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Abstract−− In this paper, overlaid Portland ce-
ment concrete (PCC) with crack subjected to vehicle 
load is considered based on theoretical analysis. In 
order to build efficient model, PCC is reduced to an 
elastic plate on Winkler foundation. Fourier integral 
transform, residue theorem and Lobatto-Chebyshev 
integration formula are used to obtain the analytical 
solutions on the stress and strain fields of the pave-
ment and stress intensity factors of the crack tip. 
Stress intensity factors are numerically calculated. 
The stress intensity factors of the crack tips(b) in the 
pavement with 10cm thickness overlay are reduced 
heavily, especially for I type crack. Overlay thick-
ness is very significant factor that effect the value of 
stress intensity factor of I type crack, rather than II 
type crack. However, stress intensity factors are less 
affected by elastic modulus of overlay material. 

Keywords−− Cement concrete pavement; Crack; 
Pavement overlay; Fracture mechanics; Stress inten-
sity factor. 

I. INTRODUCTION 
Portland cement concrete (PCC) is a common structure 
of pavement. Because of traveling load, seasonal tem-
perature variations, shrinkage or chemical attack of ce-
ment concrete and so on, the damages in the form of 
cracks could be induced in the cement concrete pave-
ment. It badly influences the safety and comfort of driv-
ing. The most common rehabilitation technique for dete-
riorated concrete pavement is the placement of an as-
phalt overlay on top of it. However, the reflection 
cracks always occur and reduce the service life of as-
phalt overlay. Therefore, the causes of the problems 
have to be well settled at the design stage. 

Some experts have implemented several methods 
to mitigate the development of reflection cracks. Most 
research began at 1990’s and focused on finite element 
method (Liu and Wang, 2011; Baek, 2010) and experi-
mental study (Kim and Nelson, 2004; Doh et al.,2009; 
Li et al.,2014).  Ghauch and Abou-Jaoude (2013) re-
searched reflective cracks which appeared in asphalt 
overlays placed on top of a concrete pavement. Their 
papers research the effects of sub-grade and sub-base 
strengths, vehicle speed, overlay thickness, and pave-
ment temperature to identify the parameters that deterio-
rate the overlay.  Wu et al. (2014) developed a pave-
ment crack propagation analysis tool, neural networks 
based on semi-analytical finite element analysis, to cal-
culate the stress intensity factors (SIFs) at the crack tip 
for pavement crack propagation analysis.  Qian et al. 

(2013) introduced Engineered Cementitious Composite 
which can extend the service life of pavement overlay 
with less thickness compared with concrete overlay 
proved by experimental testing on fatigue performance 
of ECC. Increasing the overlay thickness, rubblizing the 
concrete pavement, and placing stress relieving inter-
layer systems or geosynthetics (Khodaii et al., 2009; 
Kim and Buttlar, 2002) were adopt to alleviate the re-
flection crack.  
 Up to now, the problem of reflection cracks occur-
ring shortly after pavement rehabilitation is still an issue 
for pavement designers and road managers. Thereby, 
theoretical analysis of overlaid cement concrete pave-
ment with crack for understanding the mechanism of 
cracks propagation is still needed. Compared with the 
finite element method, the computational accuracy of 
the theoretical method is better. It can provide advices 
for pavement design and helpful for developing finite 
element software. In this paper, theoretical analysis of 
cement concrete pavement with an asphalt overlay 
based on fracture mechanics is conducted. In order to 
identify the parameters involved in the role of the over-
lay, the effects of load position, crack length, overlay 
thickness, and elastic modulus of overlay are investigat-
ed.

II. DESCRIPTION OF THE PROBLEM
Overlaid PCC with crack subjected vehicle load is con-
sidered as a plate on an elastic foundation shown in Fig. 
1.  

In Fig. 1, h is thickness of old cement concrete 
pavement, h1 is thickness of overlay, x is depth direction 
of pavement, y is longitudinal direction of pavement, γ 
is foundation modulus, P(y) is vehicle load, L is range 
of load and l is horizontal distance between edge of ve-
hicle load and crack.  The crack emerges on the surface 
of the old concrete pavement as a=h1.  In this study, 
only the plane strain is concerned, thus the effect of 
volume force is ignored.  

