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Abstract— In this paper we propose a new refined
shear deformation plate theory which possesses a
series of desirable features, the most salient of which
are as follows: (1) loads, which are generally applied
on the middle surface of the plate, act on the upper
surface of the plate; (2) equations applicable to the
calculation of the stresses in isotropic plates which
provide the same order of accuracy as several theories
with second-order shear deformation effects; (3) a
theory, in the classical sense defined, since it gives
easy expressions for application to problems in
different fields in architecture and civil engineering.
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I. INTRODUCTION
A rectangular plate is usually considered thin if its
thickness is less than a tenth of the minor dimension.
When this limitation is not fulfilled it is a moderately
thick (a term introduced by Love (1944)) or thick plate.

Since Reissner (1945), Mindlin (1951), Hencky
(1947) and Reismann (1988) elaborated their technical
calculation theories (first-order shear deformation
theory), with the objective of widening the field of
application of plates, many authors have studied this
important field of structural mechanics.

Among other works, the current trend in the study of
plates can be deduced from the themes of the articles
collected by Voyiadjis and Karamanlidis (1990) and
Kienzler et al. (2004). In the first publication it can be
seen that four papers make a direct reference to
moderately thick plates. The second one discusses
common roots of different new plate and shell theories,
reviewing the current state of the art and higher-order
shear deformation plate theories including zigzag
theories, global-local higher-order deformation theories
and layer-wise laminated plate theories.

A more recent work by Ghugal and Shimpi (2002) is
an in-depth study of the different theories on isotropic
and anisotropic plates.

In this paper, we present a shear deformation plate
theory which can be classified, if we follow Ghugal and
Shimpi (2002), within the theories based on the semi-
inverse method in the sense that the in-plane
displacements are deduced through constitutive
equations and assuming a distribution for the shear
stresses.

Authors like Donnell (1976), Kromm (1953), Panc
(1975) and Kienzler (2004) have followed this method
for moderately thick plates, obtaining analytical solutions
in many practical cases.

As noted in this work, not many authors have
extended these studies to include thick plates.

The works of Voyiadjis et al. (1981, 1987, 1990) and
Baluch and Voyiadjis (1984) show different applications
of this method to thick plates but we found no analytical
solutions based on Fourier series.

Since the 1980s, many higher-order plate theories
have been developed. Perhaps, the most popular third-
order plate theory is Reddy's (Reddy, 1990). We must
also mention Touratier (1991) (transverse strain
distribution as a sine function), Soldatos (1992)
(hyperbolic shear deformation theory) and Shi (2007).
Shi's theory was similar to Reddy’s in the sense that he
used a parabolic distribution of transverse shear strain.

All these theories are characterized by the need for a
high level of mathematical complexity to obtain
solutions. Furthermore, the problems which are solved
analytically only constitute several specific examples.

In this paper, we deduced new equations for
moderately thick and thick plates. Like Reddy (1990) and
Shi (2007), we also propose a parabolic distribution of
shear strain through the thickness. Unlike them, however,
and taking into account the semi-inverse method, we start
not with the displacement field but with the distribution
of shear strains through the thickness. Other interesting
features of the theory are presented below

Il. HYPOTHESIS AND OBTAINING
GOVERNING EQUATIONS
The hypotheses to consider are as follows:
1)  The loads, which are distributed, act at the upper
surface of the plate in the downward z-direction and are
perpendicular to the middle surface, and the
displacements of the points located in the middle surface
are also sensibly perpendicular to the middle surface
(which is practically inelastic), that is, 7 ~0and ¥ =
0 where 1 and ¥ are the displacements according to the
x- and y-axes of the points located in the middle surface.
The deflection w according to the z-axis of a generic
point not located in the middle surface is given by
w=w+f(x), @)
where w is the deflection according to the z-axis of the
points located in the middle surface. In the longitudinal
deformation calculation subject to the thickness,
Poisson’s effect is not considered; that is,
0.
Ex X F" =0 (2)



Latin American Applied Research

X
Figure 1. Assumed deformation patterns of the transverse
normals in higher-order displacement-based theories.

