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Abstract— A numerical approach is presented
herein to analyze steady-state, fully developed MHD-
type stratified two-fluid flow with heat transfer in
inclined parallel-plate channels. The one dimensional
model is extended to include several effects, such as
buoyancy, moving plates, porous layers, inclined ap-
plied magnetic field, Joule and viscous heating and
volumetric heat generation/absorption. Evaluation
includes axial induced magnetic field, although its ef-
fect on the flow is negligible. The plates are main-
tained at constant temperatures, and the thermo-
physical properties are considered to be constant.
The governing non-linear and coupled equations are
solved through a well-established numerical routine
to solve stiff two-point boundary value problems.
The results are presented and validated for a large
range of governing parameters and situations.

Keywords— Magnetoconvection, MHD,
phase flow, stratified flow, numerical solution.

I. INTRODUCTION
In recent decades, there has been a significant increase
in the number of studies on electrically conducting fluid
flows under the effect of magnetic fields in ducts and
enclosures (Magnetohydrodynamics, MHD). This in-
crease was mainly motivated by important industrial
applications in metallurgy, MHD power generators and
nuclear engineering (Davidson, 2001). Several MHD
single-phase flow and heat transfer studies have been
extensively presented and have covered different physi-
cal parameters. Due to the interest in reducing pumping
power requirements, the stratified flow of liquids has
been theoretically and experimentally studied. For lig-
uid metals, the power requirement is further reduced.
Most existing studies have been limited to MHD two-
fluid flow and heat transfer in horizontal and vertical
channels. Malashetty and Leela (1992) analyzed, ana-
Iytically, the two-phase fully-developed MHD forced
convection in a non-porous horizontal channel with sta-
tionary plates at the same temperature. Zivojin et al.
(2010) and Nikodijevic et al. (2011) analyzed the ana-
Iytical effect of an inclined magnetic field on flow be-
tween two horizontal moving plates. Umavathi et al.
(2005) and Malashetty et al. (2006) analyzed a vertical
configuration by the perturbation method. Both works
considered a magnetic field normal to gravity, and in-
cluded heat generation/absorption terms to take into ac-
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count the presence of exothermic and/or endothermic
chemical reactions.

As some applications are closer to inclined geome-
tries, several works on this specific configuration were
reported along the years, embodying various physical
effects. Malashetty and Umavathi (1997) applied the
approximate perturbation method to study the two-phase
fully-developed mixed convection in an inclined chan-
nel, where only one phase is electrically conducting.
Umavathi et al. (2010) analyzed the same geometry, but
considered the influence of a moving plate on flow and
heat transfer characteristics. By considering both fluids
electrically conducting, Malashetty et al. (2001) extend-
ed the previous work of Malashetty and Umavathi
(1997). Murty and Prakash (2014) evaluated the influ-
ence of rotation on the two-phase MHD mixed convec-
tion in an inclined channel.

Although analytical solutions can be established for
simple situations, the equations become coupled and
non-linear when more physical effects are considered.
Thus, only approximate analytical or purely numerical
(finite-difference or finite-element) methods have been
used in the literature. Therefore, this manuscript aims to
illustrate an efficient and robust approach to solve one-
dimensional fully developed two-fluid immiscible MHD
flow with heat transfer in inclined channels. Several
other physical aspects (electrically conducting or non-
conducting fluids; horizontal, vertical, and inclined
channels; rotating system, porous layers; heat genera-
tion or absorption; forced, free or mixed convection,
dispersion, etc.) can also be incorporated into the math-
ematical model. Some of these aspects were analyzed
herein, accompanied by a critical comparison with liter-
ature results.

Il. METHODS

A. Mathematical Formulation

The geometry of the problem is depicted in Fig. 1, con-
sisting of two parallel plates, which are infinitely ex-
tended in the X" and z* directions, and inclined by an an-
gle ¢ to the horizontal. Regions 0<y*<h; and - h,<y*<0
are named regions | and Il, respectively. The plates are
held at constant temperatures, Tw: > Twe, and are al-
lowed to move with constant velocities, Uw1 and Uuye.
The flow is driven by buoyancy forces and/or a com-
mon pressure gradient. The fluids present different den-
sities g, viscosities g, electrical and thermal conductivi-
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ties, ai and k;, and magnetic permeability zei.

