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Abstract For most of the control methods, it is 

implicitly assumed that a mathematically analytical 
model can be obtained before control design. This is 
not always feasible for many engineering systems 
whose analytical models are either very difficult or 
expensive to obtain. To handle this situation, lineari-
zation or identification techniques are usually de-
ployed to obtain an analytical model. This paper, 
however, proposes a novel method to tackle directly 
those systems with non-analytical modules. The 
method does not rely on the inversion of the nonline-
ar system and is henceforth computationally eco-
nomic. Important results are obtained on control de-
sign for nonlinear multivariable systems with non-
analytical modules. Input saturation, robustness and 
practical implementation issues are also discussed. 
The proposed method is finally validated through its 
application to a robotic manipulator.. 

Keywords Nonlinear systems, nonanalytical 
modules, nonlinear predictive control, input satura-
tion. 

I. INTRODUCTION 
Nonlinear systems theory has developed rapidly over 
recent decades including concepts such as zero dynam-
ics and normal forms (Isidori, 1995), passivity and 
dissipativity (van der Shaft, 1996), nonequilibrium theo-
ry (Byrnes, 2000), etc.  As a consequence, a number of 
nonlinear control design techniques have been well es-
tablished such as feedback linearization (Isidori, 1995), 
recursive designs including backstepping and forward-
ing (Sepulchre et al., 1997), energy-based control de-
sign for nonholonomic dynamical systems (Block et al., 
2003) and nonlinear model predictive control (Mayne et 
al., 2000), to name just a few.  

For most of control design methodologies, however, 
it is implicitly assumed that a mathematically analytical 
model can be found as expressed by differen-
tial/difference equations, or differential-algebraic equa-
tions. In many engineering systems, however, analytical 
expression of the system models can be very difficult or 
expensive to obtain. In fact, many practical systems are 
expressed using lookup tables or even C/Fortran codes. 
To handle this situation, linearization or identification 
techniques are used to first obtain a mathematically ana-
lytical model of the system under consideration, before 
any particular control design method is deployed. In this 
paper, however, a new approach is proposed that control 
design can be carried out directly based on the non-

analytical models. Essentially a design framework for 
nonlinear multivariable systems with non-analytical 
modules is introduced where many specific control 
methods can be exercised. In this paper, a predictive 
control method is presented to illustrate the design 
framework. A brief introduction to predictive control is 
given in sequence. 

Model Based Predictive Control (MBPC) has been 
very successful in industrial applications over the past 
three decades. The most popular predictive control algo-
rithms are Dynamic Matrix Control (DMC) (Cutler and 
Ramaker, 1979; 1980) and Generalized Predictive Con-
trol (GPC) (Clarke et al., 1987a; 1987b), although al-
most all vendors have adopted a DMC-like approach 
(Qin and Badgwell, 1996; Morari and Lee, 1999).  
However these approaches are based on linear models 
and are thus inadequate to handle systems described by 
nonlinear models. Moreover, most systems are inherent-
ly nonlinear and this necessitates developing methods 
utilizing nonlinear models to achieve optimal perfor-
mance over wide range of system operations. 

There has been a rich history of research in the field 
of nonlinear model predictive control (NMPC). Many 
approaches have been proposed such as infinite horizon 
NMPC (Meadows and Rawlings, 1993) and quasi-
infinite horizon NMPC (Chen and Allgöwer, 1998), 
contractive NMPC (De Oliveira and Morari, 2000), etc. 
Excellent reviews of existing NMPC techniques can be 
found in Mayne et al. (2000), De Nicolao et al. (2000),  
Rawlings (2000). Commercially available NMPC tech-
nology can be found in Qin and Badgwell (2003). Some 
new developments and challenges in NMPC can be re-
ferred to Magni et al. (2009) and Grüne and Pannek 
(2011). 

