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Abstract−−Piezoelectric MCs (MCs) are a spec-
ial type of MCs. Having self-actuating and self-
sensing abilities, they can be used as micro-robots 
in AFM, sensors and actuators.  This paper ana-
lyzes sensitivity of vibrating motion of a piezoelec-
tric MC with the presence of geometrical disconti-
nuities. As resonance amplitude and natural fre-
quency are of paramount importance in vibrating 
motions and they are considered in most engineer-
ing applications such as AFM and MEMS, sensitiv-
ity analysis of these two parameters is conducted. 
Vibrating analysis is performed based on the non-
uniform beam model and the Euler-Bernoulli the-
ory. The Sobol method is used to conduct sensitivi-
ty analysis of MC’s vibrating motion into the geo-
metrical dimensions of layers and tip in order to 
specify the sensitive and insensitive parameters 
and their effects on vibrating motion of piezoelec-
tric cantilever. The simulation results show that to 
achieve actuation ability, it is better to select a pie-
zoelectric layer, which is thin, wide and long, and a 
tip, which is thin and short. The results also show 
that the piezoelectric layer has a different effect on 
natural frequency, as Lp/L becomes 0.66; natural 
frequency reaches its maximum amount, while the 
effect of other parameters on frequency is either 
absolutely ascending or absolutely descending.  

Keywords−− Sensitivity analysis, AFM, Piezoe-
lectric MC, Resonance Amplitude, Natural Fre-
quency 

I. INTRODUCTION 
Due to high flexibility, sensitivity to atomic and mo-
lecular forces and very high response time, MCs 
(MCs) are extensively used in atomic force micros-
cope (AFM) and MEMS switches (Lee et al., 2007; 
Chu et al., 2007) in different environments (air, liq-
uid).  Among MCs, piezoelectric MCs, with self-
actuating and self-sensing abilities and higher imaging 
speed, can be used as the new generation of MCs in 
imaging AFM (Rogers et al., 2004; Adams et al., 
2005; Bashash et al., 2010) bio mass sensing 
(Mahmoodi et al., 2008)  and MEMS switches (Lee et 
al., 2007; Chu et al., 2007).  As system performance 
depends on the sensitivity of vibrating motion of the 
MC in AFM and MEMS applications, the study of vi-
brating motion and sensitivity analysis of MC is of 
high importance.  

Some studies have already been conducted on sen-
sitivity analysis of AFM and MEMS beams.  
Korayem et al. (2012) did sensitivity analysis of a rec-

tangular MC for manipulating biologic cells. They 
performed the sensitivity analysis using the Sobol 
method and applying different nano-contact models. 
Lee and Chang (2011) studied bending sensitivity of a 
V-shaped MC using the modified couple stress theory 
and compared it with the results of the classical theo-
ry.  Matviykiv and Lobur (2010) studied the principles 
of MEMS piezoelectric sensors design and carried out 
sensitivity analysis on the two parameters of quality 
factor and sensitivity.  Yang et al. (2010) made the 
beam of vibrator piezoelectric sensor for a three-axis 
tactile sensor application and studied its axial sensitiv-
ity at the first three vibrating modes under the influ-
ence of an external force.  Kovacs and Vizvary (2001) 
carried out sensitivity analysis of cantilever-type and 
bridge-type piezoresistive and capacitive accelerators.  
They extracted the relationship between geometrical 
parameters and the lowest eigenfrequency and con-
ducted sensitivity analysis to obtain the optimal geo-
metrical parameters using a closed-form relation.  
Yamashita et al. (2011) made a force sensor using a 
piezoelectric cantilever and used that as a tactile sen-
sor. They used sensitivity analysis to study the axial 
vibrating behavior of this cantilever and concluded 
that frequency of cantilever changes linearly under the 
influence of the three axial forces. 

Piezoelectric MCs, which are used in AFM, are 
usually different geometrically form the rest of piezo-
electric MCs. Due to the presence of piezoelectric 
layer, main bodies of piezoelectric MCs are usually 
made wider and their tips are considered narrower 
(Mahmoodi and Jalili, 2009; Mahmoodi et al.; 2010). 
Piezoelectric layer only covers a part of MC. There-
fore, due to the presence of piezoelectric layer and tip 
in these types of MCs, MC has geometrical disconti-
nuity. To determine how each layer and MC section 
affects vibrating motion, it is necessary to done sensi-
tivity analysis on MC’s geometrical parameters. In 
addition, it is possible to obtain the optimal quantities 
of geometrical parameters to maximize MC’s actua-
tion ability using the results of sensitivity analysis. 
The sensitivity analysis of vibrating motion of piezoe-
lectric MC in the presence of geometrical discontinui-
ties is carried out in the present paper for the first time 
using the Sobol method. As resonance amplitude and 
natural frequency are highly important in vibrating 
motion and engineering applications (AFM & 
MEMS), they were selected as the parameters of sen-
sitivity analysis and the influence of geometrical anal-
ysis of all layers and MC parts on them is studied. 
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II.  DYNAMIC MODELING 
The discrete MC (Fig. 1) is selected for dynamic 
modeling. Piezoelectric layer is a mechanical part that 
bends by applying electric voltage; therefore, impos-
ing stress on MC will make it bend. This layer is 
placed on the MC and encompassed by two elec-
trodes.  

