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ABSTRACT The primary objective of this experiment is to examine the flow of a micropolar fluid through porous
regime with microrotation in presence of magnetic field. The partial differential equations are first transformed into a
coupled system of ODEs using appropriate similarity transformations. To solve the system of ODEs, BVP4C solver
has been employed with relative tolerance of 10−6. To make sure the present study is stable and convergent, all the
outcomes are compared to the earlier findings. The impression of various parameters on velocity, temperature and
microrotation profile are illustrated with the help of graph. The graph of entropy generation and skin friction and
Nusselt number is also plotted against various governing parameters. Through this investigation it is found that Nusselt
number can be increases by regulating the porous parameter and the viscosity of the Williamson fluid. The drag at the
surface can be minimized by increasing the strength of magnetic field and Williamson fluid parameter. The implication
of this study can be found in industrial field where entropy of the system plays an important role for better performance
and stability.
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1. Introduction
Flow through stretching sheets has numerous applications
in a range of scientific and technological domains, such as
glass blowing, sheet manufacturing and metal coating etc.
had gained interest of many researchers. First research on
boundary layer along a constantly moving sheet was done
by Sakiadis (1961). Numerical and analytical methods
were adopted by Magyari and Keller (1999), to analyze
the heat and mass diffusion by taking various physical con-
figurations. The aforementioned discoveries motivated
several researchers (Muskat, 1937; Collins, 1976) to in-
vestigate fluid flow behaviour in porous medium by em-
ploying Darcy’s law to characterize convection. But in
reality, the non-Darcy model is more trustworthy, where
the fluid velocity is high. Tripathy et al. (2016) scrutinized
the flow behaviour of micropolar fluid and the outcomes
of heat source and chemical reaction over a stretching
sheet with variable temperature using non-Darcy model.
Pal and Mondal (2010) studied the influence of variable
viscosity on mixed convective heat transmission across
a porous material in presence of Lorentz force and by
taking non-uniform heat generation/absorption into con-
sideration using non-Darcy model. The numerical solu-
tion using HPM was obtained by Pattanaik et al. (2022)
for the viscous fluid flow over a flat surface under the
influence of Lorentz force. Pattnaik et al. (2022a) studied
the flow behaviour of Fe3O4-water nanofluid over radially
stretching sheet while considering the effects of the shape
of nanoparticles. Some recent works on stretching are
obtainable in refs. (Ratha et al., 2022; Shamshuddin et al.,
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2019a,b; Mishra and Bhatti, 2017; Tinker et al., 2022).
Since most fluids in real-world applications don’t

follow the standard Newtonian Navier-Stokes equations,
modified equations are employed. Due to limitations of
Newtonian fluids, the theory of micropolar fluid has re-
ceived a lot of consideration in recent years from the
engineering community. Micropolar fluids are the flu-
ids which contain micro-structured gyrating particles, the
presence of which can influence the hydrodynamics of
the flow causing it to be markedly non-Newtonian. It
may be used to study the behaviour of lubricants, the
flow of liquid crystals, polymeric fluids and blood of hu-
man and animals (Khonsari, 1990; Busuke and Tatsuo,
1969; Lockwood et al., 1986; Lee and Eringen, 1971).
Fluid microrotation was initially introduced by Eringen
(1966). Kim and Lee (2003) investigated the problem
of the micropolar fluid across a moving vertical porous
plate of semi-infinite length in presence of magnetic field.
The turbulent behaviour of a micropolar fluid’s boundary
layer flow was studied by Peddieson (1972). Salawu and
Fatunmbi (2017) examined the micropolar fluid flow in
presence of Lorentz force and variable electrical conduc-
tivity. Khan et al. (2014) studied hybrid ferromagnetic
nanofluids by modelling microrotation and spin gradient
viscosity. Farooq et al. (2017) investigated gyrotactic
microorganisms in relation to sisco nanomaterial.