Fig.1. Model of cement concrete pavement with overlay con-
taining crack 
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Fig.2. The first sub-problem 

 
Fig.3. The second sub-problem 

  
Fig.4. The third sub-problem 

In order to simplify the problem shown in Fig. 1, 
based on the linear-elastic superposition principle, the 
problem can be presented by three sub-models. The 
three sub-models are shown in Fig. 2, Fig. 3 and Fig. 4 
respectively.  

III. SOLUTION OF p(x) AND q(x) IN SUB-
PROBLEM 1 

In sub-problem 1, in order to simplify this problem, 
coordinate translation method is adopted. The y coordi-
nate axis is moved l+L units to the right and the model 
is reduced to a plane strain problem with a symmetric 
load vertical to the boundary.  According to theory of 
linear-elastic superposition, p(x) and q(x) in sub-
problem 2 and sub-problem 3 can be expressed in the 
following forms: 

( ) ( ) ( ) ( ), ; ,yy xyp x x l L q x x l Lσ σ= − − − = − − −    (1) 

IV. SOLUTION OF IK IN SUB-PROBLEM 2 
The boundary conditions of sub-problem 2 shown in 
Fig. 3 

( ) ( )1 10, 0; 0, 0,xx xyy y yσ σ= = −∞ < < ∞        (2) 

( ) ( )1 1 1,0 0; ,0 0,0xy x v x x hσ = = < <        (3) 

( )2 1 1,0 0,xy x h x h hσ = < < +             (4) 

( )2 1 1 1 1,0 0,   v x h x a h or b h x h h= < < + + < < +    (5) 

( ) ( )2 1 1,0 ,yy x p x a h x b hσ = + < < +         (6) 
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where σxxn and σyyn are the x and y components of the 
stress vector in layer n, respectively, σxyn is the shearing 
stress in layer n, un and vn are the x and y components of 
the displacement vector in layer n (n=1,2), respectively.  
n=1 presents the overlay and n=2 presents the old ce-
ment concrete pavement.  γ is the stiffness of the foun-
dation. 

The governing equations of plane elasticity can be 
expressed as (Li, 2000): 

2 2 2 2

2 2(1 ) (3 ) ( 1)( ) 0u v u vk k k
x y x yx y

∂ ∂ ∂ ∂
+ + − + − + =

∂ ∂ ∂ ∂∂ ∂
  (10) 
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2 2(3 ) (1 ) ( 1)( ) 0u v v uk k k
x y x yy x
∂ ∂ ∂ ∂

− + + + − + =
∂ ∂ ∂ ∂∂ ∂

  (11) 

where k=(3-v)/(1+v) for plane stress, k=3-4v for plane 
strain and v is Poisson’s ratio. In this paper, k=3-4v is 
selected corresponding to the case of plane strain. 
 In order to achieve the solutions of governing Eqs. 
(10) and (11), Fourier transform and inverse Fourier 
transform can be used. One can obtain the expressions 
of displacements un and vn as: 

( )

1 2 3 40

3 4

2( , ) [ ( ) ( )]

1cos ( )
2

x x
n n n n n

i x y
n n

u x y e A A x e A A x

y d e B B y d

η η

x x

π

η η x
π

∞ −

∞ −

−∞

= + + +

+ +

∫

∫
 (12) 

[ ]

1 20

3 4

3 4

2 1( , ) { [ ( )]

( ) }sin( )

1 [ ( ) ]
2

x
n n n

x
n n

i x y

n n

v x y e A x k A

e A x k A y d

ie B k y B d

η

η

x x

η η
π η

η η η η

x x x
π x

∞

−

−
∞

−∞

= − + +

+ + −

+ + +

∫

∫

  (13) 

where Bn3 and Bn4 are the functions of x and An1, An2, An3 

and An4 are the functions of η.  
Substituting Eqs. (15) and (16) into Hooke’s Law, 

the components of stress are given by: 
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In this problem, v1= v2 = v is assumed for their ap-
proaching value and Gn is the shear modulus in layer n. 

