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Abstract— This study investigates heat transfer
in magnetohydrodynamic (MHD) free convection
flow of ferrofluid along an oscillating vertical plate.
Water with nanoparticles of magnetite (FesOs) is
selected as a conventional base fluid. In addition,
non-magnetic aluminum oxide (Al203) nanoparticles
are also used. Comparison between magnetic (FesOs)
and non-magnetic (Al.Os) nanoparticles is also con-
ducted. The problem was modelled in terms of par-
tial differential equations with the initial and bound-
ary conditions. Analytical solutions are obtained for
velocity and temperature by using Laplace trans-
form technique. The numerical results for velocity
and temperature are obtained and plotted graphical-
ly. Also numerical values of skin friction and Nusselt
number are presented in tables and discussed.

Keywords— Ferrofluid, Free convection, Magnet-
ic field, Ramped wall temperature.

1. INTRODUCTION

In modern thermal and manufacturing processes, the
influences of working fluids depend on thermal conduc-
tivity, heat capacity and other physical properties. Po-
tential for heat transfer in the high-tech applications
such as microelectronics, data centers and micro-
channels have given most attentions in the recent past.
Conventional heat transfer fluids such as ethylene gly-
col, water, pumping oil, etc., do not possess sufficient
capability for cooling applications due to their poor
thermal performance. It is well known that solid metals
have thermal conductivities of higher order of magni-
tude than those of fluids. Thus one of effective ap-
proaches to enhance heat transfer performance is via
adding small metallic particle in the liquids. The idea of
improving thermal conductivity of the fluid using nano-
sized particles was initially initiated by Choi (1995).
Base fluids with the mixture of nanoparticles are termed
as nanofluids. In nano particles due to the increase of
surface area to the volume, some physical properties
such as thermal, electrical, mechanical, optical and
magnetic property of the materials can be changed sig-
nificantly.

Convective flows with radiation are encountered in
many industrial processes such as heating and cooling
of chambers, evaporation from large reservoirs, solar
power technology and space vehicle re-entry. The study
of magneto hydrodynamic flow and heat transfer has
received considerable attention in recent years due to its

essential applications in engineering and technology
such as MHD generators, pumps, plasma studies, bear-
ings, nuclear reactors and geothermal energy extrac-
tions. The gravity-driven convection heat transfer is
important in the cooling mechanism of many engineer-
ing systems like the electronics industry, solar collectors
and cooling systems for nuclear reactors because of its
smaller size, low noise, minimum cost and reliability.
Sheikholeslami et al. (2013) investigated the MHD ef-
fects on Al,Os - water nanofluid flow and heat transfer
in a semi-annulus enclosure using Lattice Boltzmann
Method. Kuznetsov and Nield (2014) analysed the natu-
ral convective boundary layer flow of a nanofluid past a
vertical plate. Mutuku-Njane and Makinde (2014) con-
sidered hydromagnetic boundary layer flow of nanoflu-
ids over a permeable moving surface with Newtonian
heating. Beg et al. (2014) conducted a computational
fluid dynamics simulation of laminar convection of
Al,Os —water bio-nanofluids in a circular tube under
constant wall temperature conditions considering a sin-
gle-phase model and three different two-phase models.
Das and Jana (2015) investigated natural convective
magneto-nanofluid flow and radiative heat transfer past
a moving vertical plate. Relevant studies on nanofluid
flow considering different aspects of the problems are
also due to Khamis et al. (2015), Das et al. (2015) and
Bhatti and Rashidi (2016).

An electrically conducting nanofluid known as fer-
rofluid, is a magnetic colloidal suspension consisting of
base liquid and magnetic (iron based) nanoparticles
such as magnetite, hematite, cobalt ferrite or some other
compounds containing iron, with a size range of 5-15
nm in diameter coated with a surfactant layer. Ferroflu-
ids have an advantage, which is based on the control of
fluid flow and heat transfer by an external magnetic
field, which makes it applicable in various fields such as
electronic packing, thermal, aerospace and biomedical
engineerings. Ferrofluids are widely used in rotating X-
ray tubes, sealing of hard disc drives and underwater
robotic vehicle under engineering applications. Keeping
in view importance of such study, several researchers
have investigated ferrofluid flow under different condi-
tions and configurations. A few relevant studies are due
to Jue (2006), Khan et al. (2014), Sheikholeslami and
Ganji (2014), Moraveji and Hejazian (2013), Gul et al.
(2015), Sheikholeslami et al. (2015) and Mustafa et al.
(2016).
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Figure 1: Schematic diagram of the physical problem.

