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Abstract— Natural convective heat and mass
transfer of a non-Newtonian fluid over an inclined
surface with uniform magnetic field and chemical
reaction has been investigated numerically. The Cas-
son fluid model is used to characterize the non-
Newtonian fluid behavior and the first order of
chemical reaction is considered. Lie group analysis is
employed to obtain the symmetries of the governing
system of partial differential equations and they re-
duce them to a system of ordinary differential equa-
tions via scaling transformation. Numerical compu-
tations have been carried out using the fourth order
Runge-Kutta scheme with shooting techniques with
a systematic guessing values of F;"(0), F3" and F4 (0).
The procedure is repeated until we get the results up
to the desired degree of accuracy, namely 10°.

Keywords— Lie group, Casson fluid, chemical
reaction, MHD, inclined surface.

I. INTRODUCTION

Lie group analysis is a systematic way of finding the in-
variant or self-similar solutions of a system of partial
differential equations. The method is capable of provid-
ing a deep insight into the underlying physical prob-
lems-described by partial differential equations. The ap-
plications of Lie group analysis are twofold: Producing
a new solution from an existing solution or finding simi-
larity solution of partial differential equation. The focus
in the present paper is on the latter type of the applica-
tion. Starting from the Sophus Lie (1842-1899), this
technique is extensively used for finding solution of dif-
ferential equations (Olver 1986; Bluman and Kumei
1989; lbragimov 1994). Jalil et al. (2010) applied this
method to find possible similarity transformation for the
mixed convection flow over a stretching surface. They
extended their work to flow of non- Newtonian fluids
(Jalil et al., 2013; Jalil and Asghar, 2013), by finding
self similar solution of the governing equations, using
Lie group analysis. Hamad et al. (2012) investigated
the combined effects of heat and mass transfer by Lie
group analysis over a moving surface. Bhuvaneswari et
al. (2009) and Ferdows et al. (2013a) applied the meth-
od of one parameter continuous group theory to investi-
gate mixed convection over horizontal moving porous
flat plate. Recently, Ferdows et al. (2013b) used a spe-
cial form of Lie group of transformation (scaling trans-
formation) to study the convective effects of heat and
mass transfer over a radiating stretching sheet.

The mass transfer problems have great importance in
extending the theory of separation processes and chemi-
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cal kinetics. Processes involving the effects of mass
transfer have attracted the attention of researchers due to
its applications in many engineering applications, such
as chemical processing equipments. The driving force
for mass transfer is the difference in concentration.

The effects of chemically reactive species on fluid
flow due to a stretching sheet bear equal importance in
engineering research. The diffusion of a chemically re-
active species in a laminar boundary layer flow over a
flat plate was studied by Chambre and Young (1958).
The effect of transfer of chemically reactive species in
the laminar flow over a stretching sheet is explained by
Andersson et al. (1994). Afify (2004) explicated the
MHD free convective flow of viscous incompressible
fluid and mass transfer over a stretching sheet with
chemical reaction. There are some fluids which react
chemically with some ingredients present in them.

The boundary-layer flows of non-Newtonian fluids
have been given considerable attention due to ever in-
creasing engineering applications. In order to obtain a
thorough cognition of non-Newtonian fluids and their
various applications, it is necessary to study their flow
behaviors. It is well known that the mechanics of non-
Newtonian fluids present a special challenge to engi-
neers, physicists and mathematicians. The non-linearity
can manifest itself in a variety of ways in many fields,
such as food processing, drilling operations and bio-
engineering. Furthermore, in order to obtain a thorough
cognition of non-Newtonian fluids and their various ap-
plications, it is necessary to study their flow behaviors.
Due to their application in industry and technology, few
problems in fluid mechanics have enjoyed the attention
that has been accorded to the flow which involves non-
Newtonian fluids. It is well known that mechanics of
non-Newtonian fluids present a special challenge to en-
gineers, physicists and mathematicians. The non-
linearity can manifest itself in a variety of ways in many
fields, such as food, drilling operations and bio-
engineering. The Navier-Stokes theory is inadequate
for such fluids, and no single constitutive equation is
available in the literature which exhibits the properties
of all fluids. Because of the complexity of these fluids,
there is not a single constitutive equation which exhibits
all properties of such non-Newtonian fluids. Thus, a
number of non- Newtonian fluid models have been pro-
posed. In the literature, the vast majority of non-
Newtonian fluid models are concerned with simple
models like the power law and grade two or three (An-
dersson and Dandapat, 1992; Hassanien, 1996; Sajid et
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al., 2009; Siddiqui et al., 2008; Serdar and Salih Dokuz,
2006).

