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ABSTRACT Development of microsystems and ever-increasing advances of nanotechnology have resulted in growing
applications of microcantilevers (MCs), including Atomic Force Microscopy (AFM). In AFM, transverse vibration of
microfiber from a liquid medium results in resonance of unwanted hydrodynamic and electrostatic forces, which can be
minimized by torsional mode. In the present study, the differential equation of the vibrational motion is extracted by
acquiring the hydrodynamic force applied to MCs aiming to investigate the torsional vibration behavior of MCs in a
liquid medium; and the extracted equation is solved to study the behavior of MCs in a liquid medium. Considering the
significant effect of MC geometry on its torsional vibrations in a liquid medium, Sobol’s variance-based sensitivity
analysis method was utilized to investigate the effectiveness of MC geometry on torsional vibration. The sensitivity
analysis results show that length and width have the most significant effects on the quality factor and the resonance
frequency of MCs.
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1. Introduction
The development and ever-increasing advances of mi-
crosystems in various aspects have led to growing appli-
cations of MCs. Today, MCs have a wide range of appli-
cations as in AFM (Alibakhshi et al., 2022; Tang et al.,
2022; Yang et al., 2022), mass flow sensors (Kasambe
et al., 2022; Panahi et al., 2021), accelerometers (Raj
et al., 2021), and radiofrequency switches (Cheulkar et al.,
2020; Thalluri et al., 2021). High speed, proper accuracy,
and flexibility are the major advantages of MCs.

AFM is a major application of MCs, which are re-
garded as its heart. AFM performance in a liquid medium
is essentially important, because biological samples can
be examined in their physiological conditions only in this
medium (Endo et al., 2018). The vibration of MCs in
liquid medium in the vicinity of sample is always affected
by the hydrodynamic force of the liquid, as well as the
electrostatic interactions caused by surficial charges of
the sample. Since the electrostatic interactions act per-
pendicular to the sample surface, the bending modes in
tapping and contact modes is always affected by this force.
Considering the fact that in torsional mode the AFM tip
oscillates in the lateral direction, it is not affected by the
electrostatic force. Therefore, the torsional vibration of
MCs in a liquid medium is essentially important and it is
necessary to examine its motions.

The torsional in AFM was used to extract the in plane
mechanical properties of solid surfaces such as shear stiff-
ness friction and other tribological properties in the air
(Eichhorn and Dietz, 2022; Liu et al., 2018; Mumford
et al., 2020; Tajeddin et al., 2021). Torsional mode in
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the modulation frequency was used for the first time by
Kawai et al. (2005) in a vacuum medium. Later, Yurt-
sever et al. (2008) used this mode to image the sample
surface in the air medium. In addition to the air medium,
the torsional mode has been used in many studies to im-
age the sample in a liquid medium (Abbasi and Karami
Mohammadi, 2015; Huang and Su, 2004; Thalluri et al.,
2021; Umemoto et al., 2020; Yu et al., 2020). Mullin
and Hobbs (2008) used the torsional mode and ampli-
tude modulation in the water medium. Yu et al. (2020)
took high-resolution images in the water medium using
torsional mode and frequency modulation.

Since vibrations in a liquid medium are affected by
the hydrodynamic force of the liquid, dynamic modeling
of the motion requires determining the liquid medium
effect in form of an analytical expression. Aureli and
Porfiri (2010) proposed the analytical expression of the
hydrodynamic force function in torsional vibration, and
investigated the nonlinear liquid effects caused by torsion
in a relatively large amplitude. Green and Sader (2005)
proposed the correction terms for the limited vibration
amplitude in hydrodynamic function with torsional vi-
brations. Stokes (1851) assumed the hydraulic load as
a torsional moment resisting against MCs motions and
proposed an analytical expression for the hydrodynamic
function.

Aiming to study the torsional vibrations of MCs in a
liquid medium, this study used sensitivity analysis to in-
vestigate the effects of the MC geometry on the vibration
parameters. Accordingly, the differential equation of the
motion is extracted using analytical equations of hydro-
dynamic force in form of inertia and damping terms; and
then the natural frequency and amplitude are extracted
from the analytical motion of the equation in the liquid
medium. Later, the effects of geometric dimensions on
torsional vibrations are examined using Sobol’s variance-
based sensitivity analysis method.
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2. Dynamic modeling of MC in liquid
MCs used in microelectr omechanical systems undergo
slight deformations. Therefore, not only Euler-Bernoulli
beam model can be used to analyze their vibrations, but
also the nonlinear terms of Navier-Stokes equations of
their surrounding liquid can be disregarded. Accordingly,
the slight deformations of MCs during the torsion can be
used to obtain the differential equation of their motions.
Considering Fig. 1 and the selected elements, the torsional
moment generated at point x of the MC depends on the
rotational moment (Td = Td (x)eiωt ), the resisting moment
caused by the hydrodynamic force of the liquid (Th), and
torsional resistance of the MC. Considering the Free Body
Diagram (Fig. 1), the equilibrium equation of the torsional
moment in a viscous liquid medium can be indicated as
follows:(