2)  The fibres pertaining to the plate, which are
straight and perpendicular to the middle surface before
the deformation, do not continue to be perpendicular, and
they bend in such a way that the shearing strains are
defined by a parabolic distribution throughout the
thickness, given by

Vxz = (1 - 4h_222) Przs Yyz = (1 - 4hi22) ?yz (3)
where 7, and ,,, are the shearing strains in the points of
the middle surface.

3)  The rotation w,, of a differential element around
the z-axis is null for all points of the plate,

Wy = (Z—; - g—’;) =0. )

This important condition is deduced analytically if we
establish the equilibrium of a plate element in its
deformed configuration and take into consideration
Reissner’s kinematic assumptions (Martinez Valle,
2012).

We denote by w the deflection, according to the z-
axis, of the generic point m located on the plate’s mid-
surface, 9, the angle rotated by the rectilinear segment
normal to middle surface around the ox-axis, and 9, the
angle rotated around the oy-axis. According to its
definition, the shearing strain in the xz-surface at the
point m located on the mlddle surface (¥,) IS

yxz =5 a5 (5)
which, as we can see in Fig. l |s
Paz =y + - (6)
Likewise, we deduce
- aw
Vyz = —Uy + %, )

and we may also write
- Tz - 2y,

Yxz = % and Yyz = % ) (8)
where 7., and ,,, are the shearing stresses at the points
located on the middle surface.

Therefore shearing stresses at the points of the middle
surface are

Tez Wy w
- —19y+ax, c = 19x+ay, 9)
The shearing strains at a generic point are
d d 4z%\
Pz = W+£=(1_L)YXZ! (10)
~ a 4721y,
vz = +—_(1——)yyz —0, +——%%,(11)
where
Wy =Wy , wy =Wy, (12)
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We may deduce the displacements of a generic point:
u=0+9,-z— :er;z i V=D+ 0, z— :eryx (13)
and from them we obtain the rotations around the x- and

y-axes

1 4z 7 ow.
Wiz = =50y =375~ 5)
1 4727 ow

Wyy = =3 (=9, — vy —(y;z ~% ). (14)

Considering the third hypothesis and the value of the
rotation around the z-axis at all points,

~ z 6193' 00y 273 (?xz %yx) ~
w,., =0=w,, —= —_— 4 —= + = — =) = W,. —
xy xy 3 ( + ax ) 3h2G \dy  odx xy

z 472 aﬁx)
2 (1 3h2) ( oy + ox (15)
we deduce
99, _
ay P 0. (16)
The strains &, , &, , and y,,, are
99, 423 ?xz.
& =&+ ox 2 3Gh? ox’
= 4%, 42Ty
&y =éxy t 3 Z= 50 3y a7
_ s 00 473 O‘L'yz 9y 423 0Ty _ o
Yay = Vay ox z= 3Gh? 09x ay 3Gh? 9y Vay +
4z3\ (09 99, 8z3 9%w
(2=55) (5= 52) ~ 5w 500y (18)

The shearing stresses 7., and ,,, are deduced from the
expressions given by Hooke’s law and Lamé’s equations:
(1 - _) fxz ’ (19)

7y, = (1- 4hi) 2y (20)
The equilibrium equations of the plate element of
differential sides are

0Qxz "Qyz

e L p=0, (21)
6Mx OMy

sz ~ Tox +Wy1 (22)
oMy, M

Qye = 52+ 52 (23)

The transverse shear forces in the faces of the plate
element are

n n
=f2h‘rxz dz-f (1__)sz dz-—‘rxz, (24)

h
Qyz f 1Ty dz =/ (1——)ryz dz=2"%,, (25)
and substltutlng in Eq.21 we obtain

Otxz 4 Oy _ 3P
ax + dy  2n'’ (26)
And also after substituting £, and Z,,, with their values,
9%y aﬁx -
i +Aw = Son P. (27)

The normal stress az |s determined by means of the
following equation of the internal equilibrium of the
elasticity:

Otxz _ O%yz | 99, _
ax ay + az 0, (28)
from which we deduce
097 _ _ 0%z _ OTyz _ _( _ﬁ)(aﬁq%) —
9z ax ay - 2 ax ay -
3P 472
=5(1-%) (29)

Integrating throughout the thickness between a generic
point located at a height z and the upper surface, in which
o, is equal to P, we get