These simple fluid models have shortcomings that
render to results not having accordance with fluid flows
in the reality. Casson fluid is another fluid model for
non-Newtonian fluid. In the literature, the Casson fluid
model is sometimes stated to fit rheological data better
than general viscoplastic models for many materials
(Mustafa et al., 2011; Bhattacharyya et al., 2013). Ex-
amples of Casson fluid include jelly, tomato sauce, hon-
ey, soup and concentrated fruit juices, etc. Human blood
can also be treated as Casson fluid. Due to the presence
of several substances like, protein, fibrinogen and glob-
ulin in aqueous base plasma, human red blood cells can
form a chainlike structure, known as aggregates or rou-
leaux. If the rouleaux behave like a plastic solid, then
there exists a yield stress that can be identified with the
constant yield stress in Casson’s fluid (Fung, 1984;
Kandasamy and Pai, 2012; Nadeem et al., 2102;
2013a;b). The nonlinear Casson’s constitutive equation
has been found to describe accurately the flow curves of
suspensions of pigments in lithographic varnishes used
for preparation of printing inks (Casson, 1959) and sili-
con suspensions (Walawender et al., 1975). The shear
stress—shear rate relation given by Casson satisfactorily
describes the properties of many polymers Vinogradov
and Malkin (1979) over a wide range of shear rates.
Casson fluid can be defined as a shear thinning liquid
which is assumed to have an infinite viscosity at zero
rate of shear, a yield stress below which no flow occurs,
and a zero viscosity at an infinite rate of shear (Dash et
al., 1996). Eldabe and Salwa (1995) have studied the
Casson fluid for the flow between two rotating cylin-
ders, and Boyd et al. (2007) investigated the Casson flu-
id flow for the steady and oscillatory blood flow.

In this contribution a special form of Lie group
transformations, known as scaling group of transfor-
mation is used in this paper to find out the full set of
symmetries of the problem of the boundary layer flow
due to stretching plane with mass transfer is studied.
Motivated by the abovementioned investigations and
applications, we venture further in the regime of two-
dimensional boundary layer flows of a non-Newtonian
fluid over an inclined surface with uniform magnetic
field and first order of chemical reaction effect using
Lie group analysis. Casson fluid model is used to char-
acterize the non-Newtonian fluid behavior.

Il. MATHEMATICAL FORMULATION
Consider steady state, natural convection of heat and
mass transfer in laminar boundary layer flow of a non-
Newtonian Casson fluid with uniform magnetic field
normal to the plate and first order chemical reaction
along a semi-infinite inclined plate with an acute angle
from the vertical. The surface is maintained at a con-
stant temperature T,, which is higher than the constant
temperature T, of the surrounding fluid and the surface
concentration C,, is greater than the surrounding fluid
concentration C,. The fluid properties are assumed to
be constant except density in the buoyancy term. It is
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assumed that the effect of viscous dissipation is negligi-
ble in energy equation and there is a first-order chemical
reaction between the diffusing species and the fluid. The
Casson fluid model is used to characterize the non-
Newtonian fluid behavior. The x-axis is taken along the
plate and the y-axis is taken perpendicular to the plate.
The fluid experiences a second-order slip at the sheet
surface. On the other hand, the rheological equation of
state for an isotropic and incompressible flow of a Cas-
son fluid as (Mustafa et al., 2011)

