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Abstract−− The present paper deals with the 

boundary layer flow and heat transfer of an electri-

cally conducting magnetohydrodynamic viscous fluid 

over a radially stretching power-law sheet with suc-

tion/injection within a porous medium by considering 

the effects of momentum and thermal slips and ther-

mal radiation. The governing non-linear partial 

boundary layer differential equations are reduced to 

a  system of coupled non-linear ordinary differential 

equations (ODEs) with the aid of appropriate similar-

ity transformations. These transformed ODEs are 

then solved by employing a semi-analytic technique 

known as differential transformation method (DTM) 

in combination with Pade approximation. The nu-

merical values of skin friction and local Nusselt num-

ber are tabulated and validated by comparing them 

with the corresponding values available in the litera-

ture. Our results have been found in precise agree-

ment  with the results published earlier. The effects of 

different governing parameters on velocity and tem-

perature distributions are analyzed graphically. It 

has been found that with an increase in the velocity 

slip parameter the fluid velocity decreases, whereas 

the temperature of the fluid increases. Also, the fluid 

temperature gets enhanced with an increase in the ra-

diation parameter, but it decreases with an increase 

in thermal slip. 

Keywords−−DTM method, MHD flow, Heat trans-

fer, Velocity slip, Thermal slip, Thermal Radiation. 

I. INTRODUCTION 

The study of boundary layer flow and heat transfer of a 

viscous fluid over a continuous stretching sheet, in recent 

years, has been a topic of attraction among various re-

searchers due to its significant applications in manufac-

turing industries such as extrusion of plastic and rubber, 

polymer and metal processing, wire drawing, annealing 

and thinning of copper wire, glass-fibre and paper pro-

duction, etc. 

In this area, Sakiadis (1961) did a pioneering work in 

order to study the boundary layer flows over continuous 

solid surfaces. Crane (1970) was amongst the first to give 

a closed form solution of the laminar flow over a linearly 

stretching sheet. This study was then extended by Chen 

and Char (1999) by including the heat and mass transfer 

effects with suction and injection. The investigation of 

the flow and heat transfer problems over a linearly 

stretching sheet is carried out by a number of researchers 

like Andersson (1992), Cortell (1994), Ariel (2001), Liao 

(2003), Cortell (2005), Cortell (2006), Hayat et al. 

(2006). Gupta and Gupta (1977) reported that realisti-

cally, the sheet stretching needs not be linear. As a matter 

of this fact only, many a researchers like Magyari and 

Keller (1999), Vajravelu and Cannon (2006), etc. have 

dealt with the problems wherein the sheets are non-linear, 

especially exponential, in configuration. Furthermore, as 

the sheet can be stretched in a number of ways, the flow 

past a stretching sheet may not be necessarily two-dimen-

sional. For example, a sheet can also be stretched radi-

ally. In this reference, Sajid et al. (2008) investigated the 

axisymmetric unsteady flow and heat transfer over a ra-

dially stretching sheet. In a similar manner, many other 

researchers like Shahzad et al. (2012), Shateyi and 

Makinde (2013), Hayat et al. (2015), Khan et al. (2015a), 

Makinde et al. (2016), Ahmed et al. (2016), Khan et al. 

(2015b), etc. have paid their attention towards the study 

of flow and heat transfer problems over radially stretch-

ing sheets. 

All the above mentioned studies have been carried out 

by taking into account the no-slip boundary condition. 

The no-slip boundary condition is one of the core princi-

ples of the Navier-Stokes’ theory which is based on the 

assumption of adherence of a fluid to a solid body. In sev-

eral situations, however, the no-slip boundary condition 

cannot be applied and should be replaced by partial slip 

boundary condition. The particulate fluids such as sus-

pensions, emulsions, polymer solutions and foams, etc. 

exhibit the partial slip on the stretching boundary. The 

velocity slip, i.e. the inadequacy of the no-slip on a solid 

boundary, is a phenomenon that has been seen under cer-

tain circumstances mentioned by Yoshimura and 

Prud’homme (1988). 

The study of fluids exhibiting the boundary slip con-

dition has some significant technological applications 

such as in the polishing of artificial heart valves and in-

ternal cavities. In some coated surfaces like Teflon, 

which resist adhesion, the Navier's partial slip condition 

is considered where the slip velocity is proportional to the 

local shear stress. However, experiments suggest that the 

slip velocity also depends on the normal stress. A number 

of problems have been modeled for describing the slip 

occurring at the solid boundary e.g. Andersson (2002), 

Ariel et al. (2006), Abbas et al. (2009), etc. A new di-

mension is added to the above mentioned studies by tak-

ing into account the partial slip condition at the stretching 
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boundary. Representative studies dealing with such ef-

fects can also be found in the works of Turkyilmazoglu 

(2015a, 2015b, 2019), Sahoo (2010) and Mukhopadhyay 

and Gorla (2012).  

Moreover, the radiation heat transfer studies play a 

vital role from the application view point in the various 

fields of physics and engineering like in space technology 

and high temperature processes. Also, thermal radiation 

effects are applicable in polymer industries, where the 

quality of the final product depends on the heat control-

ling factors. High temperature plasmas, cooling of nu-

clear reactors, liquid metal fluids, magnetohydrodynamic 

accelerators, power generation systems, etc. are some 

other applications of the radiative heat transfer from a 

vertical wall. Due to these reasons only, the essentials of 

radiative heat transfer can be found in the works of Spar-

row and Cess (1970) and Vafai et al. (2000). Many other 

pertinent radiative heat transfer studies for different con-

figurations have been reported by researchers like Hoss-

ain and Takhar (1996), Raptis (1998), Makinde and 

Moitsheki (2008), Mukhopadhyay (2009), Sibanda and 

Makinde (2010), Makinde and  Aziz (2010), Makanda et 

al. (2013), Das et al. (2017), Gangadhar et al. (2018). 

