Latin American Applied Research

50(3):159-165 (2020)

IMPACT OF SUCTION/INJECTION AND HEAT TRANSFER ON
UNSTEADY MHD FLOW OVER A STRETCHABLE ROTATING DISK

K.V. PRASAD', H. VAIDYAT, O. D. MAKINDE?,
and V. RAMANJINIT

K. VAJRAVELUS

+ Department of Mathematics, VSK University, Vinayaka Nagar, Ballari — 583105, Karnataka, India.
Corresponding Author: hanumeshvaidya@gmail.com

1 Faculty of Military Science, Stellenbosch University, Private Bag X2, Saldanha 7395, South Africa
8§ Department of Mathematics, University of Central Florida, Orlando, FL 32816, USA

Abstract— In this article, the unsteady magnetohy-
drodynamic two-dimensional boundary layer flow
and heat transfer over a stretchable rotating disk with
mass suction/injection is investigated. Temperature-
dependent physical properties and convective bound-
ary conditions are taken into account. The governing
coupled nonlinear partial differential equations are
transformed into a system of ordinary differential
equations by adopting the well-known similarity
transformations. Further, the solutions are obtained
through the semi-analytical method called an Opti-
mal Homotopy Analysis Method (OHAM). The ob-
tained results are discussed graphically to predict the
features of the involved key parameters which are
monitoring the flow model. The skin friction coeffi-
cient and Nusselt number are also examined. The val-
idation of the present work is verified with the earlier
published results and is found to be in excellent agree-
ment. It is noticed that an increase in the viscosity pa-
rameter, unsteady parameter, Hartmann number
leads to decay in momentum boundary layer thick-
ness, and the inverse trend is observed in the case of
the temperature profile.

Keywords— Unsteady flow, Variable fluid proper
ties, Rotating disk, Mass suction/ injection, OHAM.

I. INTRODUCTION
In recent years, numerous researchers analyzed the suc-
tion and injection process over different geometries be-
cause of its vast applications in engineering and techno-
logical domains such as thrust bearing design, radial dif-
fusers, thermal oil recovery, and many others. Erickson
et al. (1966) considered the stretchable surface to exam-
ine the impact of suction/ injection on the flow field. Fox
et al. (1968) contributed similar work for uniform surface
velocity and temperature. Gupta and Gupta (1977) con-
tinued the work of Erickson et al. (1966) by making the
changes in the speed of the surface. Chen and Char
(1988) explored the impacts of suction and injection on
the heat transfer attributes of a continuous, linearly elas-
tic sheet for both the variations of power-law surface
temperature and heat flux. The examination of the behav-
ior of suction /injection on the flow and heat transfer with
a power-law stretching sheet was reported by Ali (1995);
Cortel (2005) added the permeability to the linear stretch-
ing sheet and analyzed the internal heat generation/ ab-
sorption nature on the flow pattern. Prasad and Vajravelu
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(2009) investigated the behavior of power-law fluids
over a flat surface in the presence of a magnetic field and
suction/injection parameter. Khan et al. (2018) utilized
OHAM to obtain the numerical results of an unsteady
Casson fluid past a stretching sheet in the presence of
mass suction/injection. Further, Maleki et al. (2019a,
2019b) considered pseudoplastic non-Newtonian fluid
over a permeable elastic surface and studied effects of
suction or injection. Recently, Shakiba and Rahimi
(2019) used the vertical cylindrical surface geometry and
reported the impact of suction/ injection on the flow of
nanofluid. Wakif et al. (2018) analyzed the combined ef-
fects of the thermal radiation and a transverse magnetic
field on the unsteady natural convection Couette- flow in
Cu-water nanofluid numerically. Some recent works on
MHD fluid flow and heat transfer with different geome-
tries were extensively studied by Qasim et al. (20193,
2019b, 2019c), Wakif et al. (2019a,2019b) and Amanul-
lah et al. (2018).