%
2 ILIBJFﬁ eij,
2[ R Je
ﬂB"‘f ij <7,
27,

where, Tj is the (i,j)-th component of the stress tensor,
5 =ej; & and e;; are the (i,j)-th component of the defor-
mation rate, 7 is the product of the component of de-
formation rate with itself, = is a critical value of this
product based on the non-Newtonian model, sz is plas-
tic dynamic viscosity of the non-Newtonian fluid, and
Py is the yield stress of the fluid. So, if a shear stress
less than the yield stress is applied to the fluid, it be-
haves like a solid, whereas if a shear stress greater than
yield stress is applied, it starts to move. Considering the
balance laws of mass, linear momentum and energy and
with the help of Boussinesq’s approximation the equa-
tions governing this flow can be written in the usual
form as
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where (r,v) are the velocity components in (x,y) direc-

tions, respectively, v is the kinematic viscosity, C and T
represent the concentration and temperature of the fluid,
whereas C,, and T,, are the ambient concentration and
temperature, oand B are the fluid electrical conductivi-
ty and magnetic field of uniform strength, y is the Cas-
son parameter. Band g are the thermal and mass ex-

pansion coefficients and K is the chemical reaction pa-
rameter of the solute, D is the mass diffusivity, ¢, and p
are the specific heat of the fluid and the density of the
fluid. k is the thermal conductivity of fluid, « is the an-
gle of inclination and g is the acceleration due to gravi-
ty. Considering the following boundary conditions for
the governing equations
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y=0,u=v=0,T=T,C=C,,
y—>ow,u—>0T->T,,C—>C,.

In order to get a non-dimensional form of governing
equations we define the following transformations

Q)

X y L_ L_
X=—,y=—,Uu=—0,v=—V,

L L v v (6)
_T-T, _C-C,
T,-T. " ¢c,-C

Substituting Eq. (6) into Egs. (1) to (4) we get the fol-
lowing dimensionless governing equations
ou ov
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and the boundary conditions turn into
y=0,u=v=0,0=1¢=1 (11)

y—>oo,u—>0,6->0,¢—0,
where Gr=g/(T,-T.)L*v? is the thermal Grashof num-
ber, Gc=g/}C,-C.)L3v? is the solutal Grashof number,
Pr=pc, k" is the Prandtl number, Sc=+Dis the Schmidt
number, A=KL?v" is the non-dimensional chemical re-
action parameter and Mn=oB?L%(pv)" is the magnetic
parameter.

1. LIE-POINT SYMMETRIES EQUATIONS
Asymmetry of a differential equation is an inevitable
transformation of the dependent and independent varia-
bles that maps the equation to itself. Amongst symme-
tries of differential equations, those depending continu-
ously on a small parameter and forming a local one-
parameter group of transformation can be calculated al-
gorithmically thanks to a procedure due to Sophus Lie
(1842-1899). One of the most useful and striking prop-
erties of symmetries is that they map solutions to solu-
tions. For partial differentials, symmetries allow the re-
duction of the number of independent variables. The
one-parameter Lie group of infinitesimal transfor-
mations in (x,y,u,v,6,¢) leaving (7)-(10) invariant is de-
fined as

X =x+&& (X, Y,u,v,0,0), (12a)
y=y+e5(xy,u,v,0,0), (12b)
u=u+en(xy,uv,oé), (12¢)
V=v+en, (X, y,u,v,0,4), (12d)
7] =0+en,(X,y,u,v,0,0), (12¢)
§ =+en,(x,y,u,v,0,4), (12f)

where ¢is the Lie group parameter. Requiring that Egs.
(7)-(10) are invariants under these transformations
yields an over-determined, linear system of equations
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for infinitesimals  &(xy,uVv,6,4),  &(XY,uV,6,4),
nl(xayyuavaa@y 772(X!y1u1V191¢)1 773(nyyuavagi¢)l ’74(X!y!ul
v,0,9).

By carrying out a straightforward and tedious alge-
bra, we finally obtain the form of the infinitesimals as

& =ax—b, (13a)
&, =0e(X), (13b)
n = au, (13C)
1, =Ud (X), (13d)
= ag, (136)
N, = a¢ . (l3f)

Imposing the restrictions from boundaries and from the
boundary conditions on the infinitesimals, we obtain the
following form for Eq. (13)

& =ax-b, (14a)
£, =0, (14b)
n,=au, (14c)
n, =0, (14d)
n,=aé, (14e)
N, =ag, (14f)

where the parameter a represents the scaling transfor-
mation and parameter b represents translation in the x
coordinate.