3P h 4z 3P
P_Gzzﬂfx?( hz)dz Zh( +m)' (30)
Thus we deduce
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o =3+ 5 (1-3%). (3
This last equation is exactly the same as that which
appears in Kromm'’s refined plate theory (Panc, 1975).
Now we must verify that in the lower surface, where
applied loads do not exist, the following is fulfilled:
(Gz)z:_g =0, (32)

and we find that it is indeed fulfilled. The normal stresses
o, and g, are deduced from the expressions given by
Hooke’s law and Lamé’s equations:

Hox _ E A a9,
o, = (sx + uey) += ~ <ex + a—xyz -

T 1-p
473 9%y, (A 00, 473 6?3,2) Hoy
£ —=z - —= =
3Gh?2  dx Tuley+ dy 3Gh2 dy + 1-u

E [, 99, 473 9% D)
—2<£x+—z— "Z+u(ey+ =z -

1—-p ax 3Gh? 0x ay

4z3 0%y, u (P, 3Pz 4z*

e W)) * m(z +o (- m)) (33)
Now we suppose that the in-plane normal force Ny must
be null:

h

Ny = [%,0,,dz =0, (34)
2

and it yields

A A 1 P

& tué, =— % (35)
and therefore the normal stress o, is

Ez (ﬂ_ 6&) — 473 E (a%xz_i_ﬂa%yz) +

Ox = ax M dy 3Gh2 1-u2 \ ax dy
3uPz 4z
+ 2(1—wh (1 3h2) (36)

Similarly, we deduce for the normal stress g,

E 99 29, 4z3 E (0% liks
o =5 () et (i e 32)

y dy ax 3Gh? 1-u? \ dy ax
3uPz 4z
+ 2(1—w)h (1 3h2) (37)
with
& +é& = M (38)

Equations 35 and 38 allow us to verlfy the coherence of
the presented theory, observing the fulfillment of the
starting hypotheses, and to verify that the normal strains
in the middle surface, €, and £, are very small and lead
toid=0,0=0 and

_ _ pu? 2u?
o, =E¢, o + o o, (39

in which he third addend is small compared with g,

SIS B _ P
0, (1 T az) =FEg, e (40)
and the second one,
s (41)
a-p)’

according to Eq. 31, is small compared with the other
addend of g, and thus we get g, = E¢,.
The shearing stress t,,, is deduced from

a
=Gy = G( aZ) (42)
Substituting, and con5|der|ng the notes presented in the
previous paragraph, we obtain

Txy = fxy + GZ( + a;::) - 322;2 (ZL; + %) (43)

After integrating throughout the thickness, for example,

h

M, = ffﬁ 0,z dz, (44)

we can express the moment stress resultants by

Py 00 D (e, Tor)  ur
M, —D( +”ax) (ax +u ay)+10(1—u)’(45)
(B, 00\ D (9 T | _went
My_D( ay+“ax) (ay+ﬂax)+10(1—u)’ (46)

My =—2ED (224 "’1”‘) (=p ("’;;Z + %) @7)
The diﬁerentlal equatlons required to determine 9y, 9,
and w may be obtained by applying the principle of
minimum energy and making null the first variation of
the total potential energy or alternatively by deciding to
apply variational formulation or to raise the static
equilibrium equations of the plate element of differential
sides. Taking the last method, we substitute the moments
calculated in the last two equations

1tp 0 (99 , 0%\ 190 5(1 #)
Aﬁy+ 2 6y(6x+6y) zl-i"zx(A ) (19 + )
uh P
" 8D(1-p) ox’ (48)
1+pad 09,
A+ —5— 6x<6y +a>‘m(ﬂ )=
5(1 /1) uh? apP
(0 +57) +55 R (49)
which, according to Eq.16, are reduced to
5(1 u) ow uh?
Ad, ___(A )= (193’ +E) T 8p(1- u) ax’ (50)
5(1 /1) uh? opP
AV, +——(A ) = (9% —E)+8D(1_m5. (51)

These equatlons, anng with Eq. 27, constitute a
calculation system of connected differential
equations, in the sense of simultaneously carrying out
the calculation of displacements and rotations that allow

us to determine 9, ,9, and w if we consider the
boundary conditions of the plate.