The differential transform method (DTM), developed 

by Zhou (1986), who tackled the problem of linear and 

non-linear differential equations arising in electric circuit 

analysis, is an iterative procedure which gives analytic 

solutions of ordinary and partial differential equations in 

a way of polynomial. The use of DTM is advantageous 

as it is less time consuming and it reduces the rigorous 

calculations to be performed for obtaining the Taylor se-

ries. This method can also be applied to non-linear dif-

ferential equations without the aid of linearisation, dis-

cretization and perturbation. As a consequence of this, 

this scheme was extended by Chen and Ho (1999) for 

solving partial differential equations. Therefore, Ayaz 

(2004) used it to investigate the system of differential 

equations. Arikoglu and Ozkol (2006) applied it to dif-

ference equations. Darania and Ebadian (2007) applied it 

to integro- differential equations. Rashidi (2009) applied 

this method for solving the MHD boundary layer equa-

tions.  All these successful applications of the DTM ver-

ify its validity, effectiveness and flexibility. Though the 

results obtained by DTM in case of the differential equa-

tions on unbounded domains are valid in small region, 

but in a wider range they are invalid. It happens due to 

the divergent nature of the closed series solutions inves-

tigated by DTM when the independent variable of the 

problem tends to infinity. Boyd (1997) and other re-

searchers have also proved that the power series in un-

bounded domains is not useful for handling boundary 

value problems. But, Su and Zheng (2011) used the DTM 

in combination with the Pade technique successfully to 

overcome such a difficulty and could find the approxi-

mate solutions for a wider range. 

It is found from the existing literature that no attention 

has been paid till date towards the investigation of the 

effects of partial slip and thermal radiation on flow and 

heat transfer problems over radially stretching power-law  
 

 
Figure 1: Schematic diagram of the flow 

sheets in porous medium.  Hence, the objective of the 

present study is to analyze the MHD flow and heat trans-

fer of a viscous fluid over a porous radially stretching 

sheet by taking the partial slips and radiative fluid prop-

erties into consideration. To validate the accuracy of the 

results obtained by the DTM-Pade method, our numeri-

cal values of the skin friction coefficient and the Nusselt 

number have been compared with the corresponding val-

ues of Khan et al. (2015b) who tackled the same problem 

in the absence of thermal radiation and partial slips by 

using the Homotopy analysis method (HAM) for analyt-

ical solutions, and shooting technique for numerical so-

lutions. The results have been found in precise agree-

ment. The effects of various governing parameters on the 

velocity and temperature fields are sketched graphically 

and then discussed. 

II. PROBLEM FORMULATION 

Let us consider the MHD flow and heat transfer of a vis-

cous, incompressible and electrically conducting fluid 

over a porous radially stretching power-law sheet coin-

ciding the plane 𝑧 = 0. In the flow process, the magnetic 

Reynolds number is assumed to be very small so as to 

ignore the effects of induced magnetic field. The sheet is 

stretched along the radial direction with a velocity 𝑈𝑤 =
 𝑐 𝑟𝑛, where 𝑐 is a constant and 𝑟 is the radial coordinate, 

and the flow is confined in the region 𝑧 > 0. We also as-

sume that the surface of the sheet is at constant tempera-

ture 𝑇𝑤 with the uniform ambient fluid temperature 𝑇∞, 

where 𝑇𝑤 > 𝑇∞. It is further assumed that the uniform 

magnetic field 𝐵 =  [0, 0, 𝐵0] acts normal to the sheet i.e. 

along z- axis. The fluid adheres to the sheet partially and 

thus the motion of the fluid exhibits slip condition (see 

Fig. 1).  

Under these assumptions, the governing boundary 

layer equations for the flow and heat transfer of a viscous 

fluid in terms of cylindrical coordinates take the form (cf. 

Khan et al., 2015a) 

 
𝜕𝑢

𝜕𝑟
 +

𝑢

𝑟
 +

𝜕𝑤

𝜕𝑧
 = 0,   (1) 

 𝑢
𝜕𝑢

𝜕𝑟
 +  𝑤

𝜕𝑢

𝜕𝑧
= 𝜈

𝜕2𝑢

𝜕𝑧2
 − 𝜎

𝐵0
2

𝜌
𝑢 −

𝜈𝜙

𝑘
𝑢,    (2) 

 𝑢
𝜕𝑇

𝜕𝑟
  +  𝑤

𝜕𝑇

𝜕𝑧
= 𝛼

𝜕2𝑇

𝜕𝑧2
 −

1

𝜌𝑐𝑝

𝜕𝑞𝑟

𝜕𝑧
,      (3) 

where 𝑢 and 𝑤 are the velocity components along the ra-

dial and axial directions, respectively; 𝐵0 is a constant 

applied magnetic field in 𝑧-direction; 𝜌 is fluid density; 
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𝜎 is the electrical conductivity; 𝑇 is temperature of the 

fluid; 𝛼 = 𝑘1/(𝜌𝑐𝑝) is the thermal diffusivity; 𝑘1 is ther-

mal conductivity; 𝜈 is the kinematic viscosity; 𝑘 is per-

meability of the porous medium; 𝜙 is porosity; 𝑐𝑝 is the 

specific heat at constant pressure, and 𝑞𝑟 is the radiative 

heat flux. 

Using the Rosseland approximation for radiation 

given by Brewster (1992), one can write  

𝑞𝑟 = − 4
𝛾∗

3 𝑘∗
 (
𝜕𝑇4

𝜕𝑧
) , 

where 𝛾∗ is the Stefan-Boltzmann constant and 𝑘∗is ab-

sorption coefficient. 