For convenience, considering the equation defining 
this (Kadioğlu et al.,1998):  

( ) ( ),0v x
x

x
φ

∂
=

∂
; ( ) 0xφ = , 0   x a or b x h< < < < ; 

( ) 0
b

a
x dxφ =∫  

The function, φ(x), is a component of deformation gra-
dient (Fig. 3) along the crack surface, and then An1, An2, 
An3, An4, Bn3, Bn4 (n=1,2) can be expressed by dislocation 
density function. 
 Based on Eqs. (3) and (4) and the theory of residue, 
B13, B14, B23 and B24 are expressed respectively as: 
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 Based on Eqs. (2), (7)-(9), inverse Fourier transform 
and residue theorem, A11, A12, A13, A14, A21, A22, A23 and 
A24 can be expressed by  φ(t). 
 Substituting A21, A22, A23, A24, B23 and B24 into the 
boundary condition Eq.(6) , it yields: 
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 In Eq. (18), ( )1
1,K x t

t x
=

−
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 To solve the integral equation numerically by using 
a collocation technique, the interval (a, b) in Eq. (18) is 
normalized and expressed as: 
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 Lobatto—Chebyshev integration formula is then 
used to solve the singular integral equations.  The singu-
lar integral equation is converted to a system of linear 
equations by means of this numerical method.  The ex-
pression of Eq. (19) can be written as: 
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 In Eq. (20), there are n-1 equations and the last 
equation comes from the property of dislocation density 

function which is expressed as ( )
1

1
g r dr 0

−
=∫ for the 

embedded crack. It is also written as: 
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where ωj is the weight function 
( )1 , 2, , 1j n j nω π= − = −2 , ( )1 2 1n nω ω π= = − ; 

cos(( 1) ( 1)), 1, ,jr j n j nπ= − − =  ;
cos((2 1) (2 1)), 1, , 1is i n i nπ= − − = −2 . 

 The stress intensity factors are defined and evaluated 
as (Kadioğlu,1998): 

( ) ( )2 2lim 2( ) ,0 ; lim 2( ) ,0Ia yy Ib yyx a x b
K a x x K x b xσ σ

→ →
= − = −  (22) 

Substituting the numerical solution into Eq. (22), one 
can obtain: 

( ) ( )4 ( 1) 2 1 ; 4 ( 1) 2 1Ia IbK k b a F K k b a Fµ µ= − + − − = + −  (23) 

V. SOLUTION OF KII IN SUB-PROBLEM 3  
The same method applied for second sub-problem can 
also be used to solve the model shown in Fig. 4 and the 
stress intensity factors can be express: 

( ) ( )2 2lim 2( ) ,0 ; lim 2( ) ,0IIa xy IIb xyx a x b
K a x x K x b xσ σ

→ →
= − = −  

VI. ANALYSIS OF CALCULATION EXAMPLE  
In order to evaluating the efficacy of overlay for resist-
ing crack propagation, stress intensity factors of crack 
tips in old PCC are calculated with and without overlay. 
To identify the parameters involved in the role of the 
overlay, different thickness and shear modulus of the 
overlay are selected for calculating the stress intensity 
factors of crack tip. The results are shown in Tables 1-2 
and Figure 5-8. 
 The parameters for model 1 are P=700000 N/m, 
L=0.15m, E1=4.32×109 N/m2, G1=1.6×109 N/m2, h1=0.1 
m, v1=0.35, k1=1.6, E2=3.1×1010 N/m2, G2=1.1482×1010 
N/m2, γ=1.3×109 N/m3, h2=0.25 m, v2=0.35, k2=1.6, 
a=h1, d=b-a, β= G2/γ=8.832. 