A number of investigations were implemented under
different type of continuous and well-defined thermal
conditions at the wall. However, practical problems
often involve non-uniform or arbitrary wall conditions.
Thus, it is useful to investigate problems considering
step change in wall temperature. Pioneering works are
due to Schetz (1963), Lee and Yovanovich (1991),
Chandran et al. (2005), Nandkeolyar et al. (2013), Kha-
lid et al. (2015) and Seth et al. (2011). Adesanya et al.
(2015) described hydromagnetic natural convection
flow within vertical parallel plate channel with time
periodic boundary conditions. Rashidi et al. (2016)
investigated mixed convection heat transfer of nanofluid
flow in vertical channel with sinusoidal walls under
magnetic field effect.

Motivated by the above research works and the nu-
merous possible industrial applications, the present pa-
per is aimed to investigate the free convective flow of
ferrofluid past an infinite oscillating vertical plate with
ramped wall temperature in the presence of magnetic
field and thermal radiation.

Il. MATHEMATICAL FORMULATION OF THE
PROBLEM

We consider unsteady gravity-driven convective flow
and heat transfer of an optically thin water-based
nanofluid containing magnetite (Fes04) nanoparticles
past an oscillating infinite vertical plate. The fluid flow
is permeated with uniform magnetic field of strength By,
applied in a transverse direction to the flow. It is as-
sumed that there exists a radiative heat flux gr acting in
the normal direction of the plate whereas radiative heat
flux along the plate is considered as negligible. The
schematic diagram of the physical problem is presented
in Fig. 1.

The induced magnetic field produced by the fluid
motion is negligible under the assumption of a small
magnetic Reynolds number.

Keeping in view the assumptions made above, the
momentum and energy equations under Bossinesq’s
approximations (Das and Jana, 2015; Khalid et al.,
2015) are given by
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Table 1: Thermo-physical properties of water and nanoparti-
cles (Sheikholeslami et al., 2014; 2015).
o(kg/m3)Cp(I/kgK)k(W/mK) gx105(K1) o(Qm)!

Pure water 997.1 4179 0.613 21 0.05
FesOs 5200 670 6 1.3 25000
Al2Os3 3970 765 40 0.85 1x1010
oT T o
(pC,), S =k, S-S, @
nf 8t ay ay

The initial and boundary conditions for the problem are

U’(y,O)ZO,T(y,O)ZTw ) yZO, (Sa)

u’(0,t") =UH (t") cos('t") or U sin(a't’), (3b)
n _ t’ ’

T(O,t)—Tw+(TW—Tm)t—| 0<t'<t,, (30)

0
TO)=T,,t'>t,
u'(y,t')—>0, T(y,t')>T, as y-—>oo, t'>0.(3d)
where u’ is the velocity components along the x- direc-
tion, T is the temperature of the nanofluid, @’ is the fre-
quency of oscillations of the plate, g is the acceleration
due to gravity, on is density of the nanofluid, i is the
dynamic viscosity of nanofluid, (of)n is the thermal
expansion coefficient of nanofluid, ow is the electrical
conductivity of nanofluid, (oCp)n is the heat capacitance
of nanofluid and its expressions are given by (Mustafa
et al., 2016)

ty =1y [(1=0)°, py =(1-0) o, +0p,,
(pcp)nf =(l—(p)(pcp)f +¢(pcp)s’
(PB), =(1=¢)(pB), +4(pPB),.

Oy =0, [1+{3(a5 -0, )(p}/{(as +20,)~(o, -0, )(/)}J
kk“:z {(k, +2k; ) -20(k, —ks)}/{(ks + 2k, )+ ok, =k, )},

where ¢ is the solid volume fraction of nanoparticle, p is
the dynamic viscosity, S is thermal expansion coeffi-
cient, p is the density, o is the electrical conductivity, k
is thermal conductivity. Here, the subscripts nf, f and s
represent the thermo-physical properties of the nanoflu-
id, base fluid and the solid nanoparticles respectively.