Assuming that the temperature difference within the 

flow is such that 𝑇4 may be expanded in a Taylor series 

about 𝑇∞, the free stream temperature  after neglecting 

higher order terms can be linearized to obtain 

𝑇4 ≈  4 𝑇∞
3  𝑇 −  3𝑇∞

4  

So, the Eq.(3) becomes 

 𝑢
𝜕𝑇

𝜕𝑟
+  𝑤

𝜕𝑇

𝜕𝑧
 =   𝛼

𝜕2𝑇

𝜕𝑧2
  +

16 𝛾∗ 𝑇∞
3

3𝜌𝑐𝑝𝑘
∗ (

𝜕2𝑇

𝜕𝑧2
).  (4) 

The appropriate boundary conditions on the flow are 

 

𝑢 =  𝑐𝑟𝑛  +  𝑙1
𝜕𝑢

𝜕𝑧
,   𝑤 =  −𝑉𝑤 ,

𝑇 = 𝑇𝑤   +  𝑑1  
𝜕𝑇

𝜕𝑧
    𝑎𝑡  𝑧 =  0,

𝑢 →  0, 𝑇 =  𝑇∞   𝑎𝑠  𝑧 → ∞,

}  (5) 

where 𝑉𝑤 > 0 is the suction velocity, 𝑉𝑤  <  0 gives the 

injection velocity;  𝑙1 is the velocity slip factor; 𝑑1 is the 

thermal slip factor, and 𝑛 is a power-law constant called 

stretching parameter. 

We now introduce the following similarity transfor-

mations 

 

𝜂 =
𝑧

𝑟
 (𝑅𝑒)

1

2  ,

𝜓(𝑟, 𝑧)  = −𝑟2 𝑈𝑤  𝑅𝑒
−
1

2 𝑓(𝜂) ,

𝜃(𝜂)  =
𝑇−𝑇∞

𝑇𝑤− 𝑇∞
,

}
 
 

 
 

  (6) 

where 𝜂 is the dimensionless similarity variable; 𝑅𝑒 =
𝑟𝑈𝑤/𝑣  is the local Reynolds number depending on 𝑟, 

and 𝜓(𝑟, 𝑧) is the Stokes stream function defined as  

𝑢 =  −
1

𝑟

𝜕𝜓

𝜕𝑧
, 𝑤 =

1

𝑟

𝜕𝜓

𝜕𝑟
, 

which gives 

 

𝑢 = 𝑈𝑤𝑓′(𝜂),

𝑤 = −𝑈𝑤  𝑅𝑒
−
1

2  (
𝑛+3

2
 𝑓(𝜂) +

𝑛−1

2
 𝜂 𝑓′(𝜂)) .

}   (7) 

Equation (1) is identically satisfied on account of Eqs. (6) 

and (7), and Eqs. (2) to (5) are transformed to 

 𝑓′′′ + (
𝑛+3

2
)  𝑓𝑓′′ − 𝑛 𝑓′2 − (𝑀∗  +

1

𝐾∗
) 𝑓′ = 0,  (8) 

 ( 1 +
4

3
𝑅) 𝜃′′ +  𝑃𝑟 (

𝑛+3

2
)  𝑓 𝜃′ =  0,  (9) 

subject to the boundary conditions  

 

𝑓(0) =  𝑠∗, 𝑓′(0) =  1 +  ℒ∗𝑓′′(0),

𝜃(0) =  1 + 𝛿∗ 𝜃′(0),
𝑓′ → 0, 𝜃 →  0   𝑎𝑠  𝜂 → ∞.

}   (10) 

Here 𝑀∗ = 𝜎 𝐵0
2𝑟1−𝑛/(𝜌𝑐) is the magnetic parameter; 

𝐾∗ = 𝑘 𝑐 𝑟𝑛−1/(𝜈𝜙)  is the permeability parameter; 𝑅 =
4𝛾∗𝑇∞

3/(𝑘1𝑘
∗) is the radiation parameter; 𝑃𝑟 = 𝜇𝑐𝑝/𝑘1 

is the Prandtl number; ℒ∗ = 𝑙1√(𝑐/𝑣) √1/𝑟
1−𝑛 is the 

velocity slip parameter; 𝛿∗ = 𝑑1√𝑐/𝑣 √1/𝑟
1−𝑛 is the 

thermal slip parameter, and 𝑠∗  = 2 𝑉𝑤𝑟
1−𝑛

2 /((𝑛 +

3)√𝜈𝑐)  is the mass transfer parameter, where 𝑠∗  > 0 

corresponds to suction and 𝑠∗ < 0 corresponds to injec-

tion. 

It should be noted that the occurrence of the radial co-

ordinate (𝑟)  in the expressions of 𝑀∗, 𝐾∗, ℒ∗ and 𝛿∗  and 

the presence of radial co-ordinate (𝑟) and stretching pa-

rameter (𝑛) in 𝑠∗ tend to break down the similarity solu-

tion. Concentrating on the expressions of 𝑀∗, 𝐾∗, ℒ∗,
𝛿∗   and 𝑠∗, two types of special terms 𝑃𝑛𝑟 and 𝑃𝑛𝑟

′  (cf. 

Yazdi et al., 2011) can be seen, where 

𝑃𝑛𝑟 = 𝑟
1−𝑛 and  𝑃′𝑛𝑟 =

4

𝑛+3
√𝑃𝑛𝑟. 

Here, 𝑃𝑛𝑟 appears in 𝑀∗, 𝐾∗, ℒ∗, 𝛿∗    and 𝑃𝑛𝑟
′  in 𝑠∗. 