Table 1 and Table 2 show, no matter I type crack 
or II type crack, the stress intensity factors of the crack 
tips (b) in the pavement with overlay are smaller than 
that in pavement without overlay. Furthermore, the val-
ues of stress intensity factors of I type crack tips (b) in 
the pavement with overlay are reduced to approximate 
50% of without overlay, with the same load position and 
identical crack length. It indicates that using the overlay 
is an effective way for lowering the crack extension. 

Table 1:  Comparison of stress intensity factors IbK  with and without overlay units 103N/m(3/2) 

                              l(m) 
d(m) 

0 0.1 0.2 0.3 0.4 0.5 

0.01 With overlay -0.045 0.076 0.202 0.306 0.376 0.407 
Without overlay -0.529 0.076 0.488 0.730 0.983 1.233 

0.02 With overlay -0.108 0.19489 0.5228 0.800 0.983 1.059 
Without overlay -1.334 0.153 1.212 1.868 2.512 3.109 

0.03 With overlay -0.166 0.323 0.875 1.350 1.659 1.777 
Without overlay -2.248 0.199 2.017 3.193 4.288 5.244 
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Table 2:  Comparison of stress intensity factors IIbK  with and without overlay units 103N/m(3/2) 

                          l(m) 
d(m) 

0 0.1 0.2 0.3 0.4 0.5 

0.01 With overlay -0.080 -0.064 -0.028 -0.018 -0.028 -0.018 
Without overlay -0.041 -0.035 -0.019 -0.014 -0.018 -0.012 

0.02 With overlay -0.246 -0.206 -0.103 -0.069 -0.090 -0.053 
Without overlay -0.216 -0.187 -0.105 -0.080 -0.097 -0.063 

0.03 With overlay -0.485 -0.421 -0.230 -0.158 -0.1823 -0.101 
Without overlay -0.559 -0.493 -0.286 -0.217 -0.253 -0.159 

 

 
Fig.5. Result of stress intensity factor KIb of the crack tips (b) 
with different thickness.  

 
Fig.6. Result of stress intensity factor KIIb of the crack tips (b) 
with different thickness.  

 
Fig.7. Result of stress intensity factor KIb of the crack tips (b) 
with different shear modulus of overlay.  

 Figure 5 and Fig. 6 show, with the thickness of the 
overlay increasing from 7cm to 15cm, the stress intensi-
ty factors of I type crack decrease slightly, while the 
stress intensity factors of II type crack do not presence 
obvious change. Therefore, it is not wise choice to in-
crease the thickness of overly directly. Grid or other 
Geosynthetic could be considered as a Interlayer to rein-
force on mitigating reflection cracking in asphalt over 
 

 
Fig.8. Result of stress intensity factor KIIb of the crack tips (b) 
with different shear modulus of overlay.  

lays and theoretical analysis of these structure will be 
conducted in the later research.  
 From the 4 overlapping curves almost in Fig. 8, with 
the increasing of shear modulus of overlay from 1.0GPa 
to 1.6GPa, the stress intensity factors of II type crack 
have not change. In Fig. 7, stress intensity factors of I 
type crack are decreased slightly as the shear modulus 
of overlay increase, while the horizontal distance be-
tween the edge of load and crack exceed 0.25m.  It de-
notes that the shear modulus of overlay is not a signifi-
cant factor that influences the crack propagation in old 
cement concrete pavement and it is not appropriate 
method to improve the effect of overlaying by changing 
the overly modulus. 

VII. CONCLUSIONS 
Based on the theory of fracture mechanics, the model of 
concrete pavement with an overlay is built as it is re-
duced to an elastic plate on Winkler foundation. Method 
of Fourier transform and dislocation density function in 
association with solving the singular integral equations 
are introduced to calculate the stress and stress intensity 
factors in PCC pavement which contains a crack per-
pendicular to the interface and with asphalt overlay on 
it. This method can be used to analyze effect of asphalt 
overlay for resisting crack propagation. Current numeri-
cal simulation indicates that the asphalt overlay on top 
of the old concrete pavement plays an important role for 
protecting the structure from the crack damage. The 
thickness and the shear modulus of the overlay are not 
the two significant factors that affect the overlay. 
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