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Abstract—The present set of themes related to the
investigations of heat transfer by convection and the
transport phenomenon in a cylindrical pipe in lami-
nar flow, commonly called the Graetz Problem,
which is to explore the evolution of the temperature
profile for a fluid flow in fully developed laminar
flow. A numerical method was developed in this
work, for visualization of the temperature profile in
the fluid flow, whose strategy of calculation is based
on the orthogonal collocation method followed by the
finite difference method (Crank-Nicholson method).
The calculations were effected through a FORTRAN
computer program, and the results show that the or-
thogonal collocation method gives better results than
the Crank-Nicholson method. The results of the pre-
sent work concerning the variation of the dimension-
less temperature with the axial distance for the two
cases are compared with the available known results
to support its accuracy.

Keywords— Temperature profile, laminar flow,
orthogonal collocation, Crank-Nicholson method,
Convection.

I. INTRODUCTION

The Graetz problem is known as the heat transfer prob-
lem of laminar fluid flow in ducts. It has many applica-
tions and has been studied extensively since 1885 by
Graetz. The classical Graetz problem considers the
forced convection heat transfer of fluids flowing in
ducts while neglecting axial conduction in the fluid
(Girgin and Turker, 2011).

The mathematical and approximations solutions of
the Graetz problem have been obtained in numerous
previous contributions. Braga et al. (2014) considered
an extended version of the Graetz problem with axial
diffusion in an infinite domain. Two heating variations
were studied; first was the step change in wall tempera-
tures and then the step change in wall heat flux. The so-
lution is expressed in terms of an eigenseries expansion
using orthogonal Sturm-Liouville eigenfunction expan-
sion of the sought solutions. The resulting problem was
then solved analytically to yield the eigenvalues and ei-
genvectors.

In classical the Gratez problems, the well-known
dimensionless parameter Peclet number is usually as-
sumed to be large such that the heat transport equation
is simplified, as the axial diffusion becomes negligible.
Lahjomri and Oubarra (1999) give the solution to the
Graetz problem with axial conduction by the method of
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separation of variables with Dirichlet wall boundary
conditions. Numerous works have been done on the
classical Graetz problem. Bilir (1992) developed a pro-
file by using the exact solution of the one-dimensional
problem to represent the temperature change in the flow
direction. Basu and Roy (1985) analyzed the Graetz
problem for Newtonian fluid by taking account of vis-
cous dissipation but neglecting the effect of axial con-
duction. Zanchini (1997) analyzed the asymptotic be-
havior of laminar forced convection in a circular tube,
for a Newtonian fluid with constant properties. Sayed-
Ahmed et al. (2013) studied the effects of viscous dissi-
pation and axial conduction on the thermal entrance for
a Bingham fluid in a tube. The flow is assumed to be
laminar, steady state and fully developed velocity.
Blackwell (1985) studied the Graetz problem for Bing-
ham fluid inside a circular tube without viscous dissipa-
tion and axial conduction.

The major objective of this paper is to study convec-
tive heat transfer in a circular tube carrying fluid in lam-
inar flow called commonly as the Graetz problem. A
mathematical model was developed was then solved by
orthogonal collocation method.

The second objective of the study is the develop-
ment of a FORTRAN program to solve the problem us-
ing the orthogonal collocation method followed by the
Crank-Nicholson method. This latter is based on the
Lagrange polynomial approximation. The program is
able to generate highly accurate results with a less in-
stability. Surprisingly, numerical solutions to this prob-
lem generally do not give accurate results in the en-
trance region.The obtained results are in good agree-
ment with the same published numerical data, and a
general conclusion, which is the main thrust of this
work, is summarized.

Il. MATHEMATICAL MODELING

A. Flow in the conduits in laminar flow

Laminar flow in a circular conduit could be modeled as
thin layers of concentric fluid hollow cylinders forming
the boundary layer, each traveling at different speeds,
and a homogenous single cylinder out of the boundary
layer traveling at free stream velocity. Based on this
model, the heat transfer between adjacent fluids cylin-
ders are as follows:

1. In directions perpendicular to the cylinder surface,
heat transfer occurs only through conduction.
2. In the direction of the flow, the heat transfer occurs

through convection and conduction simultaneously.
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In most cases, the hollow fluid cylinder is thin
enough such that conduction could be neglected.