Williamson fluid was reported by Williamson (1929),
is one of the most renowned non-Newtonian fluids. In
order to analyze Williamson fluid flow with chemical
reaction, Khan et al. (2014) adopted HAM. Numerous
additional scholars, such as Nadeem et al. (2013), stud-
ied the pseudoplastic flow of Williamson fluid pasting
stretched sheet analytically. Influence of magnetic field
on Williamson nanofluid flow over a Darcy-Forchheimer
porous medium was explored by Gautam et al. (2021)
using numerical methods. Ahmed (2019) examined the
influence of viscous dissipation, and thermal radiation on
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heat transfer in Williamson fluid past a non-linear stretch-
ing sheet by using computational approach, Akbar et al.
(2013) explored mathematically the peristaltic flow of
Williamson nanofluid through an asymmetric conduit. Pat-
tnaik et al. (2022b) studied the impact of radiation and
viscous dissipation on the flow of a Williamson nanofluid
within a parallel channel. Upreti et al. (2023a) investigated
the influence of induced magnetic field on the motion of
the Au-blood nanofluid by employing Cattaneo-Christov
and Darcy Forchheimer model. In 2020, Upreti et al.
(2020) studied the role of non-uniform heat source/sink
on MHD flow of nanoinclusion of CNT in base fluid over
a stretching surface under the influence of Lorentz force.
Later, the authors (Upreti et al., 2023b,a) investigated
the effects of various properties on the fluid motion of
nanofluid in porous medium. A numerical study on un-
steady flow of nanofluid over a stretching sheet embedded
in porous medium was conducted by Gupta et al. (2023)
and obtained the solutions for the effect of variable vis-
cosity on the momentum and energy of the fluid.

In a thermodynamic system, the investigation of en-
tropy generation is very significant due to its crucial role in
engineering and industrial applications. The key concern
of the researchers is to minimize the entropy generation to
increase the efficiency and performance. In view of this,
Bejan (1980) investigated entropy generation in a con-
vective heat transfer process. Srinivasacharya and Hima
Bindu (2016) investigated entropy generation due to flow
of a micropolar fluid through a channel of parallel plates
with constant pressure. Recently, Fatunmbi and Salawu
(2020) studied the MHD flow of a micropolar fluid over
a stretching impermeable plate saturated in non-Darcian
media with non-homogeneous heat generation. A criti-
cal investigation on the entropy of the system due to the
motion of hybrid nanofluid over a convective surface was
carried out by Upreti et al. (2021).

The present investigation employs the Darcy Forch-
heimer model to study the motion of micropolar Williamson
fluid over a non-linear stretching sheet under the action of
Lorentz force. The novelty of the investigation is to study
the effect of variable thermal conductivity over the en-
tropy generated in the system. The effect of Forchheimer
number on the fluid velocity and energy distribution was
also taken into consideration in current investigation. To
solve the non-linear governing partial differential equa-
tions, suitable similarity transformations has been adopted
to convert the PDE’s into system of ODE and then to ob-
tain the solution of the differential equations MATLAB
bvp4c program has been utilized and solutions are plotted
for the effect of various parameters. The stability of the
numerical method is also verified via grid point test and
current study has also been validated with existing works.

2. Methods

2.1 Description of the problem
In this model, the flow of an incompressible Williamson
micropolar fluid over a non-linear stretching surface with
velocity U∞xr in a non-Darcian porous regime with space
and temperature dependent heat source has been consid-

Figure 1: Schematic diagram of flow configuration.

ered. Magnetic field of strength B(x) is applied normal
to the flow direction. Tw = T∞ +Axn is the temperature
of the surface which is assumed to be variable and the
temperature at free stream is assumed to be T∞. Moreover,
heating due to the presence of porous medium, viscous
heating, ohmic heating and non-linear heat source has
been considered in the energy equation. It is assumed
that the magnetic Reynolds number is so small that the in-
duced magnetic field can be neglected. Also, polarization
of the charged particles is negligible, thus the hall current
is also neglected.

The schematic diagram of the flow configuration is
depicted in Fig. 1.
2.2 Mathematical formulation
With the help of contributions set by the investigators
(Tripathy et al., 2016; Kumar, 2009; Fatunmbi and Salawu,
2020), the component-wise form of governing equations
is:
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q′′′ is the non-uniform heat source following (Tripathy
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et al., 2016) and is given by:

q′′′ =
Uw

vxr
[D∗ (T −T∞)+ c∗ (Tw −T∞)] (5)

where C∗ = αx1−r and D∗ = βx1−r are the space and
temperature dependent heat source with α and β being
constants. k∗ = k∞ (1+ εθ) is the thermal conductivity
and θ = T−Tw

Tw−T∞
.

The boundary conditions are as follows: y = 0 :


u = uw (x) =U∞xr,
v = 0, T = T (x) = T∞ +Axn,

w =−h
∂u
∂y


y → ∞ : {u = 0, w = 0, T → T∞}


(6)

The condition of the boundary for microrotation has
the following cases:

1. h = 0, implies that w = 0 and in such case, the
micro-particles in the wall are fixed;

2. h = 1/2, implies weak wall microrotation particles
concentration;

3. h = 1, can be applied for turbulent flow modelling.
Other boundary conditions have usual physical meaning.