In addition to flow over a stretching sheet, the flow
induced by rotating disk has also got several applications
in the science and Technological industry such as jet mo-
tors, electronic devices, and rotational air cleaners, com-
puter storage devices, rotating machinery, medical
equipment, spin coating, and many others. Von Karman
(1921) introduced the method to solve the problem of the
Navier-Stokes equations for a rotating disk of infinite ra-
dius. Cochran (1931) extended the work of VVon Karman
(1921) using the numerical integration method and ob-
tained more accurate results. Kuiken (1971) reported the
impact of the blowing through a porous rotating disk;
Watson et al. (1979, 1985); examined the unsteady flow
over a porous rotating disk and discussed the deceleration
case. Takhar et al. (1995) investigated the unsteady flow
of a micropolar fluid due to a decelerating porous rotating
disk with suction/ injection. Fang and Tao (2012) visited
the work of Watson et al. (1979) examined the unsteady
flow induced by a stretchable rotating disk, and obtained
a physically feasible solution branch. Rashidi et al.
(2013) discussed the unsteady MHD flow over a rotating
surface in the presence of an artificial neural network.
Hobiny et al. (2015) reported numerical solution via a
shooting method for unsteady viscous flow due to a non-
linear stretchable rotating disk. Furthermore, Turkyil-
mazoglu (2018) scrutinized the unsteady flow and heat
characteristics over a vertically moving rotating disk.
Prasad et al. (2019) investigated the MHD Casson
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nanofluid flow over a rotating disk with heat source/sink
and slip effects.

All the above researchers analyzed the flow and heat
transfer characteristics over the disk/sheet by considering
the constant thermophysical properties. However, several
researchers (Vajravelu et al., 2013; Prasad et al., 20173;
2017b) considered variable thermophysical properties.
Here, the ambient fluid may change with temperature,
namely viscosity and thermal conductivity of the fluid.
Effects of Hall current and variable fluid properties on
MHD flow due to a rotating porous disk was reported by
Abdul Maleque and Abdus Sattar (2005), Fresteri and
Osalusi (2007) discussed the MHD slip flow over a po-
rous rotating disk in the presence of variable fluid prop-
erties. Rashidi et al. (2014) investigated the MHD slip
flow over a porous rotating disk with variable fluid prop-
erties. Vajravelu et al. (2016) studied the effects of vari-
able transport properties and velocity-temperature slips
of MHD squeeze flow between parallel disks with tran-
spiration using OHAM. Recently, Prasad et al. (2018)
scrutinized the effects of variable viscosity and variable
thermal conductivity on the Casson fluid flow past a ver-
tical stretching sheet with transpiration.

To the author’s best knowledge, no combined work
has been made earlier to study the unsteady MHD con-
vective boundary layer flow and heat transfer over a
stretchable rotating disk in the presence of mass suction/
injection. Moreover, the impact of viscous dissipation
and variable fluid properties such as variable viscosity
and variable thermal conductivity are considered. The so-
lutions are obtained via Optimal Homotopy Analysis
Method (Liao, 2010 and Von Garder, 2019). An im-
portant finding, for instance, the unsteady parameter; vis-
cosity parameter, and Hartmann number squeeze the mo-
mentum boundary layer thickness, which complements
the existing results in the literature.

Il. MATHEMATICAL FORMULATION
Consider an unsteady two dimensional viscous incom-
pressible axially symmetric convective flows and heat
transfer over a stretchable rotating disk, which has an an-
gular velocity varying with time (Q/(1 — Bt)) in the
presence of external magnetic field along the z-axis. The
physical model of the rotating disk is presented in Fig. 1.

Under these assumptions, governing equations for
continuity, momentum and energy in cylindrical coordi-
nates as follows,
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Fig. 1: Geometry of the physical model.

where (u,., ug, u,) are the velocity components in the di-
rection of the cylindrical coordinate system (r,8", z), t is
the time, p,, is the density of the fluid, o is the electrical
conductivity, B(t) = B, (1 — Bt)~/2is the special form
of magnetic field imposed along the z-axis, C,, is the spe-
cific heat at constant pressure. Further, it is assumed that
the thermo-physical transport properties of the fluid are
constant except for the fluid viscosity u(T) and thermal
conductivity K (T) which varies as a function of temper-
ature in the following forms:

U(T) = to[1+¥(T = T L ice.p™ = a(T = T;) (5)
where a =y/u, and T,, = T, — 1/y are constants and
their values depend on the reference state and thermal
property of the fluid. In general, a > 0 indicates the lig-
uid and a < 0 indicates the gases.