One of the key questions in NMPC is closed-loop 
stability. As a result, most of the approaches employ a 
Lyapunov-based strategy where construction of 
Lyapunov functions for stability guarantee, e.g. via the 
introduction of end constraints becomes the main con-
cern. Unlike these “stability guaranteed” approaches, 
the control strategy introduced here is motivated by the 
need to produce a control law, which is very simple to 
implement in industry (Grimble, 2008). In fact, many of 
the stability-guaranteed NMPC requiring on-line opti-
mization are computationally expensive (De Oliveira 
and Morari, 2000) and there is a natural demand for a 
practical control law for nonlinear systems that has a 
sound but relatively simple theoretical basis. A promis-
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ing approach is based on the generalization of an opera-
tor approach to nonlinear control, namely nonlinear 
generalized minimum variance control that has been de-
veloped by Grimble (Grimble, 2005; Grimble, 2008; 
Grimble and Pang, 2007; Grimble and Majecki, 2008). 
The current design method builds upon previous results 
on Nonlinear Generalized Minimum Variance (NGMV) 
control that was derived for nonlinear multivariable sys-
tems using a state space approach (Grimble, 2007; 
Grimble, 2008). A polynomial approach also exists as 
described in Grimble et al. (2007). The new develop-
ment here is an extension to state space time-varying 
systems as well as the new feature of handling input 
saturation constraint and the discussion of robustness is-
sues. The presentation of this paper is as follows: the 
nonlinear system model is introduced in Section 2; the 
criteria of determining performance index is discussed 
in Section 3; the optimal predictive control law is ob-
tained in Section 4; controller properties and implemen-
tation are analyzed in Section 5; Section 6 addresses 
handling of input saturation while robustness issues are 
discussed in Section 7; Section 8 provides a case study 
to demonstrate the proposed design strategy and finally 
Section 9 concludes the work. 

II. PROBLEM FORMULATION 
The system model is shown in Fig. 1. The system struc-
ture is motivated by the demand to replicate the real in-
dustrial systems while producing simple results. It is as-
sumed that the system dynamics can be separated into a 
nonlinear element and a linear element, possibly time-
varying models with channel delays. For many industri-
al processes, analytical models can be very difficult or 
expensive to obtain. It is often the case that system dy-
namics are represented by lookup tables, neural net-
works or even a piece of C/Fortran codes, particularly 
for those complex nonlinear systems operating on a 
large envelope. It can be extremely challenging to de-
sign a control system providing good performance over 
the whole envelope. Needless to say most of the control 
theories assume that an analytical model exists before 
control design. Therefore it is necessitated that a control 
design method can be developed for handling such non-
analytical systems.  

Refer to Fig. 1, the system model is represented by a 
nonlinear, non-analytical module W1k, followed by the 
channel delay z-k with sensors dynamics W0k. The sys-
tem is also affected by disturbances d(t) and measure-
ment noise v(t). It is required to design a controller that 

can provide acceptable performance for such a multivar-
iable nonlinear systems with channel delay. To proceed, 
the related signals are listed for easy reference. 
Non-analytical module can be expressed as: 

  )(10 tuWu k                                     (1) 

Linear Subsystem with Channel Delay: The linear 
subsystem including the channel delay is represented by 
the following linear time-invariant state-space model: 
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where (t), together with (t) that drives the distur-
bance model to be introduced below, is assumed to be a 
zero-mean white noise signal with identity covariance 
matrices. It should be noted that there is no loss of gen-
erality with this assumption. For example, a sensor sig-
nal can be represented as a linear system (usually a first 
order inertia process) driven by white noise. With this 
interpretation, the linear disturbance model can be read-
ily written down in state-space form as follows: 
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This disturbance model can then be combined with the 
above linear subsystem: 
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The signals shown in Fig.1 can now be listed as follows: 
Error signal: 

 )()()( tztrte                                (5) 

Plant output: 
   )()()( tWutdty                              (6) 

with 
     )()( 10 tuWWztWu kk

k                       (7) 

Observation signal: 
  )()()( tvtytz                                (8) 

 
The future values of states and outputs can also be ob-
tained as follows: 

 
Fig. 1: Block diagram for control of general nonlinear systems. 
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where the algebra of A is defined as:  
)()2()1( nmtAmtAmtAAn

m    with nm   

and IAm 0 . 

