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Abstract— A procedure is presented for approxi-
mating a given probability distribution function or
statistical data considering a subset of their moments.
This is done by a method of fitting moments of a piece-
wise linear function to the moments of the known
data. The approach has many advantages over pop-
ular approximation approaches. The procedure is
demonstrated with commonly used cdfs (Exponential,
Gamma, Log-Normal, Normal) and more difficult
problems involving sum and product of random vari-
ables, obtaining good agreement between the theoret-
ical/simulation curves and the piecewise linear ap-
proximations.

Keywords— Moment problem, Sum of RVs, Prod-
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ter logistic function.

1. INTRODUCTION

Approximating a given cumulative (or probability) dis-
tribution function (cdf) or statistical data considering a
subset of their moments is a known problem for which
there does not exist a satisfactory solution.

The literature offers varying strategies to tackle the
problem, each one with its own drawbacks. For instance,
it is possible to obtain approximation by means of series
expansions, e.g. Gram-Charlier series and Edgeworth se-
ries (Das Gupta, 2008). These expansions have a serious
drawback, the approximation could result in negative val-
ues. Lagrange interpolants can be used to fit the inverse
cdf. Because of the oscillatory behavior exhibited by a
high-order interpolant, this method does not preserve
densities' monotonicity (Gallier, 1999). Estimating the
generalized lambda distribution (gld) parameters to
match the first moments of the empirical data is another
popular method. The gld is defined by a percentile func-
tion. From this it is easy to derive the probability density
function for the gld using differentiation by parts, how-
ever the cumulative distribution function needs to be cal-
culated numerically. Unfortunately, in this approach,
more than one set of parameter values can exist for a set
of moments. These different sets of parameters will pro-
duce a different set of approximations (Au-Yeung, 2003).
Other conventional approach is the saddlepoint approxi-
mation. It is derived using saddlepoint integration tech-
niques applied to the moment generation function (mgf)
inversion. This approximation has a very simple form,
but often not calculable explicitly, since an analytic ex-
pression for the saddlepoint value is not always available
(Kolassa, 2006). Aside from those, there have been
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several studies dealing with the numerical computation
of densities and distributions given the characteristic
function (chf). For example, Beaulieu's series expres-
sions are very useful because the chf is readily available
in closed form, but it is difficult or impossible to carry
out the inverse Fourier transform to get the pdf in closed
form. Nevertheless, difficulties in selecting the sampling
rate parameter, numerical instability, and truncation er-
rors can hinder the process (Tellambura and Annamalai,
2000).

In practice high-order moments are hard to find
and/or very inaccurate, thereby an alternative to evaluate
(even in approximate form) probability amounts based on
few information is helpful. The present paper proposes a
procedure for approximating a distribution function by
setting up a piecewise linear function based only on N
moments of the cdf. The procedure has the advantage
over popular approximation approaches in that:

(i) it approximates a probability distribution function
based on few moments;

(if) itproduces a single normalized, monotonically non-
decreasing, and valid cdf;

(iii) it does not need to set any control parameter; and

(iv) it does not suffer from numerical instability prob-

lems.

The rest of this paper is organized as follows: In Sec-
tion 11, a procedure is provided for approximating a dis-
tribution function based on piecewise linear functions. In
Section 111, we present examples of the procedure applied
to commonly used probability distributions, and also
more difficult problems involving sum and product of
random variables. The fitting of a logistic function is
also considered. Finally in Section IV, concluding re-
marks are made.

Il. THE CDF APPROXIMATION

Consider a positive random variable X with cumulative
probability function (cdf) F(x). Then the statistical mo-
ment of order n is defined by:

E[X"] = nfooo x" 1 (1 — F(x))dx. (1)

Instead of F(x) it will be convenient to work with the
complementary cumulative probability function (ccdf)
F(x) =1—F(x). In order to approximate F(x), x €
[a,b] we choose a partition a=x,<x; <<
Xy4+1 = b to divide the domain of F into A+1 sub-inter-
vals. This piecewise linear approximation is defined by
N+1 line segments as follows:
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X € [x;,x;44], i =0,-,N.

Geometrically, this can be seen as a curve being rep-
resented as a set of connected straight line segments as
shown in Fig. 1.
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Figure 1: Piecewise linear approximation of a complementary

cumulative probability function.