Tx +
∂Tx

∂x
dx
)
−Tx −Tddx = ρJ

∂ 2φ

∂x2 (1)

where ρ , J and φ represent the mass density of the base
material, polar moment of the cross-section inertia, and
rotational lift of MCs in y-z section respectively. Consid-
ering the equations governing the beams torsion, torsional
moment at any given point can be expressed based on G
(shear model) and K (torsion constant).

Tx = GK
∂φ

∂x
(2)

By inserting Eq. 2 into Eq. 1, and assuming that G and
K are constant values, the differential equation of MCs
vibrations in a liquid medium is worked out as follows:

GK
∂ 2φ

∂x2 −ρJ
∂ 2φ

∂ t2 = Td +Th (3)

Polar inertia moment (J) and constant torsional moment
(K) can be calculated for rectangular sections using Eq. 4
and Eq. 5 (Sokolnikoff and Specht, 1956):

J =
b3h+bh3

12
(4)

K =
2bh3

K
(5)

where K is extracted from Table 1.
The resisting moment generated by hydrodynamic

force of the liquid (Th) can be expressed based on torsional
velocity and acceleration terms (Cai, 2013):

Th

(
x,Re,

h
b
, t
)
= a1

∂φ (x, t)
∂ t

+a2
∂ 2φ (x, t)

∂ t2 (6)

where:

a1 =
πρliqb4ω

8
γ

(
Re,

h
b

)
(7)

a2 =
πρliqb4

8
γ

(
Re,

h
b

)
(8)

Figure 1: Schematic of MC.

Table 1: Material and geometry of the simulated MC.

h (µm) b (µm) L (µm) E (Gpa)

22.3 90 400 110

where ρliq, Re, and ω represent density of liquid, Reynolds
number, and excitation frequency respectively. Reynolds
number is a dimensionless parameter defined by inertial
force to viscous force ratio:

Re =
ρliqωb2

4η
(9)

where η is the kinematic viscosity. In Eq. 5 and Eq. 6, γ

and γ are the real and imaginary parts of the hydrodynamic
function. The hydrodynamic function is a dimensionless
function that shows the effect of a viscous incompress-
ible liquid on MC vibrations. Values of γ and γ in the
hydrodynamic function can be expressed as follows (Cai,
2013).

γ =
(
0.05+0.24R−0.43)[1.2+

(
h
b

)0.89
]

(10)

γ =
(

Re−1 +0.45R−0.5
)[

0.75+
h
b

]
(11)

By inserting Eq. 6 to Eq. 3 the differential equation of
torsional vibration can be expressed as follows:

GK
∂ 2φ

∂x2 +(a2 −ρJ)
∂ 2φ

∂ t2 +a1
∂φ

∂ t
= Tdeiωt (12)

Boundary conditions of the Differential Eq. 12 for MCs
shown in Fig. 1, which is clamped at one end and free at
the other end, is as follows:

φ (0, t) = 0 ;
∂φ

∂x
(L, t) = 0 (13)

The modal superposition method can be used to solve the
Differential Eq. 12. In this method, the rotational lift of
MCs can be defined as the sum of MC responses to each
one of excitations in n oscillation modes.

φ (x, t) =
∞

∑
n=1

Cnϕn (x)eiωt (14)

In this equation, Cn represents the unknown coefficients
and shows the weight of the effect of nth mode on the total
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Table 2: Compare the resonance frequencies of MCs in the air and water ambient.

Experimental Results (kHz) (Cai, 2013) Analytical Results (kHz) Difference with Experimental Results (kHz)

Air 1218.75 1219 0.017
Water 950.88 973.63 2.3

response. ϕn (x) represents the shape function of MCs in
torsional vibration, which can be defined considering the
boundary condition of Eq. 13 as follows:

ϕn (x) = sinβnx (15)

βn =
(2n−1)π

L
(16)

By inserting Eqs. 14 and 15 in Differential Eq. 12,
multiplying ϕn (x) by the two sides of the equation, and
integrating along MCs, considering orthogonality of the
shape functions, the rotational lift φ (x, t) can be expressed
as follows:

φ (x, t) =
∞

∑
n=1

sinβnxe jωt ∫ L
0 Tdϕn (x)dx

L [GKβ 2
n −ω2 (ρJ+a2)+ iωa1]

(17)

Since the tip rotational lift is essentially important in MCs,
the dynamic torsion of the MC tip can be calculated by
inserting x = L in Eq. 17, assuming that the torsional
moment is constant.