A constant magnetic field of strength By is applied in
a direction that forms an angle « with the y* axis. An
induced magnetic field of strength B*¢ is generated
along the flow direction due to the fluid motion. The to-
tal magnetic field is

B = (B:(y*) +B,N1- 4 } + By,
where 1 = cosa. As small magnetic Reynolds numbers
were assumed, this induced field does not affect the
flow field, i.e., B*,<<By. The induced field is evaluated
to demonstrate its connection with the flow field.

Hall and ion-slip effects are neglected herein. In ad-
dition to viscous and Joule heating, other effects can be
incorporated into the model as source/sink terms (po-
rous media, xpi; heat generation/absorption, g;). All
properties are constant except for the buoyancy term.

By defining the following dimensionless groups,

u; =ui*/U1; y= y*/hi ;G =(Ti _TWZ)/(TWl _Twz);
m=u4/p,; k. =k /K, &, =Ky /K, h=hy/h;
r=p,/pi; D=5/ B; s=0,/01; M, =ty they;
Re=0h /v,; P=h /(140,)op" /ox"; Pr=pc,, /ki;
Ec :Ulz/(cp(-rwl _Twz)); Q=qh’/k; &= hi/\/Tpi;
Ha =Bh/o,/u; E,=E,;/(B,0,); B, =B;/By;
Gr=gBh (T, _Twz)/vl2 ; Rm, =0 hoy
the dimensionless governing equations for the laminar,

fully-developed mixed MHD-convection are written for
phase/regionii (i = 1, 2) as:

dzui 2 Gr - 2
v +h m(rbReHi slngzﬁ—Pj—Hai ME, +u,2) )
—gizui =0
2
(?jyfi +Q6 +
, )
kc du| 2 2 2,2
EcPr==|| — | +Ha’(E, +u,A)* +&’u? |=0
mi\ dy
2
LB;‘ +shm,ARm au ®)
dy dy

These equations are subject to the boundary and in-
terface conditions as follows:

Tw!

Figure 1. Sketch of the physical configuration studied.
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ul(l) = le UZ (—l) = UW2
01(1):0w ,y:l; 02(—1):0 ’y:_l (4.a-f)
By =0 B,, (-)=0
du 1 du
0)=u,(0); — =—=—2
wOmnO o mhody|
dé, 1 dé
0,0)=6,0; _H = py=0@gD
O i
dB,| 1 dB,|
Bx (O): Bx (O), x1 — x2
1 2 dy ‘yzo shm, dy ‘y:o

For Region I, coefficients b, m, r, h, ke, kp, s and me
must be equal to unity (by using the aforementioned
dimensionless parameters, the coefficients do not appear
in the dimensionless equations for this region, see Egs.
(5-10). Re, Pr, Gr, Ec, Ha and Rm are the Reynolds,
Prandtl, Grashof, Eckert, Hartmann and magnetic
Reynolds numbers, respectively. The transversal y* co-
ordinate is made dimensionless through the respective
region height according to the dimensional transversal
position (-ho< y'< 0 — y=y*/h,, 0< y'< hy = y=y'/hy).
E; is a transversal imposed/generated electrical field. uw
and uw are the dimensionless upper and lower wall ve-
locities, respectively. @y is a dimensionless temperature
parameter, which can be equal to zero or one depending
on whether Ty is equal to or different from Tys.

The procedure used by Van Gorder et al. (2012) is
adopted to map both fluid regions in a single domain
[0,1]. The following relations are defined: (2(y)= ua(-y),

0,(Y) = 6,(-y) B,,(y)=B,,(~y) which map Region
Il from domain [-1,0] to [0,1], and the resulting system
is written in a single domain as follows:

_py 4, Cry sing—Ha?A(E, +u,1)-¢2u, =0 (5
dy2 Re 1 a:L z 1 1%~
2 2
d—0;1+Q191+EcPr (dul] +Ha(E, +u,AY +e2u? |=0 (6)
dy dy
2
%yB;w/llec:;;l:o M
dzljz 2 Gr A - 2 ~
" +mh —P+rb%6’25|n¢ —HaZA(E, +U,4) ®)
—-glu, =0
d?d 5
d 22 +Q292+
y i 9)
Ec PrkCKCLUZj +HaZ(E, +0,A) +g§a§] =0
m y
205 ~
d°B dU2 (10)

—2% —shm ARm, —% =0
dy dy

where g2 =k h’e? and Ha; = smh’Ha; .