If MC’s deformations are as much as a nanome-
ter, a linear theory provides a favorable accuracy in 
calculating amplitude and natural frequency (Bashash 
et al., 2010). Simulation results show that in case 
MC’s deformation is as much as a micrometer, it is 
better to use a non-linear theory to achieve more accu-
rate results (Mahmoodi et al., 2008). As deformation 
is at nano scales in AFM applications, it is better to 
use linear theory. Using Hamilton’s method and with 
respect to the Euler-Bernoulli theory, the differential 
equation of MC vibrating motion can be defined as 
follows: 
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 In these equations, indices 1 to 4 indicate base 
layer, lower electrode, piezoelectric layer and upper 
electrode, respectively. As layer axial deformation 
was overlooked in the calculations, layers thicknesses 
should be much smaller than their length as far as ge-
ometry is concerned. v is MC deformation. C and P(t) 
respectively indicate damping coefficient and input 
voltage. Viscous damping coefficient (C), which was 
considered in the calculations, is due to the damping 
of air environment and MC structure. The coefficient 
can be calculated based on environmental conditions 
and using an experiment. This article selected the co-
efficient value as per the experiments carried out by 
Mahmoodi et al. (2010). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Schematic of the piezoelectric MC and its coordinate 
system 

Yn specifies the position of neutral axis, which 
can be obtained as follows: 
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The electric voltage applied to a piezoelectric lay-
er, which vibrates the MC, enters the equation of mo-
tion through electromechanical coupling coefficient 
Ce that is as follows: 
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In this equation, h1, h2 and h3 are the thicknesses 
of MC, electrode, and piezoelectric, respectively. W3 
is the width of piezoelectric layer, E3 is Yang’s modu-
lus of piezoelectric layer, d31 is piezoelectric constant 
and Hi

 specifies Heaviside function. The equation of 
motion can be solved using the separation of variables 
method: 

,)()(),(
1
∑
∞

=

=
n

nn tqxtxv ϕ                    (5) 

where qn is the generalized time-dependent coordi-
nates and φn is the nth form of the mode. With respect 
to the geometrical discontinuities to improve accuracy 
of the calculations (Salehi-Khojin et al., 2010) it is 
necessary to divide MC into three homogeneous 
beams. Part one of MC with piezo-electric layer and 
electrodes, part two of MC without piezoelectric lay-
er, and part three is the tip. Therefore, φn can be stated 
as below: 
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where mmnmn EIm )/(24 ωβ = . Arn, Brn, Crn, Drn, βrn are un-
known values which can be calculated through 
boundary conditions, continuity at each step point, 
and normalization condition. Boundary condition and 
beam continuity at each stepped point are: 
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of motion using Eq. 5, we can write: 
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µn is modal damping coefficient. 

III. SENSITIVITY ANALYSIS RESULTS 
Sensitivity of tip deformation, the first natural fre-
quency, and actuation ability into 9 main parameters, 
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including thickness, width and length of MC, piezoe-
lectric layers and electrode and tip are studied using 
Sobol method. The Sobol method is efficient for anal-
ysis of complex models and can conduct absolute sen-
sitivity analysis of the inputs. Additionally, this meth-
od can determine the sensitivity of the MC defor-
mation and natural frequency to input variables. Sim-
lab software was employed to use the Sobol’s method. 
Here, all the geometrical parameters and their ranges 
are specified on the software. Then inputs of the main 
programming code, which are used for calculating 
amplitude and frequency, are determined. 

 Since electrodes are used to cover the piezoelec-
tric layer, their width and length are equal to the width 
and length of the piezoelectric layer. Thicknesses of 
the two electrodes are also considered equal 
(Mahmoodi and Jalili, 2009). As the thicknesses of tip 
and MC are considered equal while making MC 
(Mahmoodi et al., 2010; Bashash et al., 2010), here, 
the thicknesses of tip and MC are considered equal. 
Table 1 shows the properties of piezoelectric MC. 