These parameters oblige our Eqs. (8-10) to be solved lo-

cally. It is noted that 𝑃𝑛𝑟 and 𝑃𝑛𝑟
′  are equal to 1 in the 

linear stretching sheet problem i.e. 𝑛 = 1. Rewriting of 

the expressions of 𝑀∗, 𝐾∗, ℒ∗, 𝛿∗   and  𝑠∗    based on the 

terms 𝑃𝑛𝑟 and 𝑃𝑛𝑟
′  yields expressions of  𝑀,𝐾, ℒ, 𝛿   and  

𝑠 independent from 𝑟 and 𝑛 as follows: 

𝑀∗  =
𝜎 𝐵0

2

𝜌𝑐
𝑟1−𝑛 = 𝑀𝑃𝑛𝑟 ,  𝐾∗ =

𝑘 𝑐 

𝜈𝜙
(

1

𝑟1−𝑛
) =

𝐾

√𝑃𝑛𝑟
, ℒ∗ =

 𝑙1√(
𝑐

𝜈
) √

1

𝑟1−𝑛
=

ℒ

√𝑃𝑛𝑟
 , 𝛿∗ = 𝑑1√(

𝑐

𝜈
) √

1

𝑟1−𝑛
=

𝛿

√𝑃𝑛𝑟
  

and 𝑠∗  = − 
2 𝑉𝑤𝑟

1−𝑛
2

(𝑛+3)√𝜈𝑐
= 𝑠√𝑃𝑛𝑟

′ , 

where  𝑀, 𝐾, ℒ, 𝛿   and  𝑠 are magnetic, permeability, ve-

locity slip, thermal slip and mass transfer parameters 

based on 𝑃𝑛𝑟 and 𝑃𝑛𝑟
′ ,  which are totally independent from   

𝑟 and 𝑛 Consequently, there is an appropriate possibility 

by defining these parameters 𝑀,𝐾, ℒ, 𝛿   and  𝑠 keeping 

away from the difficulties of the dependency of 𝑀∗, 𝐾∗,
ℒ∗, 𝛿∗   and  𝑠∗ on 𝑟 and 𝑛. Thus, the local similarity so-

lution of the problem for the fixed values of the 𝑟-coor-

dinate by varying 𝑛 would be obtained properly for the 

various values of the involved parameters of the problem 

for momentum and energy Eqs. (8-10). 

The physical quantities of our interest are the skin 

friction coefficient 𝐶𝑓  and the local Nusselt number 𝑁𝑢 

defined as 

 𝑪𝒇  =
𝝉𝒘

𝝆𝑼𝟐/𝟐
,   𝑵𝒖 =  

𝒓𝒒𝒘

𝒌𝟏(𝑻𝒘 − 𝑻∞)
,   (11) 

where 𝝉𝒘 and 𝒒𝒘 are the wall shear stress and wall heat 

flux: 

 𝝉𝒘 = 𝝁(
𝝏𝒖

𝝏𝒛
)
𝒛=𝟎

, 𝒒𝒘 = −(𝒌𝟏 +
𝟏𝟔𝜸∗𝑻∞

𝟑

𝟑𝒌∗
) (

𝝏𝑻

𝝏𝒛
)
𝒛=𝟎
.  (12) 

In terms of the dimensionless variables defined in Eqs. 

(6) and (7), these quantities become 

𝑹𝒆
𝟏
𝟐𝑪𝒇

𝟐
 =  𝒇′′ (𝟎),   𝑹𝒆−

𝟏
𝟐 𝑵𝒖 =  − (𝟏 +

𝟒

𝟑
𝑹)𝜽′(𝟎). 

The Eqs. (8) and (9) are highly non-linear similarity 

boundary layer equations to be solved by DTM -Pade 

treatment in the present paper. 

III. PRINCIPLES OF ANALYTICAL METHODS 

A. The Differential Transform Method 

An arbitrary function 𝒖(𝒙) analytic in the domain 𝑫, can 

be written in the Taylor series form about 𝒙 =  𝒙𝟎, as  
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 𝒖(𝒙) = ∑
𝟏

𝒌!
[
𝒅𝒌𝒖(𝒙)

𝒅𝒙𝒌
]
𝒙= 𝒙𝟎

(𝒙 − 𝒙𝟎)
𝒌∞

𝒌=𝟎 , 𝒙 ∈  𝑫 (13) 

The differential transform of 𝒖(𝒙) is defined as 

 𝑼(𝒌) =
𝟏

𝒌!
 [
𝒅𝒌𝒖(𝒙)

𝒅𝒙𝒌
]
𝒙= 𝒙𝟎

,    (14)  

where 𝒖(𝒙) is the original function and U(k) is the trans-

formed function. 

The inverse differential transform is defined as  

 𝒖(𝒙)  = ∑ 𝑼(𝒌)(𝒙 − 𝒙𝟎)
𝒌∞

𝒌=𝟎  .    (15) 
In actual applications, the function 𝒖(𝒙) is expressed by 

a finite series and hence Eq. (15) can be taken as follows:  

𝒖(𝒙) ≈ ∑𝑼(𝒌)(𝒙 − 𝒙𝟎)
𝒌

𝒎

𝒌=𝟎

 , 

where ∑ 𝑼(𝒌)(𝒙 − 𝒙𝟎)
𝒌∞

𝒌=𝒎+𝟏  is negligibly small. Usu-

ally, the value of 𝒎 is decided by the convergence of the 

series coefficient.  

B. Pade Approximant 

Let the power series ∑ 𝑎𝑖  𝑥
𝑖  ∞

𝑖=0  represent the function 

𝑓(𝑥) such that  

 𝑓(𝑥)  = ∑ 𝑎𝑖  𝑥
𝑖∞

𝑖=0  .   (16) 
The Pade approximant (cf. Baker, 1975; and Baker and 

Morris, 1996) is a rational function given by 

 [𝐿/𝑀] =
𝑃𝐿(𝑥)

𝑄𝑀(𝑥)
,      (17) 

where 𝑃𝐿(𝑥) is a polynomial of degree atmost 𝐿 and 

𝑄𝑀(𝑥) is a polynomial of degree atmost 𝑀. 