Introducing the following similarity transformations
(Rana and Bhargava, 2012):
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(7)

On using (7), the system of equations 1-4 reduces to: (1+ k) f ′′′+ f f ′′+We f ′′′ f ′′+

kg′−2
(

r+Fs

r+1

)
f 2 − 2

r+1
(M+Da) f ′

= 0 (8)



(1+ εθ)θ ′′−2Pr
n

1+ r
f ′θ +Pr f θ ′

+(1+ k)(1+We f ′′)Br f ′′+
2

r+1
BrM f ′2εθ ′2 +

(
2

r+1

)
BrDa f ′2

+

(
2

r+1

)
BrFs f ′3 +(α f ′+βθ)

2
r+1


= 0 (9)


(

1+
k
2

)
g′′+ f g′− 3r−1

r+1
f ′g

−k (2g+ f ′′)
(

2
r+1

)
= 0 (10)

with boundary conditions are as under: η = 0 :
{

f ′ = 1, f = 0
g =−h f ′′, θ = 1

}
η = 6 = ∞ : { f ′ = 0, g = 0, θ = 0}

 (11)

Key quantities which include skin friction and local
Nusselt number are given by:{
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In non-dimensional form:
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2.3 Formulation of entropy generation
According to the thermodynamic second law and irre-
versibility the formation of entropy generation:
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The constituents in the entropy production are:

(a) Heat transmission,
(b) Viscous dissipation,
(c) Joule heating,
(d) Heating due to the presence of porous medium
Using the similarity transformation, the dimensionless

form of entropy generation is given as:
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3. Results and discussion
In this investigation, the behavior of Williamson microp-
olar fluid in non-Darcian porous medium with variable
thermal conductivity is studied. To understand the behav-
ior of motion in connection with the physical conditions,
the graphs of velocity profile, micro-rotation profile and
temperature profile and the numerical values of skin fric-
tion and Nusselt number are plotted. It is observed that
the solutions are affected by Da, M, Fs, We and k which
is explained below.

The variation of drag forces M and Da over the dis-
tributions of velocity, temperature and microrotation are
plotted respectively in Figs. 2a – 2c. Fig. 2a designates
the behaviour of the fluid velocity under the action of
drag forces M and Da. The drag forces like magnetic
field (M) and porosity (Da) always resists the motion of
molecules of micropolar fluid and thereby decelerates the

Figure 2: Variation of M and Da over a) the velocity;
b) the temperature; c) the microrotation.

flow motion of molecules. The thickness of the momen-
tum boundary layer has reduced by the impact of M and
Da. Fig. 2b. illustrates the behaviour of the drag forces
M and Da. The temperature of the micropolar fluid has
raised under the action of M and Da and thereby the fluid
becomes warm. The thickness of the thermal boundary
layer has been inclined by virtue of the action of M and
Da. Higher magnetic drag force generates higher temper-
ature in the fluid region other than the lower Darcy drag
force region.

The dual solution of g(η) for the magnetic drag force
for M = 0.2 and M = 2.0 with the variation of porosity
drag (Da) have been plotted in Fig. 2c. As micropolar
fluid, due to rotation creates a vortex tube and therefore,
the impact of rotation is higher than the drag forces like
magnetic field and Darcy’s porosity. Hence, the molecules
of the micropolar fluid over the microrotation profiles are
moving forward and inclines the microrotation curves
under the action of M and Da. Higher magnetic drag
force generates the higher values of g(η).

The impact of We and Fs over the velocity, microro-
tation and temperature profile are illustrated in Fig. 3a –
3c. It is observed that the fluid velocity decreases as the
inertial coefficient or Forcheimmer number Fs increases.
This is due to the fact that the inertial coefficient provides
additional resistance to the fluid which decreases the fluid
velocity which in turn rises the temperature. Thus, the
Forcheimmer drag depresses the fluid velocity but has
a positive impact on the temperature. The Weissenberg
number is a dimensionless parameter used to describe the
viscoelastic behavior of a fluid flow. It characterizes the
relative importance of elastic effects compared to viscous
effects. When the Weissenberg number increases, it in-
dicates a stronger influence of elastic properties and the
elastic effects become more dominant, leading to the de-
formation and stretching of the fluid. These elastic effects
resist the flow and can slow down the fluid velocity.