11l. GOVERNING EQUATIONS DISCONNECTED
FOR DISPLACEMENTS AND ROTATIONS
The system formed by Egs. 27, 51 and 52 may be
disconnected, that is, to separate the calculation of
displacements from the calculation of rotations. If we

transform it applying Laplace’s operator to Eq. 27:

8 (52 -2) + aaw = — AP (52)
or
a a 3
- (89,) - 3y (80:) + Adw = — AP (53)
However, Egs. 51 and 52 yield
0 2
Ew (av)) — (Aax) = 29.2 — (Aw) + = 19y7 — (Aw) +

5(1-u) % w99, | *w)  ph?
h? ( ax = 9x? ay ayz) 8D(1—p) AP (34)
According to Eq.27 the last equation can be written

i} d 1 5(1 w 3
—(AY,) — —(AY,) = —AAW — ————
ax( %) ay( O 4 Rz 2Gh
uh?
~ - AP, (55)
and substituting in Eq. 53 we obtain
1 5(1-u) 3
ZAAW ~ T zen’ T 8D(1 )AP + AAw = ——AP (56)
Operating and ordering it gives
_ P 6(+m(u-2)
AAw =5t AP. (57)
The system of governing equations turns out to be
Adw =2 4 SDWD) pp (58)

D S5Eh
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5(1—p) _ 5(1—p) Ow uh* 9P

Ady + Ox = 46y (A )+ =5 h2 3y ' 8D(1-p)dy
(59)

5(1-#) g _ 10 py  5(1-p)dWw  uh® 9P

Aﬁy + 193’ T 40x (aw) + hz  9x  8D(1—p) dx
(60)

1V. GOVERNING EQUATIONS DISCONNECTED
IN DISPLACEMENTS AND “MOMENTS-SUM”
Now we propose to transform the system formed by Eqgs.
5 and 10 by one disconnected in which displacements and
“moments-sum,” also called Marcus moment, take part.
We define “moment-sum” (designated by M) as,

My+My Tz |, tyz
(1+p) =M (6x + ay) (61)
Adding Eq. 9 we obtain,
00y 20 _ M | 1 (9t | Oty _ 12up
ax 8y D SG( ax + By) S5Eh (62)

However, the sum of the derivatives of the shearing
stresses in the middle surface is obtained from Egs. 6 and
7 from which we deduce

Otus | Olys _ (00y 0w 00, 0°w)\ _
dx ady dx 0x% dy @ 0y?
G- 6‘9’6 + Aw) (63)
And therefore Eq. 62 is transformed into
99y 30\ _ oM _ 12pp
4(;—5)—5D+Aw 2o (64)
Also, according to Eq. 26,
dtxz , Otyz _ -3
ox T oy T (65)
And thus Eq. 62 gives
a9 29, M 3P 12uP
% oy~ 0 1oen sen (66)

Now we may eliminate the difference of the derivatives
of the rotations with this last equation and Eq. 27,

obtaining

M 6P

Aw = ————— (67)
D  5Gh(1+u)
On the other hand, from Eq 54 we deduce
5(1-w) (3% u_% 2wy _ A2 () =
h2 ( dox + ax2 + ) [ax (193,)
2 0] - 2a[ w ) + (w)] AP (69)
The first member accordlng to Eq. 27 is:
5(1-p) 3h? —-5P
T Thr 12D(1-u) 4D (69)

The first addend of the second member according to Egs.
54, 59 and 60 is:

——— - (70)

D 10Gh S5Eh
and the second addend of the second member according
to Egs.59 and 60 is:

_P 3(1+H)(H 2) AP
10Eh

Substituting i |n Eq 68 we obtain

(71)

AM _ -P 3AP 12uAP +3(1+u)(u—2) AP _3_;1AP (72)
D D 1_OGh SEh i 10Eh i 4Gh
After operating and ordering , we obtain
AM = —p —HR2 2P (73)
10 1+p

Equations 67 to 73 offer a wide range of possibilities of
obtaining analytical solutions for simply supported
plates.

10
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V. DISCUSSION OF THE EQUATIONS
DEDUCED
If we analyze the system of Egs. 58 to 60, we can see that

140 ~
the term _Za_y(AW) appears as a consequence of

assumption 2) of this work (parabolic distribution of the
transverse shear strains through the thickness of the
plate).