Now, the governing equations must satisfy the

“boundary” conditions (at y = 0 and y = 1, respectively)
as follows:
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Ul(O):L]Z(O)
du, 1 dd,
Wyl mhayl 0@ =u,,
6,(0) = 6,(0) 6M=0 " (114
da 196 B0t
Who KD W, 8. (1)_—0
Bxl(O): sz(o) éXl 1) =0
B, 1 dB, )=
dy |,  shm, dy voo

B. Solution Methodology

Due to the presence of coupling and non-linear terms
(buoyancy force, Joulean and viscous dissipations, and
porosity of the medium), there is no exact analytical so-
lution for this general model.

Herein the proposal is to solve the second-order
ODE system as a coupled first-order ODE system using
methods for the stiff two-point boundary-value prob-
lems instead of approximating analytical methods
(Malashetty et al., 2004; Umavathi et al., 2010) or dis-
cretizing the system through direct numerical methods,
such as the finite-difference, finite-volume or finite-
element methods (Umavathi et al., 2005; Rawat et al.,
2014). Herein, the well-documented BVPFD routine
(IMSL, 2006) was applied. The BVPFD routine solves a
parameterized system of ODE with boundary conditions
at two points using a variable-order, variable-step-size
finite difference method with deferred corrections
(Pereyra, 1978).

Accordingly, from the relationship,

7/:{71’72'7/3’7/4'75’76’77'78'7/9'7/10’711’712}
du, , d6, . dd, 5 dg, . dB,
ulviv 1171u2171 207 1Py
dy ° dy dy dy dy
dB,,
X2 dy
the original system of 6 second-order differential equa-
tions is transformed into a coupled system of 12 first or-
der differential equations as:

(12)

A

So=ral 1=1347.911 (13.2)
y
dy; ) Gr . )
= P—rb%7j+15|n¢+sHa1/l<Ez +37,2)[* (131)
khPelyi j=26
dy; k, 2
df);:—EcPrE[yf,z+smh2Haf(Ez+,1yj,3) + 130
Kl -Quby . i=4.8
o __jRmy,; e (13.de)

dy dy shm,ARm,

As already explained, for j = 2 and 4, coefficients b,
m, r, h, ke, xp, S and me must be equal to one in Egs.
(13.b, ¢). This first-order coupled system is now subject
to the following “left” (y=0) and “right” (y=1) boundary
conditions, respectively, as follows:
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Figure 2. Velocity profiles versus Hartmann numbers.

7:(0)—75(0)=0
73(0) —177 (0)=0 . Ve -u., =0 (14.a-f)
74(0)+kc—hy8(0):0 ; 2 (1)=0
75(0)—7:,(0)=0 7,1)=0
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shm,

C. Results and Discussion

The resulting first-order system was implemented in a
Fortran 90 language code. Potentials were solved using
the BVPFD routine for a relative error target of 10°°;
i.e., all potentials and their first-order derivatives were
exactly evaluated to the 10" precision digit. Numerical
results are presented, illustrating the behavior of the
flow, magnetic and heat transfer fields for several val-
ues of the 24 governing dimensionless parameters (P,
Gr, Re, E;, ¢, Hay, &1, Ec, Pr,m, h, r, b, s, k¢, &5, Q1, Q2
Uwa, Uw2, G, A4, Me and Rma) for different physical situa-
tions. If Ha; and/or & are zero, the user can enter any
value for Ha, and/or & if region Il is an electrical con-
ducting and/or porous medium.

The velocity profiles for the fully-developed forced
(P=-2,Gr=0) MHD convection in a non-porous (& =0,
&p =0) horizontal channel (¢ = 0) with stationary plates
(uwi=uw= 0) at the same temperature (&, = 0) are vali-
dated against the analytical results of Malashetty and
Leela (1992) in Fig. 2 for different values of Ha; and for
Re=1; E,=-1; Ec = 1; Pr=1; m =0.333; h=0.1; r=1; b
=1;5=2; ke =1; Q1= Q2=0; 1=1; me=1; Rm = 0.