Then it is possible to obtain the moment of order n,
Ey[X™], related to the approximate ccdf as follows:
Ex[X" =n3YN, (fxx”l x"1F; (x)dx).

i 3)
We assume that the intersection points x;, i =0,..,N+1,
are known. Clearly, y, = 1 and yy,,; = 0. By substitut-
ing Eq. 2 into Eq. 3, the last equation can be put in func-

tion of the unknowns y; as follows:
EN[Xn] = a(nlelxl) +

LB Xiq, X, Xi41) " Vi (4)
where:
kg - (k+D)qRr + kL
alk,q,r) = k-0 ®)
and
B(k,q,7,s) =a(k,r,s)—alk,1,q)
_ qk+1(s_.r.) —TS(T'k—Sk) + q(rk+1_sk+1). (6)

(+1)(q-1)(r=5)

The method of moments estimates parameters of a
predefined distribution by equating moments of sample
values and moments of the distribution. In our case, we
need to determine the unknowns y;, which parametrize
F(x) and provide an optimal fit in the sense of minimiz-
ing the following problem:

minG(y) =X, (B [X"] - EXCDE ()

subjectto: 1>y, 2y, = - =yy=0. 8)
The constraints (8) ensure the monotonicity of the
distribution. This bounded-variable least squares prob-

lem can be put in matrix form (Stark and Parker, 1995):
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min G@y) =B y—d|? 9)
subjectto: 12y, =2y, = - =yy =0,
where:

B, x0,x1, %) B(1,x1,%5,%3) B(L, Xn-1, %N, Xy 1) ]

B |FCxrT) BT v Byt tyan)
BN, X020 %) BN, Xy,0%5) BN,y X )
(10)
V1 E[X'] — a(1,x0,%1)
y= l}’Z d= E[X?] - a:(z,xo,xl) l‘ (11)
YN LE[XY] = a(V, %o, x)]

and ||-]] is the Euclidean norm and the moments E[X™] are
given.

This optimization problem is convex, since G(y) is
quadratic with a positive definite Hessian matrix and the
non-negativity constraints are linear, and hence has a
unique global minimizer. Then we found a valid, mono-
tone non-decreasing, approximation for the unknown cu-
mulative probability function. With the set {x;, y;}, it is
in turn possible to evaluate analytically the probability
P[X < x] ~ 1 — F(x) using Eqg. 2. It is worth mention-
ing that the pdf can be obtained by analytical differentia-
tion of the proposed piecewise linear cdf.

I11. APPLICATIONS

In this section we present a set of numerical experiments
with the procedure presented above. We consider two
ways to set up the distribution of the points x; in the in-
terval [a, b]. For symmetrical probability distributions,

- . . _ (b-a) s
we use eqwdlstant points, 1.e., x; =a + N+

0,---,N + 1. For asymmetrical ones, we use logarithmi-

cally-spaced points, then x; = (1 +a) - (%)”“ -1,
i=0,-,N+1.

According to our experiments, good results are ob-
tained if \/G(y) < 107°. In some cases it is necessary to
increase (or decrease) N or change [a, b] in order to find
a better approximation.

A. Approximations of Known CDFs

In Fig. 2, we present examples of the procedure applied
to commonly used cdfs (Exponential, Gamma, Log-Nor-
mal, Normal). In this case we set N = 6. Solid curves de-
note the theoretical cdf and dashed curves the cdf ob-
tained with the proposed procedure. The moments E[XxV]
were directly calculated from explicit expressions for
each distribution. By visual inspection of the plots, we
observe a good agreement between the theoretical curves
and the piecewise linear approximations.

The approximation behavior with increasing number
of moments is illustrated with the example of Fig. 3. In
this case a Normal distribution with u =2.5and ¢ = 0.5
was chosen, and the values N = 4, 8, 12 were considered.
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Figure 2: Piecewise linear approximations of known probabil-

ity distributions (Exponential, Gamma, Log-Normal, Normal)

considering N = 6. Markers: approximate cdfs, solid lines: the-
oretical cdfs.
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Figure 3: Piecewise linear approximation of Normal distribu-
tion (N = 4; 8; 12). The densities were recovered from the ap-

proximate distributions. Markers: approximate, solid lines:
theoretical.

The densities were recovered from the approximate
distributions. We observe that, using only a few mo-
ments, a good approximation for P[X < x] can be ob-
tained. Moreover, as N increases the better is the agree-
ment between the curves.

B. Approximations for Sum and Product of RVs.
In this section, we deal with more difficult cases in which
only moments are known.