III.  PERFORMANCE INDEX SELECTION 
The nonlinear optimal control laws often involve the 
“inversion” of the nonlinear process, however, the non-
analytical module in Fig. 1 may prevents such an inver-
sion operation and consequently, a mechanism must be 
devised to obtain the optimal control law. The perfor-
mance index is carefully chosen so that a simple control 
law is produced. The other criterion is that the resulting 
control law should recover the conventional Generalized 
Predictive Control (GPC) controller, when the nonlinear 
subsystem becomes linear. This is very important since 
the equivalence will provide considerable confidence in 
generalizing the control law to nonlinear systems.  

To motivate the choice of the performance index to 
be minimized in the nonlinear predictive GMV frame-
work, a brief review of the derivation of the GPC con-
troller is provided where for the moment the input will 
be taken to be that for the linear time varying subsys-
tem.  

In GPC, the performance index to be minimized may 
be defined as: 
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where E{.|t} is the conditional expectation operator, 
conditioned on measurements up to time t, N is the pre-
diction horizon, k is the process delay and Nu is the con-
trol horizon. j denotes the control signal weighting. Us-
ing the notations introduced above the performance in-
dex (10) can be rewritten as: 
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where  TNktekte )()(    and 
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To minimize J the procedure for optimizing the de-
terministic signals can be utilized and this results in set-
ting the gradient of the cost function (with respect to 
control U0) to zero. Then the vector of GPC control law 
can be shown to be: 
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 with the matrix VNN as be-

low.  
In deriving (12), the output has been assumed to be 

that of the combined linear model. Now (12) can be re-
written as: 
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That is:  
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Consider now a new signal to be minimized involving a 
weighted sum of error and control input as follows: 
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The vector of future values of the signal may be written 
as: 
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Comparing with (14), it is seen that if the weightings in 
the above equation are defined as: 
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2
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then minimization of the performance index (10) will be 
fully equivalent to the minimization of the following 
generalized minimum variance (GMV) type of perfor-
mance index: 
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(15) and (16). This is the case since the minimization of 
the GMV index (19) results in setting  to be zero and 
(16) then becomes (14).  

These results can be summarized as follows: 
Proposition: (Connection with GPC): The minimiza-
tion of the GPC performance index (10) is equivalent to 
the minimization of the GMV form of performance in-
dex defined by  tEJ T  (Eq. 19) with 
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T
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Proof: The proof follows easily from the above reason.  
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As a consequence of this connection, the minimization 
of the GMV performance index (19) will result in the 
same control law with GPC, if the system dynamics is 
linear. This provides the confidence in choosing (19) as 
the performance index for the nonlinear predictive 
GMV control problem. However from Fig. 1 it is seen 
that the actual input to the system is the control signal 
u(t), rather than the input to the linear subsystem.  A 
new signal may then be defined including the weighting 
of the control signal u0 as follows: 

  )()()()()( 00 ktuFtktuFtePt ckcc      (20) 

The vector of future values of the signal can be written 
as: 
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The performance index involves the minimization of the 
variance of (21) defined as follows: 
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This performance index will be adopted as that of the 
nonlinear predictive GMV control problem. As having 
indicated in the above reasoning: if the nonlinear sub-
system in Fig. 1 is absent, the control costing term FckN 
can be set to zero. Then the minimization of (23) is 
equivalent to the minimization of (10) according to 
Proposition 1; the resulting optimal controller then re-
verts to the conventional GPC controller. This is the 
fundamental rationale behind selecting (23) as the per-
formance index to the nonlinear predictive GMV con-
trol problem.  