K(T) = keo[1 + AT (T — T,)] (6)
where u(T), K(T), u and k., are respectively called
variable fluid viscosity, variable thermal conductivity,
coefficient of viscosity of the fluid and thermal conduc-
tivity of the fluid far away from the disk, y is the thermal
property of the fluid, e = (k,, — ks )/ko IS @ variable
thermal conductivity parameter, AT=T,, — T, is the tem-
perature difference, k,, is the thermal conductivity, 6, =
(T, — To)/AT = —1/(yAT) is the fluid viscosity param-
eter, which is negative for liquids and positive for gases
(for more details see Prasad et al., 2017a). Using Eqgns.
(5) and (6) in (2) to (4) reduces to,
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(e (1457 T =T) ) +

1 Uoo our 2 dug 2
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Appropriate boundary conditions are,
u, = aQr/(1—Ft), ug = Qr/(1 — ft)

u, = —2,/Qv(1 - BO)f,,
—kw‘;—: = he(t)(T,, —T) at z=0
u, - 0u->0T->T, at z— o, (10)
where a = b/Q is the disk stretching parameter, h(t) =
hs (1 — Bt)~*/% is the special form of heat transfer coef-
ficient. Now the following similarity transformations are

introduced to reduce the governing equations into dimen-
sionless form (for more details see Fang and Tao, 2012).

u =u,(=ar/(1- Bt))f’(rl)v
ug = Qr/(1 - pt)gm),
U, = =2/ Q. /(1 = BOSF (),
0 = (T —Tw) /(T — T) (= Qr/(1 — 1))
n=1Q/v,(1—Bt)z, B = B§/(1 — ) (11)
Using Eq. (11), Eq. (1) is automatically satisfied and
Egns. (7) to (10) takes the self-similar form,

(F"(1=0/6)71) + g +2ff" — f =

=S(f'+ (1/2)nf") —Mnf' =0 (12)
(g'1-6/6,)"1) +2fg" —2f'g—
—-S(g +(1/2)ng") —Mng =0 (13)

((1+e0)8") +PrEc(1-0/6,)"1(f"* +g») +
+2Prf0' —Prf'6 —PrS (0 + (1/2)n0") = 0,(14)
f(0) = fu, f'(0) = @, g(0) = 1,6"(0) = =6(1 — 6(0)),
f'() = 0,g(0) > 0,6(») > 0, (15)
here prime denotes derivative with respect to n, (f(n),
'™, g(m),08(n)) are respectively called the axial, radial,
tangential velocity profiles and temperature profile,
Mn = 0B*/p,Q , Pr=p,Cylke, Ec=u,Q/cC,
andé = hf/koo,/voo/ﬂ are respectively called Hartmann
number, Prandtl number, Eckert number and Biot num-
ber, S = B/Q is called unsteady parameter where S > 0
corresponds disk acceleration and S < 0 corresponds
disk deceleration, f,, is called mass transfer parameter
where f,, > 0 indicate mass suction and f,, < 0 indicate
mass injection. Important physical parameters for engi-
neering interest are local skin friction and Nusselt num-
ber given by,
Cr = (1= Bt)?/peo(rQ)?*/ (1,7)? + (7,0)?
Nu=rq,/ke(T, — Ty), (16)
where 7,,. and 7,4 re called radial and tangential shear

stress at the surface of the disk and g, is the heat flux
which are defined as follow,

v = () (52)] e = 0D (52)
aw=—KD(3)| .
Substituting Eqn. (11) in (16) we get,

6 (Re)'2 = (1-6/6) [(F @) + (g’ ©@)]

Nu(Re) Y2 = —(1 + £6)6'(0), 7)
wkere Re = Qr? /v(1 — Bt) is the Reynolds number.