IV. REDUCTION TO ORDINARY DE.
We will produce the similarity transformation and solu-
tions using the infinitesimals given in Egs. (14). Leav-
ing the details of the procedure to Bluman and Kumei
(1989), we choose only the scaling transformation (i.e.
a=1, b=0).
The characteristic equations are
OX 0y ou _ov 00 0¢
x 0 u 0 &6 ¢
From which the similarity variable, the velocities, the
temperature and concentration turn to be of the form
n=y, u=xk(), v=F®@), )

0=xF(n),  ¢=xF,(n)
Finally, substituting (16) into Egs. (7)-(10), we obtain
the system of nonlinear ordinary differential equations

(15)

(16)

1
[1+ jFl": F’+F'F,-GrF,cosa (17)
7/ H

+GcF, cosa + MnF,

F=-F, (18)
F"=Pr(F,F'+FF,). (19)
F,"=Sc(F,F,'+RF, + AF,) - (20)

The appropriate boundary conditions are expressed as
n=0FR=F=0FK=1F =1 21)
n—>woF—>0FK—->0F -0,

Nusselt and Sherwood numbers are defined respectively

as

Nu — i — _[MJ
k(T,-T.) o)

—F,(0)- (22)
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Sh=——Im o¢ =—F/0)- (23)
D(C,-C.) \on)
In addition, the shearing stress on the surface is
T, = ﬂ(1+1J(a”J , (24)
YW )y,

Since the local skin-friction coefficient C; is defined by
_ 2t (25)
puU?
where U is a characteristic velocity. Substituting Eqg.
(24) into Eqg. (25) in terms of the non-dimensional quan-

tities, we obtain
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%Rech :[1+

1]‘3” [1+1JF1’(0), (26)
7 )on 7

here Re=LU/vis the Reynolds number.

V. RESULTS AND DISCUSSION
The system of ordinary differential Egs. (17)-(20) sub-
ject to the boundary conditions (21) was solved numeri-
cally using the fourth order Runge—Kutta scheme with
shooting techniques with a systematic guessing of
F,"(0), F3" and F4(0), the guess should satisfy the
boundary conditions and reveal the behavior of the solu-
tion. To overcome this difficulty, we start with a set of
parameter values for which the problem is easy to be
solved. Then, we use the obtained result as initial guess
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Fig. 5(c). F5 profiles for various values of Gr.

for the solution of the problem with small variation of
the parameters. This is repeated until the right values of
the parameters are reached. The procedure is repeated
until we get the results up to the desired degree of accu-
racy, namely 10 7. All calculations are obtained for
Casson fluid when »=2.6, 4=0.7, Sc=1.3, Mn=0.1,
Gr=0.5, a=0°, Pr=7.0 and Newtonian fluid (y—>c).
Table 1 and 2 represent the values of heat and mass
transfer in terms of Nusselt and Sherwood number for
various values of Prandtl number, Schmidt number,
Magnetic field parameter and Casson parameter. It is
observed that as both of Prandtl number and Casson pa-
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rameter increase the Nusselt number increases and as
Schmidt number and Casson parameter increase the
Sherwood number increases while the magnetic field
parameter tends to decrease both of Nusselt and Sher-
wood numbers.

Figures 1(a)-(d) illustrate the influence of Casson
parameter y on x and y velocities, temperature and con-
centration distributions respectively, considering the
two cases of Casson and Newtonian fluids. The increas-
ing values of the Casson parameter i.e. the decreasing
yield stress (the fluid behaves as Newtonian fluid as
Casson parameter becomes large) suppress the velocity
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field. The effect of increasing values of yis to reduce
the rate of transport, and hence, the boundary layer
thickness decreases. It is observed that F; and F, and the
associated boundary layer thickness are decreasing
function of y. The effect of increasing y leads to de-
crease the temperature and concentration field for
steady motion Figs. 1 (c) and (d). It can also be seen
from Fig. 1 that the momentum boundary layer thick-
ness decreases as y increases and hence induces an in-
crease in the absolute value of the velocity gradient at
the surface. On the other hand, first the peak of the ve-
locity at the surface increasing with y until critical value
of 77 (2.14) then the velocity decreases. The effect of the
chemical reaction parameter 4=0.3, 0.6, 1.0, 1.6, 2.0
and 5.0 on the x component velocity and concentration
distributions is displayed in Figs. 2(a) and (b). The ve-
locity increases with increasing the chemical reaction
parameter until certain value of 7=2.12 and after this
value an opposite behavior occur, see Fig. 2(a), whereas
the effects of the chemical reaction parameter and the
Schmidt number are very important in the concentration
field. It is observed from Figs. 2(b) and 3 that concen-
tration profiles decrease with increasing the chemical
reaction parameter and Schmidt number and the thick-
ness of the concentration boundary layer decreases with
increasing the Schmidt number.

