nanoparticles volume fraction
far away from the sheet be T,, and C,, respectively. The
influence of thermophoretic diffusion along with Brown-
ian motion is consider and Buongiorno (2006) model is
taken to investigate its combine effect.

The mathematical equations according to Khan et al.
(2015) are

LU 1
ox 9y 0z ! @)
du du du 0%u
u—+v—+w—=v 2
ox + ay + 0z faz2 @)
v v v 9%v
U—+v o+t w—= v, (3)

_PCp 9z pcp Too): (4)
ac ac ac _ . 9*c | Drd*T
U Vo T W = Deo i o
—K,(C = Ca0). )

The boundary conditions of the problem are
u=u, =alx+y)"v=uyv, =blx+ym
w=0T=T, Dy X +200 ~ 0, atz=0, (6)
0z Teo 0Z
u->0v-0T->T,C—->C, asz—o. (7)
where u,v,w symbolizes velocity components in
x,y and z respectively. v, a,t,Dg,Dr,Q,K,,T and C
denotes kinematic viscosity of the fluid, thermal diffusiv-
ity, ratio of heat capacity of nanoparticles to the base
fluid, Brownian diffusion coefficient, thermophoretic
diffusion coefficient, heat source, rate of reaction, local
fluid temperature and concentration respectively.
Heat flux due to radiation (Yih, 1999),

_ 4o oT*
O = =555, (8)
Where
T* ~ 4T3T — 3T4 9)

The following similarity transformations are used
u=aCc+y)"f'(m),v=>00+y)"g (),
w= = e+ )T (B 49+ s ).

0(n) = — T°° S P = —=,

n=£z(x+y) P

Equation of continuity (1) is satisfied by (10) and Egs.
(2)-(5) are transformed to

fU AR+ f —m(f +g)f =0, (11)
g"+ T(f +9)g" —m(f' +g99" =0, (12

(10)
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Fig. 1: Geometric model
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resents heat generation parameter, Schmidt number,
Prandtl number, radiation parameter, chemical reaction
parameter, thermophoresis parameter and Brownian mo-
tion parameter respectively.

The boundary restrictions are now transformed to

f(0)=g(0)=0,f(0)=14(0) =2
6(0) =1,Nbg'(0) + Nt6'(0) = 0, (15)

f'(0) > 0,9'(0) > 0,0(x) - 0,¢(0) - 0. (16)

where 1 = g is the rate of stretching.

The quantities that are important for engineering are
Skin-friction coefficient, Nusselt number and Sherwood
number. The are defined as follows (Khan et al., 2015):
Skin-friction coefficient along x — direction is given by

du  ow
Co. = Tzx_ _ “(E’fa)z:o MO
fx — prul - pru - 1
frw frw Re?
1
or ReZ Cr, = f"(0), where Re, = %ﬂl) is the local

f
Reynolds number along x —direction.

Skin-friction coefficient along y — direction is given by

dv d
u(—" _W) o
_ Tzy _ \z 3y),o _ g (0)

Gy = 12 = SO
Ty ™ ppvd, Prvy Re2 e
orRezi/l%C = g"(0), where Re,, = 22 is the local
y A2lry =g , y vy

Reynolds number in y —direction.
Local Nusselt number is given by,

— (x+y)( aZ)z—O —

-6'(0)
K(Ty—Teo) Re—zi’
X

Nu = (x+y)qw
k(Tw-Too)

1
or Re,? Nu = —6'(0).
Local Sherwood number is given by,
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1
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I1l. METHOD OF SOLUTION

The solution of the present problem has been obtained
numerically by solving Egs. (11)-(14) along with bound-
ary conditions (15) and (16) using Matlab solver bvp4c.
In order to use bvp4c, Eqgs. (11)-(14) are converted to first
order differential equations as follows:

Let f=y, f'=y1=Y2 [ =Y2=Y3, 9= Va
9 =y=Ys. 9" =yYs=Ye ,0 =y 0" =y; =
b=Y9, 0" =y5=y10-

The first order differential equations are given by

Yi=Y2: Y2 = Y3
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%Rd) ScK.y, and B = —PrNby,,ys — PrNty —
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The boundary conditions are expressed as follows
¥1(0),¥4(0),y,(0) — 1,y5(0) — 4,¥,(0) — 1,
Nby;0(0) + Ntyg(0),y,(), y5(0), y7(), yo(0).
With the help of the bvp4c Matlab code, we obtained the

solution in graphical form.

IV. RESULTS AND DISCUSSION

The numerical investigation of the present problem
are done by assigning the following values of the param-
eters m = 1 (linear case), m =3 (Non-linear case),
Pr=7,Sc =20, Nt=Nb=05, § =05, R; =0.1,
K. = 0.5 and A = 0.5. In addition, we have computed
Nusselt number as well as Sherwood number to study
heat and mass transmissions process for some important
parameters involved in the problem. The parameters af-
fecting the fluid velocity, temperature and concentration
have been discussed for both linear as well non-linear
stretching surface in the graphical result. Moreover, the
accuracy of our study has been verified by making com-
parison with the work of Khan et al. (2015) for Nusselt
number as shown in Table 1 and skin-friction coefficient
along x-direction and y —direction in Table 2.