And we have 

 𝑓(𝑥) =  𝑎0  +  𝑎1𝑥 +  𝑎2𝑥
2  +  𝑎3𝑥

3  +  …  , (18) 

 𝑃𝐿(𝑥) =  𝑝0  +  𝑝1𝑥 + 𝑝2𝑥
2 +  . . . + 𝑝𝐿𝑥

𝐿 ,  (19) 

 𝑄𝑀(𝑥)  =  𝑞0  +  𝑞1𝑥 +  𝑞2𝑥
2 +  . . . + 𝑞𝑀𝑥

𝑀.  (20) 

Thus, there are 𝐿 + 1 numerator and 𝑀 + 1 denominator 

coefficients in Eq. (17). Since numerator and denomina-

tor of Eq. (17) can be multiplied by a constant in such a 

way that the Pade approximant [𝐿/𝑀] is left unchanged, 

the normalization condition 

 𝑄𝑀(0) =  1,  (21) 

is worth imposing in the analysis. 

As a result, the number of independent numerator and 

independent denominator coefficients become 𝐿 + 1 and 

𝑀, respectively, thereby  making the total number of un-

known coefficients equal to 𝐿 +𝑀 + 1. This number 

suggests that the Pade approximant [𝐿/𝑀] normally  

ought to fit the power series  given by relation (16) 

through the orders 1, 𝑥, 𝑥2, 𝑥3, . . . , 𝑥1+𝑀. 

Furthermore, the power series given by the relation 

(16) can be expressed formally as 

∑ 𝑎𝑖  𝑥
𝑖∞

𝑖=0 =
𝑝0 + 𝑝1𝑥 + 𝑝2𝑥

2 +  ...+𝑝𝐿𝑥
𝐿

𝑞0 + 𝑞1𝑥 + 𝑞2𝑥
2 + ...+ 𝑞𝑀 𝑥

𝑀 + 𝑂(𝑥
𝐿+𝑀+1). (22) 

By cross multiplying, we get that 

(𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2  +  𝑎3𝑥

3  +  … ) 
(𝑞0 + 𝑞1 + 𝑞2𝑥

2  +  … +  𝑞𝑀𝑥
𝑀) =  𝑝0  +  𝑝1𝑥 + 

  𝑝2𝑥
2 +  . . . +𝑝𝐿𝑥

𝐿  +  𝑂(𝑥𝐿+𝑀+1)        (23) 

Equating the coefficients of 1, 𝑥, 𝑥2, 𝑥3, . . . , 𝑥𝐿 and 

the coefficients of 𝑥𝐿+1, 𝑥𝐿+2, . . . , 𝑥𝐿+𝑀, we get the fol-

lowing sets of equations: 

 

 

Table1. The operations for the one-dimensional differential 

transform method 

Original function Transformed function 

𝑢(𝑥) = 𝑢1(𝑥) ± 𝑢2(𝑥) 𝑈(𝑘) = 𝑈1(𝑘) ± 𝑈2(𝑘) 

𝑢(𝑥) = 𝜆 𝑢1(𝑥) 𝑈(𝑘) = 𝜆𝑈1(𝑘), 𝜆  is a constant 

𝑢(𝑥) =
𝑑𝑢1(𝑥)

𝑑𝑥
 

𝑈(𝑘) = (𝑘 + 1)𝑈1(𝑘 + 1) 

𝑢(𝑥) =
𝑑𝑟𝑢1(𝑥)

𝑑𝑥𝑟
 

𝑈(𝑘) = (𝑘 + 1)(𝑘 + 2)⋯ 
(𝑘 + 𝑟)𝑈1(𝑘 + 𝑟) 

𝑢(𝑥) = 𝑢1(𝑥)𝑢2(𝑥) 𝑈(𝑘) = ∑𝑈1(𝑟)𝑈2(𝑘 − 𝑟)

𝑘

𝑟=0

 

𝑢(𝑥) =
𝑑𝑢1(𝑥) 

𝑑𝑥
× 

𝑑𝑢2(𝑥)

𝑑𝑥
 

𝑈(𝑘)

= ∑
(𝑟 + 1)(𝑘 − 𝑟 + 1)

𝑈1(𝑟 + 1)𝑈2(𝑘 − 𝑟 + 1)

𝑘

𝑟=0

 

𝑢(𝑥) = 𝑢1(𝑥)
𝑑𝑢2(𝑥)

𝑑𝑥
 𝑈(𝑘) = ∑

(𝑘 − 𝑟 + 1)𝑈1(𝑟)

𝑈2(𝑘 − 𝑟 + 1)

𝑘

𝑟=0

 

𝑢(𝑥) = 𝑢1(𝑥)
𝑑2𝑢2(𝑥)

𝑑𝑥2
 

𝑈(𝑘)

=∑
(𝑘 − 𝑟 + 2)(𝑘 − 𝑟 + 1)

𝑈1(𝑟)𝑈2(𝑘 − 𝑟 + 2)

𝑘

𝑟=0

 

 

 

𝑎0  =  𝑝0 ,
𝑎1  +  𝑎0 𝑞1 = 𝑝1 ,

𝑎2  +  𝑎1 𝑞1  +  𝑎0 𝑞2  =  𝑝2 ,
⋮

𝑎𝐿  +  𝑎𝐿−1𝑞1  +  𝑎𝐿−2 𝑞2 + . . . +𝑎0𝑞𝐿  =  𝑝𝐿}
 
 

 
 

   (24) 

and 

 

𝑎𝐿+1  +  𝑎𝐿𝑞1 + . . . + 𝑎𝐿−𝑀+1𝑞𝑀  =  0  ,
𝑎𝐿+2  +  𝑎𝐿+1𝑞1 + . . . + 𝑎𝐿−𝑀+2𝑞𝑀  =  0,

⋮
𝑎𝐿+𝑀  +  𝑎𝐿+𝑀−1𝑞1  + . . . +𝑎𝐿𝑞𝑀  =  0.