A. Sensitivity Analysis of Amplitude 
In self-actuator piezoelectric MCs, in spite of the 

normal beams, the geometrical dimension of each lay-
er not only affects stiffness, mass of unit length of 
MC, but also affects ability of MC actuation, with re-
spect to Eq. 4. Therefore, the sensitivity of parameters 
of vibrating motion (amplitude, natural frequency) in 
this MC is different from the rest of beams.  

Figure 2 shows how tip’s vibrating motion ampli-
tude changes in proportion to MC geometrical dimen-
sions. Sobol is a statistical method, which calculates 
values of amplitude motion and natural frequency for 
any statistical sets. The statistical sets include MC’s 
geometrical dimensions. It is possible to specify how 
variables are changed after calculating variables for 
different statistical sets using trend line. Therefore, the 
blue points in this figure show the amplitude values, 
which were calculated by selecting each statistical set 
using Sobol method. According to the results (Fig. 2-
a), with the increase of MC thickness, amplitude of 
vibrating motion decreases. Therefore, it can be con-
cluded that in piezoelectric MCs, the effect of MC 
thickness on stiffness is greater than the ability of ac-
tuation. Vibrating motion in piezoelectric MCs is per-
formed by applying electric voltage to a piezoelectric 
layer. Undoubtedly, the more the amplitude of vibrat-
ing motion is for applying a certain voltage to piezoe-
lectric, the more is the actuation ability for that certain 
voltage. Therefore ability of actuation can be deter-
mined based on size of amplitude motion in a certain 
actuation voltage.  

Low gradient of the amplitude in terms of width 
(Fig. 2-b) and high gradient of the amplitude in terms 
of length (Fig. 2-c) indicate low effect of MC thick- 
 

Table 1. Material properties of simulated MC 
 E (Gpa) ρ (Kg/m3) 

MC and Tip 170 2330 
Electrode Layers 78 19300 

Piezoelectric Layer (ZnO) 130 6390 

 

 

 
Fig. 2 Effect of geometrical dimensions of MC’s base layer 
on amplitude of vibrating motion of tip 
ness and high effect of MC length on vibrating mo-
tions. 

In self-actuator piezoelectric MCs, piezoelectric 
layer causes MC to vibrate by AC input voltage. Ac-
tuation ability not only depends on the input voltage 
but also, according to Eq. 4, the geometrical dimen-
sions of the piezoelectric layer. With respect to Eq. 4, 
there is a direct relationship between actuation ability 
and width of this layer. That is, width increase, on the 
one hand, leads to the increase of MC stiffness and on 
the other hand increases actuation ability. This is also 
true for the thickness and length of this layer.  

The obtained results of Figs. 3-b and 3-c indicate 
that the effect of width and length of piezoelectric 
layer on the ability of actuation was more as com-
pared with MC stiffness; therefore, with the increase 
of these two quantities, amplitude of vibrating motion 
will increase as well. According to the results of Fig. 
3-a, despite width and length, thickness of piezoelec-
tric layer has more effects on MC stiffness and in-
crease of thickness will lead to the decrease of ampli-
tude of vibrating motion. It can be concluded that to 
improve performance of piezoelectric in MCs, it is 
better to select a long, wide, and thin form of base 
layer. 

(a) 

(b) 

(c) 
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Fig. 3 Effect of geometrical dimensions of piezoelectric lay-
er on the amplitude  

Piezoelectric MCs, due to present of piezoelectric 
layer, are usually made in a wide form (Mahmoodi et 
al., 2010). In case of using these MCs in AFM for sur-
face topography and measuring the interaction force 
acting between probe and sample surface, it is neces-
sary to make tip thinner to increase MC’s sensitivity 
to these forces. The geometrical dimensions of tip af-
fect both sensitivity of force measurement and vibrat-
ing motion of MC. Figure 4 shows the effect of geo-
metrical dimensions of tip (width, length) on ampli-
tude. As thicknesses of MC and tip are considered 
equal in making piezoelectric MCs (Mahmoodi et al., 
2010; Bashash et al., 2010), here, we only study the 
effect of width and length of tip on amplitude. The re-
sults of Figs. 4-a and 4-b show that increase of length 
and width of tip leads to decrease of amplitude of vi-
brating motion. 

In piezoelectric self-actuator MCs, electrodes are 
used to create electric voltage on both sides of piezoe-
lectric layer. To cover the piezoelectric layer com-
pletely, the width and length of these electrodes are 
selected equal to the width and length of a piezoelec-
tric layer. Therefore, it is only the thickness of elec-
trode layer that is selected independently. Figure 5 
 

 

 
Fig. 4. Effect of geometrical dimensions of tip on the ampli-
tude  

 
Fig. 5. Effect of electrode thickness on the amplitude  

shows the effect of the thickness of this layer on am-
plitude. As shown, the thickness of the electrode layer 
has a little effect on amplitude.  