The thermophysical properties of the base fluid (wa-
ter), magnetite Fe;04 and non-magnetic Al,Os are pro-
vided in Table 1.

In the case of optically thin gray fluid, assuming the
temperature differences within the flow sufficiently
small, we get

aq o T
L —_16a'c'T* (T -T), (4)
5 (T.-T)
On the use of Eq. (4), Eq. (2) becomes
oT o°T -

(pC,)., o K., W—lGa oTHT-T,), ()
Here ¢, to, o°, @" and H(.) are respectively the time,
characteristic time, Stefan- Boltzmann constant, mean
absorption coefficient and Heaviside unit step function
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Introducing following non-dimensional variables
n=Uy/v,, '[=U2'[’/vf , u=u'/U,

0=(T-T,)/(T,~T.)and t, =0, /U?, (6)

Egs. (1) and (5), in non-dimensional form, reduce to

2

@_E‘3+EGG E,M?u, (7
ot ton?
06 %0 (8)

E:Edﬁ_ E59’

= (@-0)7) [ Y(a-0)+o(p./p/))]

{{a-)+o((e), /(08 )} |
{1-0)+o(p./p/ )}

e, ~ {ou o | [y (@-0)+ olps o))
_ []/{P, (e ¢)+¢((PC )/(”Cp)f))}}’
[ o) 2. )}

inwhich M? =& Blv, /p,U? is the magnetic param-

eter, N, =16c"a'T’v, /k,U? is the radiation parame-

ter, Pr=(uC,),/k, is the Prandtl number and
=gpv, (T,-T,)/U? is the Grashof number.

The initial and boundary conditions (3a) to (3d), in
non-dimensional form, become

where,

u(7,0)=0, (7,0)=0, 7n=0, (92)
u(0,t) =H(t)cos(at) or sin(at), (9b)
H(O,t):{;' T o (tDH (), (90)

u(r;,t)—>0, O(n.t)—>0 as 7 —>o0 and t=0.(9d)
where o =v, a)’/U 2 is the frequency parameter.

111. EXACT SOLUTIONS
In order to find exact solutions of the system of Egs. (7)
and (8), we have used the Laplace transform technique.
Thus by taking Laplace transforms of Eqgs. (7) and (8)
and using initial and boundary conditions (9a) to (9d),
we get the solutions for the velocity and temperature
field as

U (mt)=w (n.a. 7, 7o t)+u (n,a,7,,7,—iot)
+{Gr5/a3}{u2 (mt)-H(t-1)u, (r],t—l)} (10)
U, (mt)=iu (n,a,7,,7.iot)—iu (n,a,7,, 7, —iw,t)

+{G 8t} {u, (1)~ H (t=1)u, (.t -1)}, 11
O(n.t)=f,(17.05.2,,7.1)
—H (t_l) f1(77'a1!a2-73’t_1)' (12)

where,

azl/El,;/:MZE3/E1,6:E2/E1,a1:1/E4,a2=E5/E4,

o, =1/E, -1/E,, a, =M2E3/E1—E5/E4,)/1=0{4/a3,
=yla,ys=a,]0.

Subscripts ¢ and s correspond to the solutions for cosine
and sine oscillations respectively.

IV. SKIN FRICTION COEFFICIENT AND
NUSSELT NUMBER
Physical quantities of practical interest are the skin fric-
tion 7 and Nusselt number Nu, which are defined, in
non-dimensional form, as

:;25(6_“) and Nu__k{agj
(1-¢)"\0n),, ke Lon

The expressions of the skin friction and Nusselt
number are determined from Eqgs. (10) and (12) and are
given by

7(0,t) (1_ e ——=[ (0.2, r.iot)+7,(0,a,7,—iw,t)
+{G,8/a}{z, (0.t)-H (t-1)7, (0.t-1)}] » (13)

Nu =—{knf /K }[Nul(O,OLl,az,}/3,t)
—H (t-1)Nu, (0, 05,2, 7,,t-1) . (14)

V. RESULTS AND DISCUSSION
Numerical results of the present study have been pre-
sented for different values of emerging parameters such
as magnetic parameter M?, frequency parameter o,
Grashof number Gy, radiation parameter Ny, time t and
nanoparticle volume fraction ¢. We have fixed the val-
ues of Prandtl number as Pr=6.2 throughout the study.
We can see from the solutions that analytical results are
obtained from both cosine and sine oscillations whereas
the numerical results are plotted for the velocity only
considering cosine oscillations.