The effect of Prandtl number on temperature profiles
is as the effect of Schmidt number on concentration pro-

T T T T T

Casson Fluid
Newtonman Fhod

Ge =04, 07, 1.0, 1.2, 2.0, 2.5, 3.0

0.4

n
6(a). F; profiles for various values of Gc
1

Fig.
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081
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i 2 : 4
n
Fig. 6(c). F3 profiles for various values of Gc
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files, i.e. an increase in the Prandtl number tends to de-
crease the temperature distributions (Fig. 4). This is in
agreement with the physical fact that the thermal
boundary layer thickness decreases with increase in the
Prandtl number. The reason for such a behavior is that
the high Prandtl number fluid has a relatively low ther-
mal conductivity. This results in the reduction of the
thermal boundary layer thickness.

Figures 5(a)-(d) depict the influences of Grashof
number on the velocity, temperature and concentration
distributions. It is seen from Fig. 5(a) that the x compo-
nent of the velocity increases with the thermal Grashof
number because the favorable buoyancy force acceler-
ates the fluid, but the y component of the velocity de-
creases. In addition, the temperature and concentration
decrease with increasing the thermal Grashof number.
Consequently the thermal and solutal boundary layer
thicknesses are reduced.

Furthermore, an opposite behavior occurs with solu-
tal Grashof number Fig. 6 (a)-(d). The effect of the in-
clination of the surface for different parameters is dis-
played in Figs. 7(a)-(d). It is found that x velocity com-
ponent decreases with increasing the inclination angle,
whereas the y velocity component, temperature and
concentration profiles increase. This is because of the
fact that the buoyancy flow decreases due to gravity
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COT e
14k i,
1.6

n

Fig.

Casson Fhiid
Newronim Fhud
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Table 1. Values of Nusselt number for different values of Pr,

Fig. 7(d). F, profiles for various values of «

and they reduce the system to system of ordinary differ-
ential equations via scaling transformation. Numerical

Mn and y ; . : . .
Pr Mn y F5 (0) solutions of the ordinary differential equations are also
10 00 10 0607380 obtained.
5.0 0.665764 From the numerical results, it is observed that the ef-
100  0.675812 fect of increasing values of the Casson parameter y is to
o 0.686842 suppress the velocity field, temperature and the species
50 1.0  0.4885551 concentration. The thickness of the momentum bounda-
50  0.5015125 ry layer increases with increasing the chemical reaction
10.0 0.5031893
© 0.5048747 Table 2. Values of Sherwood number for different values of
10 00 10 11343241 Sc,Mnandy
50  1.2649724 SC__Mn 4 -F(0)
10.0  1.2883827 03 00 10 08006105
o 1.3144120 50 0.8064259
50 1.0 0.9582396 10.0  0.8074726
5.0 1.0044904 o0 0.8086352
100  1.0111073 50 1.0 07944731
. 1.0179355 5.0 0.7969356
10.0 0.7973039
components. g cos « as the surface is inclined. The ef- o  0.7976884
fect of magnetic field parameter is shown in Figs. 8(a)- 30 00 1.0 25100063
(d). As it is clear that the magnetic field parameter 50 2.5305594
makes the x velocity component, temperature and con- 10.0 2.5345817
centration increase. o 25391722
V1. CONCLUSIONS 0 L0 aamTs
The symmetries of the governing system of partial dif- 16 0 2'4890176
ferential equations are obtained using Lie group analysis - 2.4896215
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Fig. 8(c). F; profiles for various values of Mn

parameter and the Schmidt number. The thicknesses of
the thermal and concentration boundary layers are de-
creased with increasing the chemical reaction parame-
ter, thermal Grashof number and the Schmidt number.
It is also found that the velocity increases with increas-
ing the Grashof number. The thickness of the thermal
boundary layer decreases with increasing the Prandtl
number, where as the concentration boundary layer
thickness increases with the Prandtl number
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