The flow taking place in the z direction has a cylin-

drical symmetry compared to the radius vector r. The
speed is maximum at the axis of the control volume:

el

The average speed of the control volume could be cal-
culated based on the volume flow (Ower and Pankhurst,
1974):

M

u=2u,, (2

This shows that the speed profile is parabolic ac-

cording to the normal variable space of flow and the
maximum speed is equal twice the average speed.

B. The heat equation in cylindrical coordinates
The general equation for heat transfer in cylindrical co-
ordinates developed by Bird et al. (1960) is as follows:
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Considering that the flow is steady, the fully devel-
oped laminar flow (Re < 2400), and if the thermal equi-
librium had already been established in the flow, then
o0T/ot=0. The dissipation of energy would also be negli-
gible. Other physical properties would also be constant
and would not vary with temperature.

After applying the above assumptions, Eq. (4) re-
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duces to the following form:
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Given that the flow is a fully developed laminar
flow, then the velocity profile would have followed the
parabolic distribution across the pipe section, represent-
ed by
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By replacing the speed term in Eq. (5), we get
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oz pC,
Solving the equations requires the boundary condi-
tions as set in Fig. 1, thus

@z=0,T=T,
@r=0,3T/or =0 €))
@r=R,T=T,

It is more practical to study the problem with stand-
ardized variables from 0 to 1. To do this, new variables
without dimension (known as adimensional) are intro-
duced and defined as &=(To-T)/(To-To), X=r/R and
y=z/L.

After making the necessary arrangements and sim-
plifications, the following simplified equation is ob-
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tained:
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where the term 2aRpCy/k is the adimensional number
known as Peclet number (Pe), which in fact is the
Reynolds number divided by Prandtl number. In a
steady state condition, the partial differential equation
resulting from this adimensional form can be written as
00 L

follows:
(1_ X2 )7 - li Xﬂ (10)
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This equation, if subjected to the new boundary condi-
tions, would be transformed to the followings:
@z=0, T=T,@ y=0, 6=1,,

O,%?z&j@x#L%Q=O:9®y#O,

@r
X
@r=R, T=T,=@x=1, 6=0=6(1,y)=0
To solve Eqg. (10), it is hereby proposed that the or-
thogonal collocation method could be applied, based on
orthogonal polynomials.

Cylindrical volume element in control

i
X

To

Figure 1: Geometry of a laminar flow in control.
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C. Application of the orthogonal collocation method
For this problem, the governing Eq. (10) is subject to
the following conditions:

Cl: @y=0, 6=1
CL1: @ x=0, 06/ox
CL2: @x=1,6=0

Operators’ gradient and Laplacian of the functions
are given by Babu and Sastry (1998) and Villadsen and

Michelsen (1978):
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To evaluate the points of the interior collocation and
the two points at the end, the substitution of Eq. (10) in
the governing partial differential equation with the ini-
tial and boundary conditions leads us to

n+l

11

V20

0 = %B olx,.y)| @3
3yl ~PeRE— )| &
n+l
ZA,JH(X,—,VFO and 6(Ly)=0  (14)
j=1
A partial expansion of Eq (13) gives
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Note that in the above expression (Stewart et al.,
1985, Villadsen, 1970), we must use some other means
to eliminate. That can be done by developing Eq. (14) of
the boundary condition.

AL00,Y)+ X A0, y)+ A0 y) =0
j=2
Solving for, we get (Michelsen 1994):

0(0,y)= A {ZA olx;, y)}

1] =2
And finally, substituting back the governing equa-
tion and after rearranging, the following equation is ob-
tained:

(16)
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It is noticed that the orthogonal collocation for infinites-
imal x and y for the partial differential equation (PDE),
i.e., formation of a PDE to a series of ODE (ordinary
differential equation). To solve this series of ODE, the
traditional Runge-Kutta method of order six should be
used. With this intention, two subroutines FUN and
DFUN are needed to be able to apply the algorithm
STIFF3, which are detailed in the next part.

a7
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I11. NUMERICAL SOLUTION OF THE SYSTEM

OF DIFFERENTIAL EQUATIONS

A numerical solution procedure is proposed using the

orthogonal collocation method, which is based on an

approximation of Lagrange polynomials. It is able to de-

liver highly accurate results with stiffness and reduced

instability. This method reduces the degree of the equa-

tion and can be solved in a step-by-step manner.