φ (L, t) =
∞

∑
n=1

2(−1)n+1 Td

βnL
√

GKβ 2
n −ω2 (ρJ+a2)

2 +(ωa1)
2

(18)

where the MC is affected by harmonic excitations, the
natural damping frequency can be expressed using damp-
ing ratio ξ and undamped resonance frequency of the nth

mode in viscous liquid medium (ωdn) as follows:

ωdn = βn

√√√√(
GK

ρJ+a2

)[
1−

(
2a1

ω (ρJ+a2)

)2
]2

(19)

Quality Factor is another important parameter in design
of resonance frequency-based electromechanical systems.
The quality factor in torsional vibration can be calculated
based on the damping ratio as follows:

Q =
1

2ξ
√

1−2ξ 2
=

ρJ+a2

C/ω

[
1− 1

2

(
C/ω

ρJ+a2

)2
]− 1

2

(20)

3. Simulation of torsional vibration of
MC in liquid

In order to simulate MC vibrations in a liquid medium, a
MC with rectangular section, clamped at one end, is used
as illustrated in Fig. 1.

The geometry of the simulated MC and specifications
of the liquid medium are presented in Tables 2 and 3.

Table 3: Specifications of the liquid medium.

Glycerol percentage 0 20 40
Density (kg·m3) 997 1058 1115
Dynamic viscosity (mPa) 0.89 1.75 4.04

Figure 2: The effect of liquid medium on frequency re-
sponse of MCs in the first two vibration modes.

The simulation results were verified using the practi-
cal tests on the MC vibrating in air and water mediums
(Cai, 2013). Table 2 shows the proper compliance of the
calculated resonance frequency and results of practical
tests in air and water mediums.

When MC moves in the liquid medium, the liquid
viscosity is regarded as a moving obstacle; furthermore,
some liquids move along with MCs, which results in in-
creased effective mass as the liquid mass is added to that
of the beam. The increased mass, known as added mass,
results in decreased resonance frequency of the MC. Fig-
ure 2 shows the effect of liquid medium on frequency
response of MCs in the first two vibration modes. As
expected, increasing the glycerol content solved in the wa-
ter results in increased viscosity and density of the liquid
medium, which eventually results in decreased resonance
frequency and amplitude in both vibration modes. The
simulation results show that decreased amplitude of vi-
bration in the first oscillation mode is 97.5 % larger than
that of the second oscillation mode when shifting from
air medium to water medium; although the effect of this
medium alteration on resonance frequency drop in the sec-
ond oscillation mode is 98.6 % and it is greater than that
of the first oscillation mode. Reynolds number is an im-
portant parameter in the study of MC vibration in a liquid
medium. This number shows the effect of liquid viscosity
on the inertial force. A greater Reynolds number in a
vibrating motion shows that inertia has a more significant
effect on the motion, compared with the hydrodynamic
forces. The hydrodynamic force is usually difficult to
calculate in a vibrating motion, and has to be estimated.
Therefore, for MC vibration in a liquid medium, the in-
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Figure 3: Effect of liquid concentration on Reynolds num-
ber.

creased Reynolds number results in the decreased effect
of the hydrodynamic force on vibration, and the dynamic
simulation can be performed more accurately.

Increasing the glycerol content solved in the water
results in increased viscosity and density of the liquid.
Accordingly, the increased concentration of the liquid re-
sults in the increased hydrodynamic force, which leads
to the decreased Reynolds number. The results in Fig. 3
show the effect of liquid concentration on Reynolds in the
two first oscillation modes. As expected, the increased
liquid concentration results in the reduced Reynolds num-
ber. Accordingly, the hydrodynamic force has a more
significant effect than the inertial force. The results also
show that in the second oscillation mode, the Reynolds
number is greater in all three selected media, which is
indicative of the reduced effect of hydrodynamic force on
MC vibrations in the second oscillation mode. In addition
to the medium, MC geometry has a significant effect on
the Reynolds number. Fig. 4 shows the effect of MC ge-
ometry on Reynolds number. Results of Fig. 4a show that
the increased length of MC has resulted in the decreased
Reynold number in the first two oscillation modes, as a
result of which, the effect of hydrodynamic force on MC
vibration is more significant than that of the inertial force.
Results of Fig. 4b show that the square section has the
largest Reynolds number. Accordingly, the dynamic force
has the minimum effect on this section in both torsional
vibration modes, and the dynamic simulation results of
this section are expected to be more accurate than those
of the rectangular section. Vibration parameters, includ-
ing resonance frequency, depend on different variables
such as geometrical aspects of MCs; and the effect of this
parameter on the resonance frequency must be examined
continuously. Therefore, it is necessary to use sensitivity
analysis methods, which, like Sobol’s method, not only
help us examine the effect of geometrical aspects on res-
onance frequency, but also make it possible to calculate
the effect of each one of these parameters on resonance
frequency. The Sobol method is efficient for analysis
of complex models and can conduct absolute sensitivity
analysis of the inputs. Additionally, this method can de-
termine the sensitivity of the MC deformation output to
input variables.