B.1. Compound distributions
The distribution of the random sum Y = X; + X,+ -+ +
X, where X; are independent and identically distributed
positive random variables and K is a counting random
variable, is called a compound distribution (Grubbstrom
and Tang, 2006). In Fig. 4 (top plot), we present approx-
imations of a compound Geometric-Gamma distribution,
in which the gamma distribution has shape parameter a
and scale parameter 9, and the geometric distribution®
has parameter p. The mgf of Y (with no known inversion
function) is as follows:

My (t) = Px[Mx(8)] = 2

(1-6t)%+p-1"

(12)

where Pg[-] is the probability generating function (pgf)
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Figure 4: Compound (top plot) and A~Nakagami (bottom plot)
distributions (& = 5). Markers: approximate cdfs, solid lines:
simulated cdfs.

of K, and My(t) is the mgf of X. The moments were ob-
n
tained based on: E[Y™] %My(t)ltzo. The value N =

5 was considered. Monte Carlo simulations, considering
2 x 105 samples of the random variable Y, were carried
out to estimate F, (+). We observe a good agreement be-
tween the curves.

It is worth mentioning that Y is moment-determinate,
i.e., there is only one pdf with the moment sequence
E[Y!], i > 0. This fact follows from the existence of the
mgf of Y (Lin, 2017).

B.2. Product of Nakagami-m RVs

The Nakagami-m distribution has gained considerable
research interest in the area of wireless communications
thanks to its good fit to measured fading data (Crepeau,
1992). The Nakagami-m pdf of the signal's envelope is
given by the formula:

fx) = —

r(m)

m
(%) x2m=le=mx*/Q ¥ > 0 m > 0.5,(13)
where T'(m) expresses the gamma function, m =
E?(X?)/Var(X?) is the shape parameter, determining
the severity of fading, and Q = E(X?). The pdf of the
product of K independent Nakagami-m RVs, R =
X1 X X, X -+ X Xy, is difficult to evaluate (requiring in-
tensive numerical calculations), however its moments are
given by:
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n.
I.{ F(mi+5)
=1 rimy)

m; n/2
E[R"] (F) .

In Fig. 4 (bottom plot), we present approximations
based in our approach. Solid lines show Monte Carlo
simulations. We observe a good agreement between the
curves.

It should be noted, however, that R is moment-inde-
terminate (for K > 3), i.e., there are pdfs which are dif-
ferent from the pdf of R but with the same moments. This
can be proved by considering a Nakagami-m pdf as a spe-
cial case of a generalized Gamma distribution (which is
moment-indeterminate for K > 3; Lin and Stoyanov
(2015)).

C. Fitting of a logistic function

An alternative to 1 — F(x), for the evaluation of proba-
bilities, corresponds to the fitting of a single continuous
function to the points {x;, y;} obtained with our proposed
procedure. Following this idea, we consider the five-pa-
rameter logistic function (5PL), reparameterized by Liao
and Rong (2009), which accounts for curve asymmetry
and has improved statistical performance compared to
current 5PL. In this case, approximate cdfs and pdfs are
given by:

(14)

C2—C1

EEREN

1 _
(c2—c1)c3 C5<ZE—1>(1)C3 !

F(x) =c¢ + (15)

C4

1 c cs+1 -+
os_q1|(*x)3
c4<1+<2 1)(54) )

In order to find the coefficients ¢;, it is necessary to
solve the following non-linear least squares problem:

mcin W(c) =X (v — FL(x)2 (17)

Fits for the re-parameterized 5PL function, consider-
ing some cases of Section Il B, are displayed in Fig. 5.
Dashed lines show cdfs and the corresponding pdfs esti-
mated by Eq. 15 and Eq. 16. Solid lines show Monte
Carlo simulations. Good agreement between the curves
are observed.

(16)

file) =%t =

IVV. CONCLUSION
In this paper, we have presented a new procedure to ap-
proximate probability distribution functions based on
few moments. This is done by a method of fitting mo-
ments of a piecewise linear function to the moments of
the known data. The procedure has the advantage over
popular approximation approaches in that it approxi-
mates a probability distribution function based on few
moments; it produces a single normalized, monotonically
non-decreasing, and valid cdf; it does not need to set any
control parameter; and it does not suffer from numerical
instability problems. We have demonstrated the effi-
ciency of the proposal by applying it to several study
cases. Considering commonly used cdfs (Exponential,
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Compound and K-Nakagami cdts.
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Figure 5: Approximations using fitted logistic functions.
Dashed lines: 5PL, solid lines: simulation.

Gamma, Log-Normal, Normal), we obtained good agree-
ment between the theoretical curves and the piecewise
linear approximations. Good results were also obtained
for more difficult problems involving a compound Geo-
metric-Gamma distribution and the product of K inde-
pendent Nakagami-m random variables.

Future work will consider the generalization of the
method to higher dimension. For instance, in the case of
bivariate probability functions, the idea is simply to re-
place the piecewise linear function F;(x) with a joint one
F;(x,y) and the moments E[X™] with joint moments
E[X™. Y¥]. Another idea is to adapt the proposed ap-
proach to consider a more elaborated optimization crite-
rion such as the Cumulative Residual Entropy subject to
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the moments.
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