In the following, subroutines that are used in the
simulation, which require the determination of several
input and output parameters are presented. The language
used in the main program is FORTRAN which itself
contains other subroutines.

A. The procedure of the numerical solution
By applying the equations developed to the problem, a
more general equation could be written as follows:

do L
= A
12 Al,je(xj, y)}
Now the problem is reduced to solving a system of

dy
[Bm
1 |j=2

simultaneous equations in view of obtaining 0 at each
point of the collocation point. It starts from the normal
form at this point to fully develop the program needed
to solve this basic example, such that for the latter ex-
ample, only the discretization of the equation is given.
In the example, the Lagrange polynomial of the order
six was used (that is to say that we have six inner roots
or collocation points), and both the temperature bounda-
ry conditions for 4 variable were taken into account. For
economy of computation time and programming, it is
recommended to resolve the six internal temperatures
variable, instead of all the eight points (eight equations).
Thus, the optimal procedure was to write three short
routines FUN, DFUN, and OUT (Stanley, 1984).

The main program is written in FORTRAN to solve
the above equations. This program communicates with
other subroutines to perform the calculations needed to
solve different parameters. This program calculates the
non-dimensional temperature profiles in the tube with a
fully developed laminar flow.

IV. APPLICATION OF THE CRANK-
NICHOLSON METHOD
Therefore, for this problem, there is a non-linear PDEs
with the following boundary conditions:
2,
0 li 10U (1_ Rz)@
oR> R R oX
B.C1. U=1X=0,
B.C.2. 0U/60R=0,R=0
B.C3 U=0,R=1
A numerical method can be used to solve Eq. (19).
The analog finite difference corrected the second order;
Crank-Nicholson method (Rosenberg, 1969) is used in
the following manner:

(18)

(19)
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Figure 2: Digital simulation a flow chart.
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where h and k are the mesh sizes of R and X respective-
ly. The Crank-Nicholson equation is the result of suc-
cessively application of forward and backward differ-
ence equations. This is stable for all values of the ratio
h/k. After the derivatives are replaced, Eq. (19) be-
comes

m
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Equation (21) contains three unknowns: Um.1n+1,
Umn+1 and Ums1ne1. Analogs of finite difference B.C.2
and B.C.3 are:

B.C.2: BlUl,n+1 + C:LUZ,n+1 =D, (22)
where B, =1/k +2/h? C,=-2/h? and
D, = (i/k—2/h?)u,, +(2/h?)u,, . and

B.C.3: AUy ini+ByUy =Dy, (23)
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where A, =1/2h? ~1/4h, B, =-1/h? and

Dy = (]/4h_]/2h2)UM—l,n +(]/h2)UM,n '

The Egs. (21-23) are an M+1 system of algebraic
equations with M+1 unknowns. Using a known auxilia-
ry condition, which is CL1: Upm:=1 at X=0.

The system of the equations above can be solved to
yield Ui, Uz, Usy, ..., Um2. These values are in turn
used to calculate Uy 3, U3, Uss, ..., Uwa. This system of
simultaneous equations can be represented by a coeffi-
cient of tridiagonal matrix and can be solved more ef-
fectively by the method of Thomas (Rosenberg, 1969).
The algorithm of the method first calculates:

ﬂm = Bm - An Cm—l/ﬂm—l
with g, =B, and
Dm B Amym—l

Vm =
B

with y, :&.