z=0

I1l. METHOD OF SOLUTION

To obtain the appropriate solutions for the system of cou-
pled highly nonlinear ordinary differential equations
(12)-(14) with boundary conditions (15), we adopt the
following semi-analytical technique such as Optimal Ho-
motopy Analysis Method (OHAM). Now we can pick the
initial guesses for velocity and temperature in line with
given the boundary conditions,

foln) = fus + ae™,go(n) = e, 8o(n) = ~=e"(18)
and appropriate linear operators for the governing prob-
lems are defined as follow,
3 2 2 2

Ly =%+#,Lg =%—g,L9 =;—nz—9. (19)
Convergence control parameters for optimal values:
The optimal values of the convergence of solution series
depend upon the auxiliary parameters known as conver-
gence control parameters such as (ky, hy, hy) # Oand
these can be used to control the convergence region and
the rate of convergence of the series solution. Therefore,
the optimal homotopy analysis method (OHAM) gives an
appropriate convergent solution. To get the optimized
values of ks, hyand hgy, we have to use the concept of
minimization by defining the averaged squared residual
errors,

EL(y) = 3 (Ny Z5-0 £y ()",
EZ (Ry) = J, (Ng $5-03, () ",

B (Rg) = J, (N 250 B,(m)"dn.

The pioneering work of individual and total
averaged squared residual errors are introduced by Liao
(2010) and which can be mathematically expressed as
Ef,EZ,Ef and E, = E[ + EZ + E£. It is clearly veri-
fied that the averaged and total squared residual errors
gradually decrease as the order of the approximation
rises, which confirms that OHAM exists successfully
(See Tablel and Table.2).

(20)

Table 1: Individual average residual errors as a function of the
number of iterations when parameters are fixedat = Mn = § =
1, =Ec=05Pr=0.72f, =¢=0.1,6, = —-10.

p E,f EJ ES CPU time (s)
2 5.29x10* 6.78x10%3 2.48x10* 11.6205
4 8.34x10° 1.42x10* 3.67x10° 54.5011
6 1.91x10°% 6.26x10° 7.47x10%  263.945
8 3.44x107 3.51x107 8.53x107 790.305
10 5.37x108 1.86x10°% 1.53x107 2169.01
12 7.67x10° 5.81x10° 4.27x108 4040.75
14 1.07x10° 3.53x107! 1.98x10® 8944.68

Table 2: Total squared residual errors and conver gence control
parameters for different approximation p.

p —h —hy  —hg E} CPU time (s)
2 0.8991 0.9676 1.086 2.06x102 11.6205
4 09237 0.9480 1.050 1.39x10* 54,5011
6 09606 09544 1.019 1.11x10° 263.945
8 0.9770 0.9605 1.033 1.29x107 790.305
10 09839 0.9645 1.043 1.99x10® 2169.01
12 0.9814 0.9417 1.032 9.15x10° 4040.75
14 0.9842 0.9875 1.049 2.81x10° 8944.68
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Table 3: Comparison of present and previous work for various results of f”(0) and g'(0) when Pr = 0.72,8 = ¢ = Ec = 0.5,

Mn=f,=0,6, > .

f7(0) —g'(0)
a —S Fangand Tao (2012) Rashidi etal. (2014) Present Fang and Tao (2012) Rashidi et al. (2014) Present
0.1 0.530 0.530 0.530 0.578 0.578 0.578
0 0.2 0.551 0.552 0.551 0.541 0.541 0.541
0.5 0.614 0.614 0.614 0.428 0.428 0.428
1 0.719 0.719 0.719 0.236 0.236 0.236
0.1 3.117 3.117 3.119 2.053 2.052 2.052
2 0.2 3.078 3.078 3.078 2.037 2.037 2.037
0.5 2.960 2.960 2.960 1.990 1.990 1.990
1 2.762 2.762 2.762 1.911 1.910 1.910

error

6 8 10 12

approximation of order p

(b)

0001

10'5

error

2

6

8
aporoximation  p
Fig. 2: Residual errors vs order of approximation p (a) Individ-
ual residual errors, (b)Total residual error.