IV OPTIMAL CONTROL LAW DESIGN 
The optimal control law comes from setting (21) to ze-
ro: 
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The optimal predicted state )( tktx   can be computed 

from (9) as: 
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The optimal control law can then be obtained in the 
following two alternative forms: 
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These important results are summarized in the following 
statement: 

Theorem: Nonlinear Predictive GMV (NPGMV) Op-
timal Control Solution 
Consider the nonlinear delayed multivariable system 
represented by Eqs. (1)-(3) as in Fig. 1, the control law 
that minimizes the multi-step predictive cost function 
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where T
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can be more conveniently obtained from the first com-
ponent in the alternative expression: 
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Proof: The proof follows from collecting the results 
leading to the controllers (29) and (30). Replacing 

T
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0 NcF  gives the desired result.    □ 

It is noted that the optimal control law (31) is of 
more conceptual interest and the second form of the 
controller (32) will be of great value for implementa-
tion. Controller implementation is discussed next. 

V CONTROLLER PROPERTIES AND 
IMPLEMENTATION 

Now invoking the receding horizon principle, the opti-
mal control signal u(t) can be obtained by left-
multiplying  000 ICI   on both sides of (32): 
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Decompose the symmetric matrix  2T
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where fU  is the vector of future control signals and 
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Fig. 2: Nonlinear Predictive GMV Optimal Controller Implementation with input saturation. 

Substitute (35) into (34) the optimal control signal can 
now be expressed as: 
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Noting UCU I
f

0 ,  IC I 00  , the optimal control 

signal (36) can be conveniently implemented as in Fig. 
2. 
Remark 1: It is noted from Fig. 2 that the implementa-
tion of the optimal control signal u(t) does not rely on 
the inverse of the nonlinear system, thus reducing the 
complexity and computational burden of the controller 
usually associated with nonlinear controls. This pro-
vides confidence in producing a simple control law that 
is easy to implement in industrial applications.  

VI CONSTRAINT HANDLING: INPUT 
SATURATION 

One of the most important constraints for any control 
system design is the input constraint, e.g. actuators will 
eventually saturate. This can cause detrimental effects 
on system performance. The power of the NPGMV con-
trol is that it can handle the input saturation easily. This 
is so since the input saturation characteristic Sat(·) can 
be viewed as a nonlinear function of the input signal 
u(t). This nonlinearity can be included into the nonlinear 
module W1k 

   )(11 tuSatWW k
S
k                      (37) 

Then all the results derived above are valid with respect 
to the nonlinear subsystem W1k

S. In specific, the optimal 
control signal (36) holds for W1k

S. Then the implementa-
tion scheme still applies and is clearly equivalent to 
simply applying the saturation characteristics to the op-
timal control signal u(t) as illustrated in Fig. 2. There-
fore handling input saturation may only involve detun-
ing the weighting matrices Fck. No additional controller 
and computational complexities are required. 
Remark 2: Extensive simulations have shown that the 
input saturation can be handled even without detuning 
the weighting matrices. But it should be noted that in 

practice, performance may deteriorate due to the fact 
that saturation can have changing dynamics, and this 
may introduce fluctuations to control signals. 

VII. ROBUSTNESS ISSUES AND SMALL 
CONTROL 

For any control system, it is important to be robust 
against modeling uncertainties. Comparing with math-
ematically analytical models, the proposed system struc-
ture regarding W1k as a non-analytical module may have 
the potential to be more accurate. But an analysis of the 
influence of a modeling error in W1k on control perfor-
mance is still necessary. However, as the optimal con-
trol signal involves future predictions that are computed 
through W1k, and the number of computations using W1k 
is equal to the prediction horizon N.  The analysis can 
be very complicated and rule-of-thumb design guide-
lines may be appropriate.  