When rotation parameter increases, the kinematic vis-
cosity decreases as a result fluid velocity increases which
can be observed in Fig. 4a. When considering fluid flow
over a stretching sheet, the decrease in fluid velocity with
increasing Forchheimer number suggests that inertial ef-
fects become less significant, and the flow is primarily
governed by viscous forces. As a result, the flow tends to
become more uniform and less influenced by fluid inertia.
In the case of a Williamson fluid flowing over a stretching
sheet, an increase in the microrotation parameter would
suggest a greater degree of rotational effects within the
fluid flow. This can lead to an increase in the fluid velocity.

The effect of thermal conductivity over the entropy is
illustrated in Fig. 5a. Entropy generation has a tendency
to diminish the rate of change of temperature in the porous
media due to the impact of augmentation of thermal con-
ductivity. In physical point of view, increase in thermal
conductivity, the temperature dissipation rises that causes
the lower kinetic energy of molecules of the fluid and, as
a result, entropy generation reduces. Entropy generation
refers to the production of entropy within a system. In the
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Figure 3: Variation of We and Fs over a) the velocity;
b) the temperature; c) the microrotation.

context of fluid flow, it is associated with the irreversibili-
ties and dissipative processes occurring in the flow field.
These irreversibilities contribute to the generation of heat
and the overall decrease in system efficiency.

Influence of k, We and M over skin friction is illus-
trated in Fig. 6. With rising microrotation, the skin friction
increases significantly. Whereas, Lorentz force reduces
the skin friction. This is due to the fact that, the Lorentz
force retards the fluid motion which ultimately reduces
the frictional force at the surface. Hence, decline in the
skin friction has been reported in Fig. 6. Fig. 7a – 7b,
depicts the impact of We, Br, Fs and M over Nusselt num-
ber. The rate of heat transfer at the surface declines with
augmented values of M, Br, Fs, Da and We.

The non-linear system of ODEs given by 8 to 12 are
solved numerically using BVP4C solver in MATLAB
with ∆η = 0.001. The converged results are within the
tolerance limit of 10−6. The result obtained satisfies the

Figure 4: Variation of k and Fs over a) the velocity; b) the
temperature; c) the microrotation.

boundary conditions asymptotically. Which indicates the
accuracy of the results. BVP4C is a MATLAB program
that uses the finite difference code which implements the
three stage Lobatto illa formula. This method provides
a solution of fourth order which is accurate and uniform
in the range of integration. Fig. 8 demonstrates the flow
chart of the bvp4c solver.

Let,

 f = y(1) , f ′ (2) , f ′′ = y(3)
θ = y(4) , θ ′ = y(5)
g = y(6) , g′ = y(7)


From the system of O.D.E 8 to 10 with the above
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Figure 5: a) Impact of variable thermal conductivity over
entropy generation. b) Variation of Da over entropy gen-
eration

Figure 6: Impact of Da, k, We and M over skin friction.

considerations, we get

y′ (3) =


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
(14)

Figure 7: (a) - (b): Impact of We, Br, Fs and M over
Nusselt number.

y′ (5) =
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(
1

1+ εy(4)

)(
2Pr n
1+ r

)
y(2)y(4)

−Pr y(1)y(5)− (1− k)
(1+We y(3))Br y(3)2

−
(

2
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(

2
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)
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(

2
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

(15)

y′ (7) =


(

1
1+ k

2

)
−y(1)y(7)+(

3r−1
r+1

)
y(2)y(6)+

k (2y(6)+ y(3))
(

2
r+1

)


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subject to boundary conditions:
η = 0 :

 y(2) = 1, y(1) = 0,
y(6) =−hy(3) ,

y(4) = 1


η = 6 = ∞ :

{
y(2) = y(4) = 0

y(6) = 0

}
 (17)
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Figure 8: Flow chart of BVP4C solver.

4. Conclusions
Following previous research, the problem is formulated in
two-dimensional component-wise form with appropriate
boundary conditions, then translated to ODEs via similar-
ity transformations. The BVP4C Solver is employed to
solve these ODEs numerically. Finally, numerous graphs
show the influence of the regulating factors. Finally im-
pact of the governing parameters, are illustrated by several
graphs. Influence of pertinent parameter on skin friction
has been computed and illustrated in Table 1. Present
work has been compared with the existing work and pre-
sented in Table 1 and Table 2. From both the tables it
is evident the behavior of both skin friction and Nusselt
number for various parameters are similar with the exist-
ing data. The stability of the adopted scheme is presented
in Table 3. It is evident that the difference of any physi-
cal variables for η = 0.001 and η = 0.0001 is negligible.
Therefore, the adopted scheme is stable and convergent.