2

109

4 10 u

IV. VALIDATION OF THE METHODOLOGY
The main purpose of this section is to provide the liability
of the current method utilized in the present article. Con-
siderthecase=Mn=S=1,8 = Ec = 0.5, Pr = 0.72,
fw =¢€=0.1,0,=—10. The 14" order of approxima-
tion is obtained, and the corresponding convergence con-
trol parameters are hy = —0.984215, h, = —0.987565

and hy = —1.04934, and it is observed that the residual
error of each governing equation reduces as we increase
the order of approximation (see in Fig. 2(a-b)). Further,
Table 3 discussed for the assurance of the OHAM tech-
nique, the results are compared with Fang and Tao (2012)
and Rashidi et al. (2014) and found to be in an excellent
manner.
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V. RESULTS AND DISCUSSIONS

The main objective of this section is to discuss the influ-
ence of various parameters on the flow field with the help
of the numerical results. The impact of parameters such
as unsteady parameter S, viscosity parameter 6,., disk
stretching parameter a, mass suction/injection parameter
fw, Hartmann number Mn, variable thermal conductivity
parameter e, Prandtl number Pr, Eckert number Ec and
Biot number & on the local Skin friction /' (0) and g'(0)
and Nusselt number & ~(0) is presented in Table.4.

An increase in 6,., Mn and variations of mass suction/
injection parameter such as f,, <O, f,, =0, f,, > 0 re-
sults in the decrease of f''(0) and g'(0) and an increase
in @ ~(0). This is because 6, « 1/AT, as 0,. rises tem-
perature difference becomes small which leads to the in-
crement in the temperature gradient, and also, in the case
of Mn, the result is due to the existence of a magnetic
field which creates a Lorenz’s force, which opposes the
fluid flow. This resisting force slows down the velocity
of the fluid. Further, it is noticed that for larger values of
the unsteady parameter S, the reduction in the Skin fric-
tion, as well as temperature gradient, is recorded. Further,
f"(0) and g'(0) are the increasing function of , this is
because an increase in the stretching parameter creates
more pressure on fluid flow, which leads to an enhance-
ment in the values of f"/(0) and g'(0). Concerning Pr we
can conclude that the larger values of this parameter re-
sults in the reduction of the thermal boundary layer thick-
ness and hence reduced values of & ~(0) is recorded. In
the case of §, Ecand ¢ the results are opposite to that of
Pr and is due to thermal conductivity K(T) = k. [1 +
eAT~Y(T — T,,)] which boosts the temperature gradient.

VI. CONCLUSIONS
In the present article, unsteady MHD flow over an erratic
rotating disk with variable fluid properties, mass suction/
injection parameter, viscous dissipation parameter, and
convective boundary condition is investigated. Some of
the important conclusions are made as follows,
» The unsteady parameter lessens local Skin friction

and Nusselt number.

» Fluid viscosity and Hartmann number opposes the
fluid flow and strengthened the temperature and ex-
actly opposite characteristics are seen in the case of
stretching parameter.
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» f"(0) and g'(0) are inversely related with respect to
the suction and injection parameter.

» The temperature of the fluid increases with raising the
values of variable thermal conductivity, Biot number,
and viscous dissipation parameter, whereas inverse
impact is seen wit Prandtl number.

» For various values of the unsteady parameter, fluid
viscosity, and Hartmann number reduce the skin fric-
tion, and the inverse trend is recorded in the case of
stretching parameter.

» Impact of viscous dissipation parameter and Prandtl
number on temperature gradient is quite opposite.
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Table 4: Values of local Skin friction, Nusselt number, convergence control parameter and average squared residual error for different physical parameters.