Figure 6 shows the percentage of amplitude sensi-
tivity to changes of parameters in piezoelectric MC. 
As it is shown, the length of MC, the length of piezo-
electric layer and the MC thickness has the maximum 
effects on the amplitude vibrating motion of tip. The 
least effects are related to the width of tip and MC. 

 
Fig. 6. Percentage of amplitude sensitivity to changes of ge-
ometrical parameters 

(a) 

(b) 

(c) 

(a) 

(b) 
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Fig. 7. Effect of thickness of each layer on natural frequency 

B. Sensitivity Analysis of Natural Frequency 
As mentioned earlier, piezoelectric MC has geomet-
rical discontinuities due to the presence of piezoelec-
tric layer and tip and the non-uniform beam method is 
used for its vibrating analysis. Therefore, with respect 
to the discontinuities of this MC, natural frequency 
can be calculated by solving the determinant of coef-
ficients of Eq. 5.  

Figure 7 shows the effect of thickness of each lay-
er on the first natural frequency of piezoelectric MC. 
With the increase of thickness, MC stiffness increas-
es; therefore, the increase of thickness leads to the in-
crease of natural frequency. According to the obtained 
results of Fig. 7-a, thickness of MC layer, due to being 
wider, causes significant change on natural frequency. 
However, piezoelectric layer and electrodes, due to 
having less width and thickness, have less effect on 
MC stiffness. Therefore, the increase of their thick-
ness does not cause many changes in natural frequen-
cy. 

Figure 8 shows the effect of width of each layer on 
the first natural frequency. As shown, the width of 
each layer (MC, piezoelectric) has less effect as com-
pared with the thickness on natural frequency. Con-
trasting the results of Figs. 4-b and 8-c indicates that 

in vibrating motion of MC, tip is more effective in 
natural frequency than in the amplitude.  

Figure 9 shows the effect of MC, piezoelectric 
layer and tip lengths on the first natural frequency of 
MC. As it is shown in this Fig., with the increase of 
lengths of MC and tip, natural frequency decreases. 
As geometrical dimensions of tip are less than MC, it 
has less effect on natural frequency. As Fig. 9-c 
shows, the effect of piezoelectric layer on natural fre-
quency is different from the lengths of MC and tip. 
When the length of piezoelectric layer is smaller than 
0.66 of MC length, with the increase of length of this 
layer, natural frequency increases. When the length of 
this layer exceeds 0.66 of MC length, natural frequen-
cy decreases with the increase of length.  

Figure 10 shows the percentage of natural fre-
quency sensitivity to different parameters of piezoe-
lectric MC. The most and the least effective parame-
ters in natural frequency are MC length and tip width, 
respectively. By comparing the effect of geometrical 
dimensions of MC, piezoelectric, and tip one can con-
clude that the length of each part is the most effective 
parameter while its width has the lowest effect on nat-
ural frequency. 

 

 

 

 
Fig. 8. Effect of width of each layer on natural frequency 

(a) 

(b) 

(c) 

 (a)  

(b) 

(c) 
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Fig. 9.  Effect of length of each layer on natural frequency 

 
Fig. 10. Percentage of natural frequency sensitivity to 
changes of geometrical parameters 

IV. CONCLUSIONS 
The present paper conducts sensitivity analysis of vi-
brating motion of piezoelectric MC with the presence 
of geometrical discontinuities. In addition, it studies 
the effect of geometrical dimensions of each MC layer 
and tip on amplitude, natural frequency and actuation 
ability. As the geometrical dimensions of each layer 
(MC, electrodes, and piezoelectric) in a self-actuator 
piezoelectric MC not only affect stiffness and mass 
per unit length (the effective coefficients in motion 

equation), but also change the ability of actuation of 
piezoelectric layer. Due to the presence of piezoelec-
tric layer and tip, the geometrical discontinuities in 
beam will affect vibrating motion. Geometrical di-
mensions of piezoelectric layer not only affect stiff-
ness and mass per unit length of MC, but also have an 
effect on actuation ability. Simulation results show 
that the major effect of width and length of piezoelec-
tric layer is on actuation ability than stiffness and 
mass per unit length of MC; whereas, the effect of 
thickness of this layer is mainly on stiffness and mass 
per unit length of MC, that is, with the increase of 
width and length of this layer, actuation ability in-
creases and amplitude decreases with the increase of 
thickness. Therefore, to achieve higher amplitude, it is 
necessary to choose a wide, long and thin piezoelec-
tric layer. 

The effect of piezoelectric layer on natural fre-
quency is different as compared with the other parts. 
The simulation results show that when Lp/L is equal to 
0.66, natural frequency reaches its maximum amount. 
Meanwhile, the effect of the other geometrical dimen-
sions on natural frequency is either ascending and/or 
descending.  
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