As the computational burden can be relieved using a 
small prediction horizon, e.g. N=1 is adequate. For real 
time applications, a small prediction horizon N and a 
small control weighting Fc0N=-2 are applied (see the 
discussion below Fig. 8 in the next section). In this case, 
controller performance behaves similar to the following 
nonlinear generalized minimum variance control: 


   )(),(

)(ˆ)()(

1
1

0

1

tuWDBzkCT

ttxCAttxCPFtu

optk

k
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k
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





         (37) 

This can be further manipulated into: 
 
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





           (38) 

The above equation represents a feedback loop, and 
with the assumption that the nonlinear module, the line-
ar subsystem is L-stable, an application of small gain 
theorem results in the claim that the system will closed-
loop L-stable if the following condition is satisfied: 

    k
cck W

zTWPzTF
1

1
20

1
1

1 1
)()(


              (39) 

where (.) denotes the gain of the L operator. 
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Fig. 3: Two-Link Robotic Manipulator 

 
Non-analytical Module W1k: program codes; 
Linear Subsystem W0k: double integrator; 
Channel Delay z-k: k=1; 
Disturbance (both channels): z-1/(1- 0.9z-1) 

Fig. 4 Separation of Two-Link Robot Model 
It remains to see that a choice of small gain in 1

ckF  

will decrease the closed-loop gain. This implies that 
system robustness is increased (due to small gain theo-
rem again). 

To proceed, now define  n
k

p
k WW 11

 with p
kW1

 

the real plant, n
kW1
 the model and  the additive uncer-

tainty. The output yp now becomes: 
   uWWdy n

kk
p  10

                   (40) 

That is 
 uWyy k

np  0
                        (41) 

If (u) decreases with u, then (yp-yn) will decrease for 
large gain in Fck. That is, a small gain in 1

ckF  will re-

duce the value in (yp-yn)  while enhancing the robust-
ness.  

Remark 3: It is reasonable to assume that the system 
uncertainty is associated with the nonlinear module W1k 
while the linear subsystem Wok can be relatively accu-
rately modeled.  
Remark 4: It is seen that small gain in 1

ckF  can enhance 

the system robustness (small gain theorem) while miti-
gating the detrimental effect of additive uncertainty  
on performance. A choice of small control signal is also 
desirable as for practical applications, small control sig-
nal implies less energy consumption. 

VIII. OPTIMAL PREDICTIVE CONTROL OF 
ROBOTIC MANIPULATOR 

The optimal controller design introduced above will be 
illustrated in a two-link robotic manipulator shown in 
Fig. 3. The objective is to control the vector of joint an-
gular positions q with the vector of torques  applied at 
the manipulator joints so that they follow a desired tra-
jectory qd. 

The dynamics of the system is highly nonlinear and 
can be described by the following differential equation: 

 )(),()( qgqqqCqqH                   (42) 

where )(qH  is the inertia matrix, ),( qqC   is a vector of 

centripetal and Coriolis torques and )(qg  is a vector of 

torques due to gravity. For the purpose of the example, 
assume the manipulator is operating in the horizontal 
plane, and hence 0)( qg . A detailed system descrip-

tion and the numerical values for the parameters can be 
found in Slotine and Li (1991), where it was shown that 
a multi-loop PD controller could be used to move the 
links to required fixed positions. In this study it will be 
shown that a stabilizing NPGMV controller can be de-
signed based on this PD controller and detuned to pro-
vide better performance, particularly under input satura-
tion constraint. Effects of prediction horizon N and con-
trol weighting 2 are also illustrated. 

To proceed, the open-loop model is separated into the 
nonlinear and linear subsystems as shown in Fig. 4. 
Note that the system model is continuous and a sam-
pling rate of Ts=2ms is adopted to discretize both the 
system and the PD controller. The linear subsystem 
states are then estimated using a Kalman filter with a 
unity measurement noise covariance and process dis-
turbance covariance.  

NPGMV Design with Input Saturation 
The NPGMV controller is first designed based on the 
nominal stabilizing PD controller CPD(z-1): the dynamic 
weightings Fck is initially chosen as Fck=-CPD(z-1). The 
performance for N=10 and 2=×diag(1.0,0.6) with 
=0.5 is shown in Fig. 5. Also shown is the perfor-
mance of the PD controller. 