} (25) 

If 𝑛 <  0, we take 𝑎𝑛  =  0 for consistency and 𝑞𝑗  =  0 

for 𝑗 > 𝑀. 

On solving the Eqs. (24) and (25) directly, we obtain 

1
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The Eqs. (24) and (25) are used to determine the Pade 

numerator and denominator of Eq. (22), and they are also 

called Pade equations. The symbol [L/M] is called Pade 

approximant and it has been constructed in Eq. (26). 

 IV. APPLICATION 

Taking the one-dimensional differential transform of 

each term of Eqs. (8) and (9)  with the help of Table 1, 

the following transforms are obtained: 
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𝑓′′′ → (𝑘 + 1)(𝑘 + 2)(𝑘 + 3)𝐹(𝑘 + 3)

𝑓′ → (𝑘 + 1)𝐹(𝑘 + 1)

𝑓′2 → ∑ (𝑟 + 1)(𝑘 − 𝑟 + 1)𝐹(𝑟 + 1)𝐹(𝑘 − 𝑟 + 1)𝑘
𝑟 = 0 

𝑓 𝑓′′ → ∑ (𝑟 + 1)(𝑟 + 2)𝐹(𝑟 + 2)𝐹(𝑘 − 𝑟)𝑘
𝑟 = 0

𝜃′′ → (𝑘 + 1)(𝑘 + 2)𝐺(𝑘 + 2)

𝑓 𝜃′ → ∑ (𝑘 − 𝑟 + 1)𝐹(𝑟)𝐺(𝑘 − 𝑟 + 1)𝑘
𝑟= 0 }

  
 

  
 

  

 (27)  

where 𝐹(𝑘) and 𝐺(𝑘) are  transformed functions of 𝑓(𝜂) 
and 𝜃(𝜂), respectively, and are given by  

 𝑓(𝜂) ≈ ∑ 𝐹(𝑘)𝜂𝑘𝑚
𝑘 = 0  ,     𝜃(𝜂) ≈ ∑ 𝐺(𝑘)𝜂𝑘  𝑙

𝑘 = 0     (28) 

On substituting the Eqs. (27) into Eqs. (8) and (9), we 

obtain 

𝐹(𝑘 + 3) = −
1

(𝑘+1)(𝑘+2)(𝑘+3)
× (29) 

{∑ [
(
𝑛+3

2
) (𝑟 + 1)(𝑟 + 2)𝐹(𝑟 + 2)𝐹(𝑘 − 𝑟)

− 𝑛(𝑟 + 1)(𝑘 − 𝑟 + 1)𝐹(𝑟 + 1)𝐹(𝑘 − 𝑟 + 1)
]𝑘

𝑟=0 −

(𝑀 +
1

𝐾
) (𝑘 + 1)𝐹(𝑘 + 1)} .   

𝐺(𝑘 + 2) = −
1

(1 +
4
3
𝑅 ) (𝑘 + 1)(𝑘 + 2)

× 

 {𝑃𝑟 (
𝑛+3

2
)∑ (𝑘 − 𝑟 + 1)𝐹(𝑟)𝐺(𝑘 − 𝑟 + 1)𝑘

𝑟 = 0 }.  (30) 

We can now consider the boundary conditions in Eq. 

(10) as follows also: 

𝑓(0) =  𝑠,     𝑓′(0) =  1 +  ℒ𝑓′′(0),     𝑓′′(0) =  2𝛼1, 
𝜃(0) = 1 + 𝛿 𝜃′(0),     𝜃′(0) = 𝛼2, 

so that the differential transforms of these boundary con-

ditions are  

 
𝐹(0) =  𝑠, 𝐹(1) =  1 +  2ℒ𝛼1, 𝐹(2) = 𝛼1,

𝐺(0) = 1 + 𝛿 𝛼2, 𝐺(1) = 𝛼2.
} (31) 

From the relations (29), (30) and boundary conditions 

(31), we recursively calculate all the 𝐹(𝑘)'s and 𝐺(𝑘)'s 

and then substituting all the 𝐹(𝑘)'s and 𝐺(𝑘)'s  into Eqs. 

(28), we have the following series solutions for 𝑓 and 𝜃: 

 𝑓(𝜂) ≈   𝑠 + (1 +  2ℒ 𝛼1)𝜂 + 𝛼1 𝜂
2  +  (32) 

1

6
 [−(𝑛 + 3) 𝑠 𝛼1  +  (𝑀 +

1

𝐾
) (1 +  2ℒ 𝛼1)

+  𝑛(1 +  2ℒ 𝛼1)
2]  𝜂3 + ⋯⋯ 

 𝜃(𝜂) ≈  1 + 𝛼2𝛿 + 𝛼2 𝜂 −
1

4(3+ 4𝑅)
   (33) 

(3𝑃𝑟 𝑠 𝛼2 (𝑛 + 3)) 𝜂
2 +

1

8(3+4𝑅)2
(Pr 𝛼2(𝑛 + 3)[6 −

 3𝑃𝑟 𝑠2 (𝑛 + 3) + 12ℒ 𝛼1 8 𝑅 (1 +  2ℒ𝛼1)])𝜂
3  + ⋯          

Though the series solutions (32) and (33) have suffi-

cient accuracy, these series exhibit divergent behaviour 

around infinity. As a matter of this fact, it is not possible 

to find an analytical solution by DTM which satisfies the 

conditions at infinity. So, it becomes essential to combine 

the series solutions (32) and (33)obtained by DTM with 

the Pade approximant so as to provide an effective tool 

to handle the present boundary value problem on the in-

finite domain. We have, therefore, applied the Pade ap-

proximation to expressions (32) and (33) by way of tak-

ing the asymptotic boundary conditions 𝑓′ →  0 and 𝜃 →
 0 as 𝜂 → ∞, to obtain 𝛼1 and 𝛼2 in the present analysis. 