Numerical values of fluid velocity u(#,t), computed
from the solution (10), and fluid temperature & n,t),,
computed from the solution (12), are presented graph-
ically in the boundary layer region versus boundary lay-
er coordinate 7 in Figs. 2 to 9.

Figure 2 displays the influence of magnetic field and
frequency of oscillations on the velocity profiles of the
flow. It is evident from Fig. 2 that both magnetic field
and frequency of oscillations have a tendency to reduce
the fluid velocity. Physically, it is true because effect of
magnetic field gives rise to Lorenz force, which is simi-
lar to drag force and causes the fluid to move slowly.
Also as w increases, magnitude of plate oscillation (co-
sine oscillation) decreases which results in reduction the
fluid velocity. The impact of thermal buoyancy force on
the fluid velocity is plotted in Fig. 3. It is evident that,
velocity of ferrofluid increases with an increase in Gy.
Thermal Grashof number G, signifies the relative influ-
ence of thermal buoyancy force to the viscous force in
the boundary layer region. For small values of G, vis-
cosity dominates and buoyancy dominates when there is
a larger value of this parameter. Thus an increase in the
values of thermal Grashof number has the tendency to
induce much flow in the boundary layer region due to
the effect of thermal buoyancy force. Here positive val-
ues of G, represents cooling problem. Moreover, the
cooling problem is of great importance and mostly en-
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countered in engineering applications, in the cooling of
electronic components and nuclear reactors. Impact of
radiation parameter N, and time t is sketched in Fig. 4. It
is revealed from Fig. 4 that thermal radiation has a ten-
dency to decelerate the fluid velocity. From the defini-
tion of Ny, when N, increases, conduction contribution
decreases and thermal radiative contribution recedes.
Therefore, a lower radiative flux is present for higher
values of Ny, and this exerts a decelerating influence on
nanofluid boundary layer flow. On the other hand, the
velocity enhances with the progress of time. Figure 5
preserves the effects of nanoparticle volume fraction ¢
on the fluid velocity. It is observed from Fig. 5 that an
increase in the nanoparticle volume fraction ¢ depreci-
ates the velocity u. Physically, it is true because when
the volume fraction of nanoparticles increases in the
base fluid, the conductivity and viscosity of the nanoflu-
id increase and cause to slow down the fluid velocity.
Figure 6 shows a comparison of velocities when two
different types of nanoparticles, namely, magnetite and
non-magnetic Al,Oz were added to the conventional
base fluid. It is found that the velocity of Al,O3z nanoflu-
id is greater than that of ferrofluid. This implies that the
viscosity and thermal conductivity of the ferrofluid is
higher than those of the Al,O3; nanofluid. The tempera-
ture profiles are depicted in Fig. 7 for different values of
Nr and time t. It is found from Fig. 7 that fluid tempera-
ture @ decreases on increasing N, whereas it increases
on increasing time t. Figure 8 demonstrates the effect of
nanoparticle volume fraction ¢ on the temperature pro-
files. It is clear from Fig. 8 that unlike the velocity, the
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Figure 2: Velocity profiles when Gr=7, N=2, t=0.7 and
¢=0.03.
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Figure 3: Velocity profiles when M?=3, w=n/4, N=2, t=0.7
and ¢=0.03.