For this open-circuit case (E; = -1, imposed), Fig. 2
shows that the Lorentz force accelerates the flow in the
channel (E; must be greater than Au in magnitude), in
contrast to E; > 0. As A= 1 herein, the external magnetic
field is perpendicularly applied to the flow direction. A
stronger Hartmann number corresponds to flatter veloci-
ty profiles in both regions (compare the limiting situa-
tions for Ha = 0 and Ha = 100: as Ha increases, the
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electrical conductivity ratio practically loses influence
on region profiles). It must be noted that the dissimilar
behavior between profiles for regions | and Il is mainly
due to the viscosity and height ratios (m=0.333; h=0.1),
irrespective the value of the electrical conductivity ratio.
Figure 3 illustrates the velocity results of the mixed
MHD convection (P= -5, Gr =5) in an inclined nonpo-
rous channel (& =0, xp =0) with stationary plates at dif-
ferent temperatures (Uw1 = Uwz = 0, &= 1) for different
channel inclinations. The results of Malashetty et al.
(2001) were utilized for comparison purposes, for Re=5;
Ha;=2;Ec=10% Pr=1,m=1.0;h=1;r=15; b=1;
s=2; ke =1; Q1= Q2 =0; me =1 and Rm=0. Despite the
channel inclination, the external magnetic field is al-
ways applied in a direction normal to the flow (1 =1).

The results are consistent with the approximate re-
sults of Malashetty et al. (2001) for all studied inclina-
tions. Figure 3 shows that channel inclination (and
therefore natural convection effects) has a lower influ-
ence on flow profile in the region where the retarding
Lorentz force is higher (region Il, where the electrical
conductivity is higher and E; = 0).

Regarding the effect of porosity and height ratios on
flow behavior, Malashetty et al. (2004) studied the non-
MHD (Ha;= Ha,=0) two-fluid mixed convection (P=-5;
Gr=5) in an inclined channel with a porous top layer
(&120) and a non-porous bottom layer (&=0) using the
regular perturbation method. As in the previous case,
the magnetic field is applied normally to the flow (4=1).
Channel plates are stationary and at different tempera-
tures (Uwm=Uw2=0, &=1).

Comparisons with the results of Malashetty et al.
(2004) are illustrated in Fig. 4 for Re=5; E,=0; ¢=30°;
Ec=10%Pr=1;m=1;r=15;b=1;k = 1; Q1= Q.
=0; me =1, Rm1=0 and different values of h and 1.

The results obtained herein are consistent with those
of Malashetty et al. (2004), despite slight differences in
the center of region Il for the greater channel height ra-
tio. This behavior could be due to mistyped values of
some dimensionless parameters. Herein results were ob-
tained for m = 1, whereas Malashetty et al. (2004) indi-
cate m=0.5.

1.0
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Ha, =12
§s=2

0.4

u(y)
Figure 3. Velocity profiles versus channel inclinations.
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Figure 4. Velocity profiles for different top layer porosities
and layer height ratios for non-MHD flow.

The terms relative to porosity in the governing equa-
tions closely resemble the Lorentz force and Joule dissi-
pation effects. The porosity parameter can be interpreted
as an equivalent Hartmann number, i.e., &=\ Haz (only
for the particular case of the fully developed MHD flow
with a small magnetic Reynolds number and E,=0). The
effect of increasing the porosity parameter, i, is identi-
cal to the effect of increasing the Hartmann number: the
flow field is retarded (the results of Fig. 4 can also be
obtained by substituting & by A Ha: and x, by s values).
Conversely, an increase in the height ratio implies in a
decrease in the influence of the porosity of region I, and
therefore a retarding effect is produced on the flow pro-
file of region I1.

Analysis now considers the mixed convection (P=-5;
Gr=5) in a vertical (¢=90° non-porous channel
(e1=&=0) of two immiscible and electric conducting flu-
ids (Hai;=4; s=2). This situation was investigated by
Umavathi et al. (2005), by using the regular perturba-
tion method for small values of the product Ec.Pr, and
the finite-difference method for the higher values. In
addition to Joule and viscous dissipation, volumetric
heat source/sink can occur.

The velocity profiles are compared in Fig. 5 as func-
tions of the electrical parameter and Eckert number for
the heat generation case (Q1=Q.=1) and Ha;=4; Re=5;
Pr=1; m=1; h=1; r=1; b=1; ke=1; me=1 and Rm1=0. The
two vertical plates are at different temperatures and are
stationary (Uw1=Uwz=0, 6y=1).

The results are consistent with the finite-difference
findings of Umavathi et al. (2005) for all values of the
analyzed parameters. It must be highlighted that if E,=1
and Ec>0.7, the numerical solution strongly depends (by
numerical or physical reasons) on the initial guess, i.e.,
the ODE system becomes extremely stiff. The results
for Ec>0.7 are only obtained correctly with the use of an
adaptive procedure, where results for smaller Eckert
numbers were used as the initial guess for the higher
numbers.