The terms

ph? _op “h?_ 9P 2re a consequence
8D(1-p) dy 8D(1-p) 0x a

of the first assumption, which is closer to the real
physical problem.

Therefore, the equations proposed are modified
expressions of a third order plate theory taking into
account the important condition exposed in assumption
3).

If we neglect these terms, Egs. 58 to 60 are a close
variant of the ones obtained in the Vlasov theory.

In addition, as we have pointed out, the value of the
stress g, in this work is identical to the one proposed in
the theory of plates by Kromm (1953). Similar results
have been found in Reddy’s work (Reddy, 1999).

Lastly, Eq. 67 has the same structure as the one
proposed by Reismann (1988), relating displacements

and moment-sum, which is

M P
Aw = ———
D  K2GH

It only differs from Eq.74 in the term (1 + p).

VI. ILLUSTRATIVE EXAMPLES
Example 1: Static analysis. General Solution and study
of simply supported thick plates.

If we use Fourier series to express the deflections and
rotations in the form,

(74)

q=3qn(y) - sen=> (75)
w =X w,(y) - sen=—= (76)
0, =XT,y)- sen% 77
0, = S T.(y) - cos ™™ (78)

The general solution of the system in Egs. 58 to 60 can
be deduced by solving the following system of
differential equations,

(=) a3 + W ) -

5 (E)ZW () =22 SO (M) ()-g” ()

[
() ) =
(29w ) - w"'n(y)) "
oy
80(1 5)

4| 700+ 7700 - 2w, () =
—i((%)zrx(yﬂ( )wn(w)
(81)

( )qn(y
The general solution to the system for sides x=0. a, simply
supported and the sides y=0, b have arbitrary boundary
conditions is

(79)
001, + 2277, 0) -

-3 ((%) T+ T () +

a»(y) (80)

uh?
8D(1—-u)
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W= L (x* = 2ax3 + a3x) +—(Zm(A1m
mny

AZm) mny + (Blm -
BZm) mny sh mny) se mnx) (8 2)
where the coefficients Ay, Az B1m and By, have to be
determined imposing the appropriate boundary conditions
to the sides y=0,b.

For completely simply supported plates, the deflection
w has the general form:

W—m(x —2ax3+a x)+—

(Zm ( mCh LR +

mrm Mmrt; mmnx
B, " sh Ty) sen T)

2(apmthay, +2)
mSnScha,,
2
mSnScha,,’
mnb

(83)
with
Ay =—

By =

(84)

am
The rotations adopt the form,
(4-x —6ax? +ad) +1&

2a

% (L ([AmCnm) +
2m5 Trlcha ] mny) cos m”x) (85)
9 (Zm ((A + 2mSnScha, + Bm)(mn')sth
By (mm) ™= ch =2 ) sen %) (86)
Notice that, although the expressmn of the deflection w is

similar to classical First Order Shear Deformation Plate
Theories (FOSDPT), the rotations incorporate the terms

———— Which are zero in FOSDPT.
2m > chay,

Higher order plate theories, like Reddy (1990) or Shi

(2007), provide similar terms to correct the expressions
of the rotations.
Taking into account these expressions we can obtain, for
example, the bending moments in a simply supported
plate according to the theory presented, Table 1. As it can
be deduced form the Table 1, the differences are
significant as the ratio a/h decreases.

We can analyze the same problem, a simply
supported isotropic rectangular plate subjected to
uniformly distributed load, but using the Navier Method.

The solution form for w(x, y) satisfying the boundary
conditions given for a plate with all the edges simply
supported is:

mmy mn'y

v =

y

w(x,y) = csin %sin’; (87)
where coefficient ¢ can be evaluated after substitution of
Eq. 58

Table 1. Bending moments for different ratios a/h in simply
supported plates

Z Theory a/h=5 a/h=10

- M, M, M, M,

10 Present 0.0483 0.0484  0.0479 0.0479
Reissner 0.0478 0.0479  0.0478 0.0479

15 Present 0.0483 0.0484  0.0479 0.0479
Reissner 0.0478 0.0479 0.0478 0.0479

20 Present 0.0483 0.0484  0.0479 0.0479
Reissner 0.0478 0.0479  0.0478 0.0479

11

o 1 nztz(Z—u)] (88)

e e
Substituting this coefficient in the displacement field (Eq.
75)
w2 (1+)
10(1 — w)a?

qoa*

W(X, }’) = 2"
Dr* (1 + bz)

sm;xsin% (89)
which can be reduced to the expression obtained by
Timoshenko and Woinowski (1959) in the case of t=>0
and coincides exactly with the expression deduced with
the higher-order plate theory of Vlasov (1958).