48:7-13 (2018)

temperature increases with the increase in ¢. This is due
to the fact that, increasing the volume fractions results
in an increase in the thermal conductivity of the fer-
rofluid and, therefore, causes the temperature to in-
crease. Figure 9 is plotted for the com- parison of tem-
perature profiles of Al,O3; nanofluid and ferrofluid. It is
found that the temperature is varied in the same manner
as we have noticed in the case of velocity i.e. the tem-
perature of Al,O3z nanofluid is higher than that of fer-
rofluid. It is well known that the thermal conductivity
and viscosity of the ferrofluid depend on temperature.
With the increase in temperature, thermal conductivity
increases whilst viscosity decreases. Numerical values
of skin friction 7 and Nusselt number Nu, computed
from expressions (13) and (14), are presented in tabular
form in Tables 2, 3 and 4. It is observed from Tables 2
and 3 that skin friction of ferrofluid and Al,O3z nanofluid
increases on increasing M?, N, and ¢ whereas it decreas-
es with the increase in @, Gr and t. This implies that the
magnetic field, thermal radiation and nanoparticle vol-
ume fraction tend to enhance skin friction of both fer-
rofluid and Al>O3 nanofluid whereas frequency of oscil-
lations, thermal buoyancy force and time have reverse
effect on it. It is evident from Table 4 that Nu increases
on increasing Ny, ¢ and t for both the fluids under con-
sideration. This implies that thermal radiation, nanopar-
ticle volume fraction and time enhance the rate of heat
transfer at the plate for both ferrofluid and Al.O3
nanofluid.
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Figure 4: Velocity profiles when M?=3, o=n/4, G/=7 and
¢=0.03.
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Figure 5: Velocity profiles when M?=3, w=n/4, G=7, Ni=2
and t=0.7.
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Figure 6: Comparison of velocity profiles when M?=3, o=n/4,

Gr=7, Nr=2, t=0.7 and ¢=0.03.
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Figure 7: Temperature profiles when ¢=0.03.

Table 2: Skin friction variation when Nr=2, ¢=0.03 and t=0.7.

M?2 @ Gr  -r(FesOs) -7(Al203)
3 rl4 7 0729364 0.614273
5 rl4 7 1246470  1.096000
7 rl4 7 1670130  1.492940
3 gx/6 7 0945685 0.822104
3 g/3 7 0439004 0.335403
3 rl4 3 1170360 1.062580
3 7l4 5 0949860 0.838425

Table 3: Skin friction variation when M2=3, o=n/4 and G=7.
Ne t ¢  -t(FesOq) -7(Al203)
2 07 0.03 0.729364 0.614273
5 0.7 0.03 0.761018 0.646758
8 0.7 0.03 0.789428 0.675899
2 03 0.03 1.674670 1.568610
2 05 0.03 1.213120 1.100080
2 0.7 0.01 0.648814 0.611183
2 07 0.05 0.814521 0.618797
Table 4: Nusselt number variation.

Nr ¢  Nu(FesOs) Nu (Al20s)
2 0.7 0.03 2.60339 2.62383
5 0.7 0.03 2.85840 2.88156
8 0.7 0.03 3.09858 3.12426
2 03 0.03 1.63787 1.65053
2 05 0.03 2.15764 2.17446
2 0.7 001 2.55024 2.55703
2 0.7 0.05 2.65685 2.69110
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Figure 8: Temperature profiles when Nr=2 and t=0.7.
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Figure 9: Comparison of temperature profiles when Nr=2,
t=0.7 and ¢=0.03.

VI.CONCLUSIONS

Significant results for the present study are summarized

below:

e The effects of magnetic field, thermal radiation, na-
noparticle volume fraction and frequency of oscilla-
tions on the fluid velocity are opposite to that of
thermal buoyancy force and time.

o Fluid temperature attenuates when thermal radiation
is intensified but a reverse effect is observed for
nanoparticle volume fraction and time.

e The velocity and temperature of magnetite nanofluid
are smaller than that of non-magnetic Al.Os
nanofluid.

e Magnetic field and thermal radiation tend to enhance
the skin friction whereas frequency of oscillations
of the plate, thermal buoyancy force and time, have
reverse effect on it.

e Thermal radiation and time enhances the rate of heat
transfer at the plate.

e Skin friction and Nusselt number are directly pro-
portional to the nanoparticle volume fraction.
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APPENDIX
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