Ec 5 o, P & Mn f, S a =f"(0) -h E! —g'(0)  h, E -9(0)  -h, E? %Pn?e(sec)
0.5 450838  0.64106 2.26 x10*“ 2.65815 0.68663 2.84 x10* 0.08706 0.68253  8.26 x105  1789.5
05 05 -10 072 01 1 0.1 1 1 174409 0093319 1.31x10° 2.12695 1.01168 2.97x107 0.20151 1.03017 3.48x10° 2527.4
2 064828 112736 8.29x10° 1.83289 1.10466 7.82x10° 0.24348 1.23999  7.32x10®  1759.8
1 1.74409  0.93319 1.31x10% 2.12695 1.01168 2.97x107 0.20151 1.03017 3.48x10°  2527.4
05 05 -10 072 01 1 0.1 2 1 195743  0.80011 8.22x107 2.30457 0.82876 8.41x107 0.22997 0.87681  1.62x10° 20135
3 215436  0.69615 2.83x10° 2.47280 0.74192 3.82x10° 0.24832 079265 4.61x10° 18495
0.1 152732  1.03228 3.59x107 1.92456  1.00826 2.02x107 0.20239  1.09012  2.94x10® 18465
05 05 -10 072 01 1 0 1 1 163241 099685 3.42x107 2.02299 0.98864 4.56x10° 0.20195 1.07423  1.98x10°  1861.5
0.1 1.74409  0.93319 1.31x107 2.12695 1.01168 2.97 x107 0.20151  1.03017 3.48 x10% 2527.4
1 174409  0.93319 1.31x10° 2.12695 1.01168 2.97 x107 0.20152 1.03017 3.48x10° 2527.3
05 05 -10 072 01 15 01 1 1 192585 0.82858 1.75x10° 2.25486 0.96582 1.58x10° 0.19025 0.98952  2.74x10®  2805.2
2 2.04252  0.75454 2.72x10® 2.37708  0.81302 8.41x10® 0.17197 0.85752 4.98x10% 30925
0.1 057351  1.2574  1.11x107 1.72308 1.22691 3.64 x107 0.21911 1.36116 7.28x10% 19025
05 05 -10 072 03 1 01 05 05 057363  1.25936 1.06x107 1.72352  1.22691 4.05x107 0.21564 1.33647  8.63x10°  1864.5
0.5 057376  1.26102 1.03x107 1.72394  1.22734 4.45x107 0.21236 1.31163  8.37x10%  1953.9
1.09 056571  1.23216 1.81x107 1.70159  1.22864 3.41x108 0.34455 1.27251  1.55x10° 1965.4
05 05 -10 2 01 1 0.1 1 1 056348  1.18879 2.25x107 1.69524  1.23198 2.37x10® 0.38148 1.16059  3.81x10®  1799.5
5.09 0.55985  0.87477 8.21x107 1.68525 0.83882 8.09x10® 0.42447 0.68886  1.51x107 1810.5
10 0.64167  1.12470 9.71x10%® 1.81567 1.10578 9.73x10° 0.33501  1.26005 2.12x108 1889.7
05 05 -5 072 01 1 01 1 1 065541 1.13888 8.21x10® 1.85126  1.10591 1.89x10® 0.33485 1.26843  2.23x10® 18815
2 0.69337  1.17916 5.13x108 1.94967 1.13559 8.51x10® 0.33442 129273  2.48x108  1839.2
0.5 056571  1.23216 1.81x107 1.70159  1.22864 3.41 x108 0.34455 1.27251 155x10° 1965.4
05 1 10 072 01 1 0.1 1 1 057207 1.23858 1.81x107 1.71876 1.23556 3.11x10® 0.31453 1.29395 574 x10° 1946.4
2 0.58027  1.23948 1.75x107 1.72576  1.24256 2.98 x10® 0.24845 131395 3.74x10° 1956.2
0.5 057351  1.25740 1.11x107 1.72308 1.22691 3.64 x107 0.21911 1.36116 7.28x10% 19025
1 05 -10 072 01 1 0.1 1 1 057959  1.28798 6.71x10® 1.73982  1.23648 7.88x107 0.12141 1.346422 2.12x105  1909.1
15 0.58259  1.27858  7.15x10® 1.74325  1.24245 1.21x107 0.82548 1.31254  1.26x105 19255

INICNVIANVY A ‘NTFAVICVYA M 'FANIMVIA A 'O ‘'VAQIVA 'H ‘AvsSvdd A