This author was the first to develop a consistent
higher-order plate theory, establishing a third-order
displacement field that satisfies the stress-free boundary
conditions on the top and bottom planes of a plate
(Reddy, 1990).

In addition to the advantages found for bending
moments, major improvements have been found by
calculating horizontal bending stresses o,.

In Reissner's theory, for a=b=3h and v = 0.3, the
maximum horizontal bending stress is,

X T
crx(x,y,—h/z) = —1,78 sin?sin?y (90)
The exact solution with the theory of elasticity is,
h L X Ty
ox(x,y,— /2) = —2,12 sin—sin—~ 91)
In this work, , according to Eq. 36, we found
~h/)) = —2,01sin—sin > 92
crx(x,y, 2) = —2,01sin—_sin—= (92)

reducing the error to 6%, approximately.

Example 2: Free vibration of a simply supported
isotropic rectangular plate.

Applying the principle of d'Alembert to establish
dynamic equilibrium equations for the study of
transverse oscillations of plates, we need only consider in
the equilibrium Eqg. (57) the inertia forces rather than
static load P.

The problem to be solved is,

AAW = vt 6(1+u)(u—2)A.- (93)

- SE

If the deflection is expressed as,
w = [Cicos(fT1) + Cysen(fr)]U(x,y) (94)

where f is the frequency.
Substituting,
t 6(1 + -2

AU = %fZU + & “;é“ Y e2py (95)

Boundary conditions are satisfied if we take the solution
in the form,

mmx nmy
Upn = senTsenT (96)
Substituting again,
mm\* mnn?\? am\* oyt
(%) +2(%%) +(27) A
6(1+m)(u—2)y 2 mn nm\ 4| _
5E fmn[(a) +(b)]_ @n
and solving,
72 b\?
Jmn = b2 n® + (ma) ] ’ (98)
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Table 2. Parameter A of a simply supported plate. % = 0.4,

v=203
Mode h/a=0.01  h/a=0.1 h/a=0.2
1 7.250 6.4769 5.1831
4 22.231 16.847 11.489
8 33.999 23.400 15.036
Sol.1(Liew) 7.250 6.4773 5.1831
Sol.4(Liew) 22.233 16.845 11.487
Sol.8(Liew) 33.998 23.399 15.034
Et? 1
A+ wy

t2m2 [ b2

121 —p) — 1,2(u — 2)b—’§[(ma) + nz]

The first line of this equation corresponds to the classical
solution (Leissa, 1973).

In order to compare the results, we consider a plate

with %= 0.4, and the paper of Liew et al. (1993) in

which the pb-2 Rayleigh-Ritz method was adopted.
These results are referred to the nondimensional
frequency parameter A given by,

f?a® |ph
D

7-[2
Results are shown for different ratios of thickness and
length (0.01, 0.1 and 0.2) in the following Table 2. When
the ratio h/a increases, the differences with respect to the
classical theory (Reissner) are greater and the results are
closer to the work of Liew (1993).

VIl. CONCLUSIONS

We have achieved the system formed by Egs. 58, 59, 60,
and 73, which have the same order of refinement as the
one presented by Muhammad et al. (1990) for thick
plates but with the advantage of following the exposition
of the classical technical theories; it constitutes a more
refined generalization than the presented one by
Reismann (1988) for thick plates and that presented by
Timoshenko and Woinowski (1959).

Also, assuming that the plane of application of the
load is the upper plane of the plate, the first predictions
of normal stress depending on the thickness values match
those deduced by Kromm's theory (Kromm, 1953).

General analytical solutions to this system of
equations have been presented and excellent results for
simply supported plates in static and dynamic analysis
have been found.

In future work we will present more complex
analytical solutions for other boundary conditions, and
numerical results for those cases in which analytical
solutions are not possible.
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