Figure 5 shows the effect of MC geometry on torsional
resonance frequency in the first two oscillation modes.
Figure 5a shows the effect of the MC length on resonance

Figure 4: The effect of MC geometry on Reynolds number:
(a) MC length, (b) aspect ratio b/h.

frequency. Considering the results, it can be concluded
that increasing the MC length results in decreased reso-
nance frequency in the first two oscillation modes in a
liquid medium. The results also show that the resonance
frequency drop caused by the increased length is more
significant in the second oscillation mode than the first
oscillation mode. The increased MC thickness results in
the increased MC stiffness, and eventually in the increased
resonance frequency, as confirmed by results of Fig. 5b.
The results show that MC thickness has a more significant
effect on resonance frequency in the second oscillation
mode. Results of Fig. 5c show that the MC resonance
frequency in a liquid medium is minimized in the first and
second modes for widths of 36.3 and 38.2 µm, respectively.
Figure 6 shows the effects of different geometrical aspects
of MCs on resonance frequency in the two first oscillation
modes, extracted from Sobol’s variance-based sensitivity
analysis method. As shown in this figure, the MC width
and thickness have the most significant effects on reso-
nance frequency during the first and second oscillation
modes in a liquid medium, respectively. These parameters
are the most important parameters in geometrical design
of MCs. In order to reduce the effect of liquid medium
on MC vibration, the geometric aspects of MCs must be
selected in such a way that the quality factor is minimized.
Sobol’s variance-based sensitivity analysis method can be
used to investigate the effect of the geometric aspects of
MCs on quality factor and find out the optimal geometric
aspects.

Figure 7 shows the effect of the geometric aspects of
MC on quality factor. Results of Figs. 7a and 7b show
that the increased length and width of MCs results in the
decreased quality factor; and eventually the liquid medium
will have a less significant effect on torsional vibration of
MCs in both oscillation modes. Unlike length and width,
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Figure 5: The effect of MC geometry on torsional reso-
nance frequency in the first two oscillation modes: (a) L,
(b) h, (c) b.

Figure 6: Level of influence of MC geometrical parameter
on resonance frequency, (a) first mode, (b) second mode.

the increased thickness of MCs results in the intensified
effect of quality factor in both oscillation modes as shown
by the results of Fig. 7c. Therefore, it can be concluded
that reducing the liquid medium effect on vibration of
MCs requires maximizing the length and width of the MC
and minimizing its thickness. Figure 8 shows the effect
of geometric aspects of MCs in the two fist oscillation
modes. The results show that the MC length has the most
significant effect on quality factor in both vibration modes.

Figure 7: The effect of the MC geometric parameters on
quality factor, (a) L, (b) b, (c) h.

Figure 8: Level of influence of MC geometric parameters
on quality factor, (a) first mode, (b) second mode.

4. Conclusion
MCs are amongst the main components of the microelec-
tromechanical systems, which have become increasingly
popular due to development of such systems. Since the ef-
fects of hydrodynamic and electrostatic forces are reduced
in torsional vibrations, the present study investigated MC
vibrations in a liquid medium. Sobol’s variance-based
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sensitivity analysis method was used to examine the effect
of geometric aspects on vibrations. The simulation and
sensitivity analysis results for MCs in a liquid medium
showed that:

1. Considering the fact that the Reynolds number of
the second oscillation mode is greater than that
of the first mode, the hydrodynamic force has a
less significant effect on torsional vibrations in this
mode.

2. Square section has a greater Reynolds number; there-
fore, the hydrodynamic force effect on torsional
vibrations is minimized for this section.

3. The sensitivity analysis results suggest that the in-
creased length and thickness of MCs results in de-
creased resonance frequency in both modes in a
liquid medium.

4. Results of sensitivity analysis on quality factor show
that MC length has the most significant effect on
this parameter in the two first oscillation modes.
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