From Fig. 5, the NPGMV controller does not mark-
edly improve the system performance. But it is observed 
that the magnitude of the control signal is much smaller 
than that of PD controller. The magnitude of the 
NPGMV control signal is in the range of [-2200, 4700] 
for 1 and [-900, 1700] fo r 2. Suppose now that due to 
input saturation, 1 should be restricted in [-1700, 4000] 
and 2 should be in [-600, 1500]. Then it is found that a 
simple detune of the NPGMV controller through de-
creasing the gain of the control weighting Fck achieves 
the above requirement, while the performance of the 
corresponding PD controller, with the same input con-
straint, deteriorates substantially. The performance of 
both controllers is shown in Fig. 6. It is seen that 
NPGMV controller handles the input saturation easily 
and results in much improved performance. 

Varying Prediction Horizon N and Weighting 2 
The system performance for different prediction horizon 
(varying N) with fixed control weighting 
2=diag(0.5,0.3) is shown in Fig. 7.  Figure 8 shows the 
performance for different control weighting 
2=×diag(1.0,0.6) (varying ) with fixed prediction 
horizon N=10.  
The results above confirm with the rule-of-thumb 
choice of design parameters in conventional GPC. Now 

q1 

q2 

1 

2 
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recall the optimal controller implementation illustrated 
in Fig. 2: the future control signal involves the predic-
tion from the nonlinear subsystem. The prediction hori-
zon N determines the number of nonlinear subsystem 
blocks required for the computation of future control 
signal.  Therefore the computational burden can be re 
duced significantly if the prediction horizon N is small, 
e.g. N=1. A short prediction horizon damps the closed 
loop system as seen from Fig. 7, so does a large control 
weighting 2 shown in Fig. 8. For nonlinear real time 
control applications, it is thus desirable to use a short 
prediction horizon and a small control weighting. The 
system performance for N=1 with varying control 
weighting is shown in Fig. 9. It is seen that a choice of 
=0.1 provides a good closed loop performance. It is al-
so noted that, although not shown in Fig. 9, the PD con-
troller destabilizes the closed loop system with the input 
signal magnitude saturating at the level of that for 
=0.1. 
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Fig. 5: Position Control of the Two-Link Robotic Manipula-
tor: PD and NPGMV Control Designs (a) q1 & control 1 (b) 
q2 & control 2. 
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Fig. 6:  PD and NPGMV Control Designs with Input Satura-
tion: (a) q1 & control 1  (b) q2 & control 2. 
 
Finally it should be stressed that the nonlinear predictive 
GMV design can be performed relatively easily and thus 
it will be convenient for practical implementation. In 
conclusion, based on a nominal stabilizing PD control-
ler, an optimal NPGMV controller can be easily deter-
mined to improve system performance, even under the 
input saturation constraint. The NPGMV controller can 
then be detuned through either prediction horizon N or 
control weighting, in case additional performance is re-
quired. For real time control, a short prediction horizon 
N can be used and the controller can then be detuned 
through control weightings.  
 

IX CONCLUSIONS 
A design framework has been proposed particularly tar-
geting those nonlinear systems with non-analytical 
modules. As this non-analytical module may contain 
lookup tables, program codes, or any other black box  
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Fig. 7: System Performance for Varying N: (a) q1 & control 1 (b) q2 & control 2. 
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Fig. 8: System Performance for Varying : (a) q1 & control 1 (b) q2 & control 2. 
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Fig. 9: System Performance for N=1 with Varying  (2=×diag(1.0,0.6)) : (a) q1 & control 1 (b) q2 & control 2.
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representations, the proposed design methodology can 
be applied into many engineering systems.  

Another feature of the proposed method is that it 
does not rely on the inversion of the nonlinear process 
and henceforth is computationally economic. Also, the 
method can handle input saturation without generating 
additional computational burden. Although lack of sta-
bility guarantee, extensive simulations show that based 
on an existing PID controller, closed-loop stability can 
be obtained while a detuning of the weighting matrices 
can provide a better performance.  Finally, it is worth 
pointing out that the proposed method handles the non-
analytical systems without resorting to linearization or 
identification technique, therefore the work reported 
here should shed some light on direct control of non-
analytical nonlinear systems. 
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