Since the higher order approximation produces better ac-

curacy and the diagonal approximants (cf. Rashidi, 2009) 

are the most accurate approximants, we have here con-

structed a [15/15] diagonal Pade approximant. 

V. RESULTS AND DISCUSSION 

The non-linear Eqs. (8) and (9) along with the boundary 

conditions (10) have been solved analytically by the 

DTM-Pade technique for different values of the govern-

ing parameters. To have a better insight into the physical 

nature of the problem, the effects of magnetic parameter 

(𝑀), permeability parameter (𝐾), stretching parameter 

(𝑛), Prandtl number (𝑃𝑟), suction/injection parameter 

(𝑠), velocity slip parameter (ℒ), thermal slip parameter 

(𝛿 ) and radiation parameter (𝑅) on the flow and temper-

ature fields are presented graphically in Figs. 2-14. 

In Table 2, we have validated our results of skin fric-

tion coefficient (𝑓′′(0)) and local Nusselt number 

(−𝜃′(0)) for different values of  𝑛, 𝑀, 𝐾, 𝑠 and 𝑃𝑟 for 

ℒ = 𝛿 = 𝑅 = 0, by comparing them with the corre-

sponding results of Khan et al. (2015b) who solved the 

same problem by HAM in the absence of slip effects and 

radiation parameter. The results have been found in good 

agreement. Table 2 shows that 𝑓′′(0) decreases along 

with increasing values of 𝑛, 𝑀 and 𝑠, while it increases 

with the increasing values of 𝐾. It further shows that with  

  
Table 2. Comparison of the values of skin friction coefficient 𝑓′′(0) and local Nusselt number (𝜃′(0)) by DTM-Pade[15/15] with 

Khan et al.  (2015b) by HAM for 𝐿 =  𝛿 =  𝑅 =  0 

𝑛 𝑀 𝐾 s 𝑃𝑟 
𝑓′′(0) −𝜃′(0) 

Present Khan et al. (2015b) Present Khan et al. (2015b) 

0.5 

1.0 0.5 

 

0.7 

-2.42877 -2.48103 0.914135 0.95552 

1.0 0.5 -2.5965 -2.65449 1.02945 1.06456 

2.0  -2.90747 -2.98934 1.29011 1.27601 

 0.0    -2.21258 -2.22272 0.984915 0.97777 

0.5 0.5 0.5 0.5 0.7 -2.31686 -2.35608 0.950959 0.96601 

 1.0    -2.42877 -2.48103 0.914135 0.95552 

  0.25   -2.90038 -2.91999 0.905357 0.92239 

0.5 1.0 0.5 0.5 0.7 -2.42877 -2.48103 0.914315 0.95552 

  1.0   -2.21258 -2.22272 0.984915 0.97777 

   0.5  -2.42877 -2.48103 0.914135 0.95552 

0.5 1.0 0.5 0.0 0.7 -1.94565 -1.98299 0.41259 0.47138 

   -0.5  -1.58965 -1.57760 0.069228 0.07525 

    0.7 --- --- 0.914135 0.95552 

0.5 1.0 0.5 0.5 1.0 --- --- 1.28825 1.31649 

    1.2 --- --- 1.55879 1.54791 
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Figure 2: Effect of 𝑀 on velocity distribution 

 
Figure 3: Effect of 𝐾 on velocity distribution  

 

an increase in 𝑛, 𝐾, 𝑃𝑟 and 𝑠, the local Nusselt number 

increases. But it decreases with an increase in 𝑀. 

 Figure 2 is drawn to see the effect of transverse mag-

netic field (𝑀) on the velocity field (𝑓′(𝜂)) by keeping 

other parameters as fixed. It is seen from the figure that 

in case of suction, the momentum boundary layer thick-

ness decreases with the increasing values of 𝑀. Thus, the 

flow rate decreases, thereby decreasing the velocity pro-

files. This happens due to the reason that the applied mag-

netic field to an electrically conducting fluid generates a 

drag like force called the Lorentz force, which has the 

ability to retard the velocity of the fluid in the boundary 

layer region. 

Figure 3 elucidates that a rise in the value of permea-

bility parameter (𝐾) leads to a decrease of momentum 

boundary layer thickness. It can be observed from the ex-

pression of K that an increase in the value of K means an 

increase in the permeability of porous medium, hence, 

more space is available for the fluid to flow and thereby 

an increase in velocity is seen. 

Figure 4 is plotted to see the effects of suction/injec-

tion parameter (𝑠) on the velocity profile ((𝑓′(𝜂 ))). In 

case of suction (𝑠 > 0), the velocity distribution de-

creases with increasing values of s.  But, in case of injec-

tion (𝑠 < 0), the velocity distribution increases with s. 

The stronger is the suction applied, the more is the fluid 

pushed towards the wall; thereby resulting into a decrease 

in the wall shear stress. This decrease in the wall shear 

stress causes a progressive thinning of the boundary 

layer. But, an opposite effect is observed in the flow field 

in case of injection. 

 
Figure 4: Effect of suction 𝑠on velocity distribution 

 
Figure 5 Effect of 𝑛 on velocity distribution 

 
Figure 6: Effect of ℒ on velocity distribution 

The Fig. 5 shows the variation of velocity with 

stretching parameter (𝑛). It is seen that the boundary 

layer thickness decreases with an increase in n due to the 

enhancement of momentum transfer. 

The influence of slip parameter (ℒ) on the velocity 

profile (𝑓′(𝜂)) is shown in Fig. 6. It is seen that as the 

value of slip parameter increases, the boundary layer 

thickness decreases. As a result of this, the velocity pro-

files show a decreasing trend. This happens because the 

slip at the wall increases as the surface slip increases. As 

a consequence of this effect, only a very small amount of 

fluid is allowed to penetrate into the flow of the fluid over 

the surface of the stretching sheet.  Thus, an enhancement 

in the value of slip parameter ℒ  means an enhancement 

of the slip between the surface of the sheet. 