Apart from this numerical issue, Fig. 5 clearly illus-
trates the effect of the electrical parameter, E;, which in
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conjunction with Hartmann number, governs the mag-
netohydrodynamic characteristics of the channel (i.e.,
MHD generator or pump).

Umavathi et al. (2010) applied the perturbation
method to study mixed convection in an inclined chan-
nel with a moving top plate. Only the fluid in the bottom
side of the channel was electrically conducting.

The comparisons are illustrated in Fig. 6, which
shows the effect of Grashof number on the velocity
field. The following set was used: P=-5; Re=1; E,=0;
¢=30° &=0; Ec=0.01; Pr=0.7; m=1; h=1; r=1; b=1,;
ke=1; =0 (£=0); Q1=Q2=0; Um=1; Uw=0; &=1; 1=1;
me=1 and Rm1 = 0. As only the fluid in Region Il is elec-
trically conducting, Ha;=0; Ha,=2 was used in the com-
putations.

The expected behavior of the velocity field with
Grashof number is naturally predicted by the present
approach, whose results are consistent with those ob-
tained by Umavathi et al. (2010). The limiting cases of
MHD-Couette (P=0; Gr=0) and forced-convection
(P=-5, Gr=0) flows are also illustrated. As the fluid in
region Il is electrical conducting and E;= O, flow is re-
tarded in this region.

O Umavathi et al. (2005)

Present work: E_=0

= Present work: E: =-1

= = = Present work: E.=1

u(y)

-1.0 — — . —
-1 0.6 0.2 0.2
y
Figure 5. Velocity profiles for different pairs of Eckert number
and electrical parameter. Heat generation case.
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Figure 6. Velocity profiles versus Grashof numbers.
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Figure 7. Velocity, temperature, and induced magnetic fields
for different external magnetic field inclinations.

Finally, to demonstrate the effect of the applied
magnetic field inclination on the flow, temperature and
induced magnetic fields, Fig. 7 compares these poten-
tials with the results of Zivojin et al. (2010).

Zivojin et al. (2010) analytically studied the fully de-
veloped forced convection (P=-3.5; G=0) in a MHD
generator channel where two-immiscible electrically
conducting fluids (Ha;=2; =37.9) flowed in a horizontal
channel (¢=0). Both channel plates were at the same
temperature (8y=1) and moved with constant velocity in
opposite directions (Uw1=-Uw2=1). Results were obtained
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by considering Re = 1; E,=0; &=0; Ec=1; Pr=1,
m=0.66; h=1; r=1; b=1; k:=0.06; x=0 (£=0); Q1=Q>=0;
me=1 and Rym1=0.8x107°.

The findings herein obtained were consistent with
the analytical solutions for all analyzed fields. The ef-
fect of the opposite top- and bottom-plate velocities on
the flow behavior can be observed: the point where the
velocity is zero is displaced from the channel center.
This occurred because the viscosity ratio, m, is different
from one regardless of the inclination of the external
magnetic field. Another noteworthy effect is the artifi-
cial jump in temperature at the interface (y=0), which
results from the selection of the dimensionless groups
herein: &"=(6:—1)/(Ec Pr), & =& m/(k; Ec Pr). The re-
sults for uwi=uw,=0 illustrate the strong dependence of
the induced magnetic field on the flow field.

111. CONCLUSIONS

The results obtained herein were validated against
analytical solutions and compared with other approxi-
mate numerical methods. The comparison clearly
demonstrated the simplicity and efficiency of the nu-
merical route presented herein to analyze a broad spec-
trum of problems that are governed by the two-point
boundary value ordinary differential equations, in par-
ticular, those related to the fully developed magnetohy-
drodynamic flow of two-immiscible fluids. The method
is mainly applicable to problems where no analytical so-
lution is possible or is difficult to obtain.

Hybrid methods such as the Generalized Integral
Transform Technique (Lima et al., 2007; Lima and
Régo, 2013) use intensive numerical routines for the ini-
tial and boundary value problems to solve the resulting
transformed ODE systems. Thus, the work herein pre-
sented serves as a physical and numerical starting point
for the application of such techniques to develop two-
phase heat and fluid MHD-flow studies in channels.
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