B

U values are then calculated back from Uy to Uy
Upnit =7wm
Cc U

m~ m+1n+l

P

V. RESULTS AND DISCUSSION

Figures 3 and 4 illustrate the results obtained by the
method of orthogonal collocation in a cylindrical model.
These results are expressed in different points of inter-
nal collocation n. Therefore, more number of nodes
used, the better the results of the acuity. We can see
from this figure that at most n, the higher normalized
dimensionless temperature evolution of the unit de-
creases exponentially to zero. The value of #=1 corre-
sponds to the fluid temperature at the inlet, while 6= 0
corresponds to the wall temperature.

Figure 5 presents the non-dimensional & distribution
as a function of Z at different values of Peclet number,
Pe. The figure shows the influence of the Peclet number
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Figure 3: Dimensionless temperature, 6 profile as a function of
Z at various collocation points n.
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Figure 4: The distribution of the non-dimensional temperature
6 with Z at different Peclet number.

in the flow regime. It must be remembered that the Pe-
clet number is defined as a measure of the ratio of the
power transmission rate by convection to the energy
transport rate by conduction. It is observed that the vari-
ation is large when the Pe value increases.

Figure 6 shows the temperature variations at specific
distances R/L from the intake. The numerical solution
shows that the iso-temperature lines are almost linear,
i.e., the temperature remains almost constant along a
streamline far from the intake. We see that the results
for R/L=0.1 are the above results when R/L=0.01 and
0.001. In other words, as the distance from the entrance
of the tube reduces (R/L reducing), the wall temperature
value gradually becomes predominant in the liquid
stream.

Figure 7 shows the distribution of the non-
dimensional temperature U with Z. The curves were ob-
tained by the implicit Crank-Nicholson method with dif-
ferent number of mesh. It should be noted that for low
values of the number of mesh N in the discretization, the
influence of N is more significant to the distribution of
temperature compared to when N is high.
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Figure 8: Comparison of orthogonal collocation (n=29)
with Crank-Nicholson method (N=30).

Figure 8 compares the computation results by the or-
thogonal collocation method and that of the implicit
Crank-Nicholson method. It can be seen that the two
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curves deviate significantly when the number of collo-
cations or the number of point of mesh are large. This
means that the technique of orthogonal collocation al-
lowed fast simulations whereas the implicit Crank-
Nicholson method would be more reliable even if it re-
quires more intensive computer time.

In order to compare the present results with the
known results of the previous works. We found the
work of Blackwell (1985) which appears to be more ac-
curate than those available in the literature. To confront
the results from our model, we chose to present the re-
sults of numerical distribution of temperature with the
method of orthogonal collocation which gives the best
results. Figure 9 plots the comparison results. It has
been found that present results of the collocation meth-
od are in good agreement with the results of Blackwell.

V1. CONCLUSIONS

This paper shows how temperature profile of a fully de-
veloped laminar flow in a hot wall tube could be deter-
mined. Firstly, the equation was simplified. Assuming
the flow is incompressible, it is possible to decouple the
thermal and dynamic equations. Then the dimensionless
number, the Peclet number, was introduced. Its influ-
ence in the case of a flow in a tube (Graetz problem)
was examined. T his is the basics of all internal thermal
flow problems. This work consists of solving the Graetz
problem by two different methods; however, it was
showed that each has their own merit.

From this numerical study, we reached the following
conclusions:

The dimensionless temperature is very high at the
beginning of the entrance region of tube and there-
after decreases exponentially to zero

For fully developed laminar conditions and for
large Peclet numbers, dimensionless temperature
goes to a stable value for constant wall temperature
The orthogonal collocation method gives better re-
sults than the Crank-Nicholson method
The numerical data obtained in this work, also sup-
ported by the literature results; show that the curvature
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Figure 9: A comparison between the present numerical results
with the Blackwell results.
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of the wall tube represents an efficient solution for en-
hancing the heat transfer in the case of laminar flow re-
gime.

This study also shows that it would be possible to
guide the selection of suitable numerical simulation
procedures when dealing with a complex problem of
convection. This work also showed the solution to a
form of heat transfer in a fairly simple problem of a
laminar pipe flow. This problem is a fundamental prob-
lem, because it is the basis of all possible problems of
heat transfer in a pipe flow.
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