Figure 7 illustrates the effect of Prandtl number (𝑃𝑟) 
on the temperature profile. From the figure, it is obvious 

that the thermal boundary layer thickness decreases along  
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Figure 7: Effect of 𝑃𝑟 on temperature distribution 

 
Figure 8: Effect of n on temperature distribution 

 
Figure 9: Effect of M on temperature distribution 

with the increasing values of 𝑃𝑟. As a result of this, the 

heat transfer at the wall also increases. This happens be-

cause the increasing values of Prandtl number cause an 

increase in the temperature gradient at the surface. This 

in turn results into an increase in the heat transfer rate at 

the surface. Thus, the higher values of Prandtl number 

show lower thermal diffusivity.  This lower value of ther-

mal diffusivity is responsible for a decay in the tempera-

ture profile.  

Figure 8 illustrates the effects of stretching parameter 

(𝑛) on the temperature field (𝜃(𝜂)).  From the figure, it 

is found that the thermal boundary layer thickness de-

creases with an increase in 𝑛.  

Figures 9-10 are sketched to see the effects of mag-

netic parameter (𝑀) and permeability (𝐾), respectively, 

on the temperature field. It is observed that as 𝑀 in-

creases, the thermal boundary layer thickness increases 

while it decreases with increasing 𝐾. 

 
Figure 10: Effect of K on temperature distribution 

 
Figure 11: Effect of suction s  on temperature distribution 

 
Figure 12 Effect of   ℒ on temperature distribution: 

The effects of suction/injection parameter (𝑠) on the 

temperature field are depicted in Fig. 11. It can be seen 

that the dimensionless temperature decreases as suction 

increases. But, a reverse trend is observed in case of in-

jection. It is further observed that the effect of injection 

is more pronounced on the temperature field as compared 

to suction. 

Figures 12 and 13 show the dimensionless tempera-

ture distribution for various values of velocity slip param-

eter (ℒ) and thermal slip parameter (𝛿), respectively. It 

is observed that with increasing values of ℒ, the fluid 

temperature increases. On the other hand, with an in-

crease in the thermal slip parameter (𝛿), the fluid temper-

ature decreases.   

Figure 14 is plotted to see the effect of thermal radia-

tion parameter (𝑅) on the temperature distribution. From 

this figure, it is observed that the surface temperature  

(𝜃′(0)) and the fluid temperature increase with an in-

crease in thermal radiation. This is due to the fact that the  
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Figure 13: Effect of  𝛿   on temperature distribution 

 
Figure 14: Effect of  𝑅  on temperature distribution 

divergence of the radiative heat flux (i.e. 𝜕𝑞𝑟/𝜕𝑟) in-

creases along with the decreasing values of the Rosseland 

radiative absorptivity (𝑘1). This, in turn, shows an in-

crease in the rate of radiative heat transfer to the fluid. 

This causes the fluid temperature to increase. In view of 

this fact, the effect of radiation becomes more significant 

as 𝑅 → ∞, and the radiation effect is negligible as 𝑅 →
 0. 

VI. CONCLUSIONS 

The MHD flow and heat transfer of an electrically con-

ducting viscous fluid over a radially porous stretching 

power-law sheet in the presence of suction/injection pa-

rameter (𝑠), thermal radiation (𝑅), velocity slip (ℒ) and 

thermal slip (𝛿) effects are analyzed in the present study. 

The governing non-linear partial differential equations 

have been transformed to non-linear ODEs by using suit-

able similarity transformations, which are solved analyt-

ically by DTM-Pade method. To validate the accuracy of 

the numerical results obtained by the present method, a 

comparison has been made with the corresponding re-

sults of Khan et al. (2015b) (HAM). The results have 

been found in good agreement. The effects of various 

governing parameters on the flow and temperature fields 

have been studied graphically and the following conclu-

sions are drawn from the analysis: 

1. The boundary layer thickness and the flow veloc-

ity exhibit a decreasing trend with the increasing 

values of magnetic parameter (𝑀), suction param-

eter (𝑠), stretching parameter (𝑛) and velocity slip 

parameter (ℒ). 
2. The skin friction coefficient (𝑓′′(0)) shows  an in-

creasing trend with the increasing values of the 

magnetic parameter (𝑀), suction/injection param-

eter (𝑠) and the stretching parameter (𝑛). 
3. The velocity boundary layer thickness and flow 

velocity increase while the skin friction decreases 

with the increasing values of permeability param-

eter (𝐾) and injection parameter (𝑠). 
4. The thermal boundary layer thickness and the fluid 

temperature decrease with an increase in Prandtl 

number (𝑃𝑟), stretching parameter (𝑛), permea-

bility parameter (𝐾), suction parameter (𝑠) and 

thermal slip parameter (𝛿).  
5. The local Nusselt number (−𝜃′(0)) has an in-

creasing effect with the increasing values of the 

parameters 𝑃𝑟, 𝑛, 𝐾 and  𝑠. 
6.  An increase in the magnetic number (𝑀), injec-

tion parameter (𝑠), velocity slip parameter (ℒ) 
and radiation parameter (𝑅) results into an in-

creases in the fluid temperature and thermal 

boundary layer thickness. 

7. A decrease in the local Nusselt number is observed 

with an increase in the values of injection param-

eter (𝑠) and magnetic parameter (𝑀).   
8. The numerical values obtained in the present anal-

ysis using DTM-Pade technique are in close agree-

ment with the corresponding values obtained by a 

near-exact analytical technique called homotopy 

analysis method (HAM), thereby establishing the 

credibility, effectiveness and accuracy of DTM-

Pade technique in solving the strongly nonlinear 

ordinary differential equations. 
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