Effort in this study addressed the theoretical and com-
putational analysis of Forchheimer flow of Williamson
fluid in the presence of Lorentz force past a stretching
sheet. In addition to this, analysis on the entropy genera-
tion has been made. The following conclusions has been
drawn through the investigation:

1. Velocity of the fluid can be regulated by varying

Table 1: Variation in skin friction − f ′′ (0) when
Pr = 0.001, Br = 0.02, α = 0.1, β = 0.1, n = 1, h = 0.5.

k Da F Kumar (2009) Mishra et al. (2022) Present

0.5 1 1 2.0191 1.8509 2.0055
0.7 1 1 1.9604 1.8046 1.9396
1 1 1 1.8885 1.7477 1.8613

0.5 1.5 1 2.1777 2.0191 2.1891
0.5 2.0 1 2.3279 2.1777 2.3640
0.5 2.5 1 2.4708 2.3279 2.5313
0.5 1 1.5 2.1292 1.9687 2.1331
0.5 1 2.0 2.2344 2.0806 2.2553
0.5 1 2.5 2.3352 2.1874 2.3728

Table 2: Variation in Nusselt number θ ′ (0) when Ec = 1,
α = 0.1, β = 0.1, n = 1, h = 0.5, Fs = 2.5, We = 0.1,
r = 0.01, M = 0.2, ε = 0.1.

k Da Br Kumar (2009) Mishra et al. (2022) Present

0.5 1 1 0.3582 0.3923 0.6495
0.7 1 1 0.4910 0.5131 0.7705
1 1 1 0.6875 0.6910 0.9530

0.5 1.5 1 0.6324 0.6325 0.8565
0.5 2.0 1 0.8890 0.8537 0.9795
0.5 2.5 1 1.1302 1.0583 1.1335
0.5 1 1.5 1.0341 1.0814 1.3497
0.5 1 2.0 1.7070 1.7696 2.0330
0.5 1 2.5 2.3763 2.4568 2.6954

Table 3: Grid point stability test.
∆η = 0.001 ∆η = 0.0001

η f ′ θ g η f ′ θ g

0 1.0000 1.0000 0.6702 0 1.0000 1.0000 0.6702
1 0.2762 0.1063 0.3519 1 0.2762 0.1063 0.3519
2 0.0782 0.0081 0.1434 2 0.0782 0.0081 0.1434
3 0.0216 0.0016 0.0533 3 0.0216 0.0016 0.0533
4 0.0056 0.0008 0.0185 4 0.0056 0.0008 0.0185
5 0.0012 0.0005 0.0053 5 0.0012 0.0005 0.0053
6 0 0 0 6 0 0 0

M, Da, We, Fs and k. Decline in fluid velocity is
observed with the augmented values of M, Da, We,
Fs. Whereas, k enhances fluid velocity.

2. Rise in the fluid temperature is reported with the
rising values of M, Da, Fs and k. Whereas, We
decreases the temperature of the fluid.

3. Escalating values of M, Da, Fs, k, We intensifies
the microrotation.

4. Coefficient of skin friction is an increasing function
of We and k. But Lorentz force reduces the skin
friction.

5. The rate of heat transfer at the surface can be in-
creased by increasing Da and We.

Nomenclature
Br: Brinkmann number
C∗: Space dependent heat source
Cp: Specific heat
D∗: Temperature dependent heat source
Da: Porous parameter
Ec: Eckert number
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Fs: Inertia coefficient
g: Microrotation profile
h: Microrotation boundary parameter
K: Material parameter
k∗: Thermal conductivity
k: Microrotation parameter
M: Magnetic parameter
n: Surface temperature parameter
Pr: Generalize Prandtl number
q′′′: Generalize Prandtl number
T : Temperature inside the boundary layer
Tw: Fluid temperature at wall
T∞: Free stream temperature
U∞: Stretching velocity parameter
(u,v): Velocity component along x,y direction
V∞: Reference kinematic viscosity
We: Williamson parameter/Weissenberg number
(x,y): Cartesian coordinates
ε: Variable coefficient of thermal conductivity
Γ: Williamson kinematic viscosity
η : Similarity variable
θ : Dimensionless temperature
ν : Kinematic viscosity
µ: Dynamic viscosity
µr: vortex viscosity
σ : Electrical conductivity
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