In Fig. 2, it is noticed that fluid temperature enhances
with the rise in thermophoresis parameter in case of both
linearly stretching sheet as well as non-linearly stretching
sheet. Of course, the rise in fluid temperature is more in
case of linearly stretching sheet than the non-linear ones
for the same value of Nt. In Fig. 3; exponential growth
on nanoparticle volume fraction up to n = 0.5 is noticed
for m = 1 i.e. linear case after which it decreases up to
the upper edge of the boundary layer. While a strict ex-
ponential growth of nanoparticles volume fraction is ob-
served up to n = 1 for higher value of thermophoresis

o8y W Nt=0.1,0.2,0.3,0.5

osF W

= \\\\
- \\\\
S
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Fig. 2: Temperature distribution for Nt

Table 1: Comparison of the present result for —6'(0) with the
work of Khan et al. (2015) when m =3,Pr =7,§ = K. =
Rd = 0

Nt Sc A Khan et al. (2015)  Present work
0.1 10 0 2.4044797 2.4045
0.5 1.579305 1.5790
0.7 1.276073 1.2758
0.5 3 0.5 2.588318 2.5881

5 2.318470 2.3183

10 1.934245 1.9342

Table 2: Comparison of the present result for f''(0)and g''(0)
with the work of Khan et al. (2015) when Nt = Nb = 0.5, Pr =
3,6=KC=Rd=O.

m A Khanetal. Present Khanetal. Present
(2015) work (2015) work
Q) f"'(0) g"'(0) g"(0)
1 0 -1 -1.0014 0 0
0.5 -1.224745 -1.2253 -0.612372 -0.6126
1 -1.414214 -1.4144 -1.414214 -1.4144
3 0 -1.624356 -1.6245 0 0
0.5 -1.989422 -1.9895 -0.994711 -0.9947
1 -2.297186 -2.2972 -2.297186 -2.62972

parameter i.e. Nt = 1 for m = 3 i.e non-linear case but
the peak of the growth is less than the linear case. An-
other observation from Fig. 3 enable us to know that na-
noparticles concentration is quite more near the sheet for
the linear stretching sheet in comparison to non-linear
stretching sheet.

The impact of Brownian motion parameter on nano-
particle volume fraction is depicted in Fig. 4. The graph-
ical results disclose the fact that the nanoparticle volume
fraction decreases for both the casesi.e. m =1 and m =
3 with the rise in Brownian motion parameter.

Heat generation parameter amplifies the nanofluid
temperature for both cases i.e. linear and non-linear
stretching sheet as noticed in Fig. 5. Just like thermo-
phoresis parameter, in case of heat generation parameter
too the increase of fluid temperature for non-linear case
is less as compared to the linear one. In Fig. 6, the in-
crease in radiation parameter hikes the nanofluid temper-
ature drastically for linearly stretching sheet as compared
to the non-linear stretched sheet. Exponential growth of
fluid temperature is noticed for linearly stretching sheet
up to n =1 after which it decreases asymptotically.
However, in case of non-linearly stretching sheet asymp-
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Fig. 5: Temperature distribution for §

totic decrease of nanofluid temperature is noticed right
from the surface of the sheet to the upper edge of the
boundary layer.

The incorporation of chemical reaction effect is im-
portant for mass diffusion effect as it enhances the mo-
lecular diffusion activity and its result on nanoparticles
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Fig. 8: Distribution of velocity component for A along x —axis

volume fraction is depicted in Fig. 7. For both m = 1 and
m = 3, the nanoparticle volume fraction decreases near
the surface of the sheet with the increase of chemical re-
action parameter due to increase in molecular diffusivity
away from the sheet.

The impact of stretching ratio on x — component and
y —component of fluid velocity is shown in Fig. 8 and
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Fig. 9: Distribution of velocity component for A along y —axis

Table 3: Numerical data for —6'(0)and ¢'(0) whenm =
3,Pr=7 Nb=0.5Sc=10,4=0.5.

Nt 5 Ry K. 00 ¢'(0)

0.1 05 01 05 29452  0.5890

0.2 2.6644  1.0658

0.3 2.4001  1.4400

0.5 1.9341
1.9341

05 0 17884  1.7884

0.3 13620  1.3620

05 1.0259  1.0259

0.7 0.8341  0.8351

0.1 1.0259  1.0259

0.2 1.0200  1.0200

0.3 1.0094  1.0094

05 09804  0.9804

05 07826  0.7826

1 07721 07721

2 0.7534  0.7534

3 07391 0.7391

Fig. 9. The figure informs that the nanofluid velocity de-
clines with the rise in stretching ratio in the x —direction
for both linear as well as non-linear case. The decrease in
case of non-linearly stretching sheet is more in compari-
son to linearly stretching sheet. An opposite result is ob-
served in Fig. 9 as velocity increases with the rise in
stretching ratio for both linear and non-linear case.

V. CONCLUSIONS

In the present work, 3D nanofluid flow past a non-linear

stretching sheet has been investigated numerically under

the influence of radiation, heat source and chemical reac-
tion. The important outcomes drawn from the above re-
search are:

(i) Thermophoresis parameter, heat generation param-
eter and radiation parameter amplifies the fluid tem-
perature for non-linear stretching sheet but the in-
crease in temperature is always less than the linear
stretched sheet.

(if) The increase in thermophoresis parameter results in
hike of nanoparticle volume fraction while it de-
clines with the rise in Brownian motion parameter
as well as chemical reaction parameter.

(iif) Fluid velocity falls with the rise in stretching ratio
along x —axis but increases along y —axis.

(iv) The rate of heat transfer decreases with the rise in
the values of thermophoresis parameter, heat gener-
ation parameter, chemical reaction parameter and
radiation parameter. On the other hand, thermo-
phoresis parameter accounts for the increase in
mass transfer while radiation parameter, heat gener-
ation parameter and chemical reaction parameter
causes it decline.
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ABBREVIATIONS
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