Latin American Applied Research

50(3):197-201 (2020)

ECCENTRIC INDICES OF CRYSTAL CUBIC CARBON STRUCTURE

M. NAEEM', A.Q. BAIG!, M. A. ZAHID?®, S. QAISAR® and M. BARI"

+ Department of Mathematics, The University of Lahore, 57400 Pakpattan Campus, Pakistan.
1 Department of Mathematics and Statistics, Institute of Southern Punjab, Multan, Pakistan.
8§ Department of Mathematics, COMSATS University Islamabad, 57000 Sahiwal, Pakistan.

* Department of Mathematics, NCBA&E, Bahawalpur Campus.
naeempkn@gmail.com, agbaigl@gmail.com, manzoor_zahid@hotmail.com, shahidgaisar90@gmail.com, mehwishbari@yahoo.com

Abstract— Chemical graph theory helps to under-
stand the structural properties of a molecular graph.
The molecular graphs are the graphs that consists of
atoms called vertices and the covalent bond between
them called edges. The eccentricity €,, of vertex u in a
connected graph G, is the distance between u and a
vertex farthermost from w. In this article, we study
the modified eccentric connectivity index ¢.(G), Ediz
eccentric connectivity index £&¢(G), Augmented Ec-
centric Connectivity index 4&°(G), superaugmented
eccentric connectivity index-1, index-2, index-3 and
modified eccentric connectivity polynomial &.(G, x)
of CCC(n) of crystal structure of cubic carbon for n-
levels.

Keywords— Eccentricity indices, Crystal Cubic
Carbon.

I. INTRODUCTION

There are certain chemical compounds that are useful for
the survival of living things. Carbon, oxygen, hydrogen
and nitrogen are the main elements that helps in the pro-
duction of cells in the living things. Carbon is an essential
element for human life. It is useful in the formation of
proteins, carbohydrates and nucleic acids. It is vital for
the growth of plants in the form of carbon dioxide. The
carbon atoms can bond together in various ways, called
allotropes of carbon. The well known forms are graphite
and diamond. Recently, many new forms have been dis-
covered including nanotubes, buckminsterfullerene and
sheets, crystal cubic structure, etc. The applications of
different allotropes of carbon are discussed in detail in
Pierson (2012), Vajtai (2013). In molecular graph, the
vertices speaks to the carbon molecules and the edges
speaks to the carbon-carbon bonds.

Consider G(V, E) to be a basic simple graph, where V
and E speak to the arrangement of vertices and the ar-
rangement of edges. The quantity of components in V is
known as the order of the graph G and the quantity of
components in E is known as the size of the graph G. The
quantity of vertices neighboring the vertex v € V is
known as the degree of v and is signified as d,. If no
vertices in u — v walk are rehashed then it is called u —
v path in graph G. The length of a path is the quantity of
edges in it. The distance d(u, v) from vertex u to vertex
v is the length of a most limited u — v path in a graph G
where u, v € V. In a connected graph G; the eccentricity
€, of vertex u is the distance amongst u and a vertex most

distant from u in G.

The properties of a graph can be perceived by a nu-
meric number, a polynomial, a grouping of numbers or a
network. A topological index (molecular structure de-
scriptor) is a numerical estimate related with synthetic
constitution for relationship of chemical structure with
different physical properties, compound reactivity or or-
ganic action. There are some significant classes of topo-
logical indices, for example, distance based topological
indices, eccentricity based topological indices, degree
based topological indices and counting related polynomi-
als and indices of graphs.

The first topological index is Wiener index which was
proposed in 1947 when Harold Wiener (1947) was work-
ing on the boiling point of paraffin. It was the first topo-
logical index which depends upon the concept of distance
between two vertices in graph. Wiener called it the path
number. But after that it was renamed as Wiener index
and it is denoted by W. The theory of topological indices
started from Wiener index. Wiener described the path
number as the sum of the number of bonds between all
pair of atoms (Wiener, 1947), and is defined as follows:

W) =T d(w,v),

where (u,v) is any arbitrary pair of vertices in G and
d(u, v) isu — v the length of shortest path between u and
v. A novel highly discriminating topological descriptor,
namely Eccentric-connectivity index, for structure-prop-
erty and structure-activity studies of molecular structures
was proposed by Sharma et al. (1997) defined as.

§(6) = ZueV(G) dy €y (1)

In the study of fullerenes by MEC polynomials, Ash-
rafi and Ghorbani (2010) introduced modified eccentric
connectivity index &.(G) and is defined as

EC(G) = ZveV(G)(Sva)’ (2)
where S, = Yy enw) dy that is where S, is the sum of
degrees of all vertices adjacent to vertex v.

Recently Ediz (2010), defined Ediz eccentric
connectivity index of G which is characterized as

Sp
FE4(6) = Zoeviey (2), ©)
On the other hand, Augmented Eccentric Connectiv-
ity index “4&(G) was introduced by Daslic and Saheli
(2011), and is defined as summation of the quotients of
the product of adjacent vertex degrees and eccentricity of

the concerned vertex and expressed as follows;

“8(6) = Zoevoy (), (@)
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where M, = [[yenw)dy that is denotes the product of
degrees of all neighbors of vertex v of G.

Dureja Anil and Madan (2007) introduced the
superaugmented eccentric connectivity index-1, index-2
and index-3 denoted by S4£¢, S4£$ and S4£5. These are
defined as

SEE(6) = Zvev(c)%, (5)

$E5(6) = Zvev(c)%, (6)
My

SAfsc(G) = Zvev(c)@: (7)

The Eccentric connectivity polynomial is the
polynomial version of the eccentric-connectivity index
which was proposed by Alaeiyan et al. (2011). They
define the Eccentric connectivity polynomial of a graph
G as

ECP(G,X) = ZVEV(G) duxeul (8)
where value of x is greater than 1. The relationship be-
tween eccentric connectivity polynomial and eccentric-
connectivity index is given by

$(6) =§(G, 1),

where &(G,1) is the first derivative of ECP(G,x)
(Bindusree et al., 2015). Similar to other topological
polynomials, the modified eccentric connectivity
polynomial of a graph was introduced in De et al. (2014)
and is defined as:

fc(G’x) = ZUEV(G) Suxeu! (9)
so that the modifed eccentric connectivity index is the
first derivative of this polynomial for x = 1. For more
information and properties of eccentricity based topolo-
gical index, see Asadpour and Safikhani (2013), De et al.
(2012), Gupta et al. (2002) and Huo et al. (2017).

I1. ECCENTRIC INDICES OF CRYSTAL

STRUCTURE OF CUBIC CARBON
The structure of crystal cubic carbon (or crystal structure
of cubic carbon ) consist of cubes and its degree based
topological indices study was discussed in Baig et al.
(2017). The molecular graph of crystal cubic carbon
CCC(n) for first level is depicted in Fig. 1. For second
level, new cubes are attached at every end vertex of
degree 3 of first level. Similarly, this procedure is
repeated to get the next level and so on. The cardinality
of vertices and edges in CCC(n) are given below
respectively.
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Figure 1: Crystal Structure Cubic Carbon (a) CCC(1). (b)
CCcc(2).

V(CCC(n)| = 2{24 3" _5(23 — 1)"3 + 31(2% —
D2 +23082° - D" + 3}
|E(CCC(n)| = 4{24 37 5(23 — 1)"73 + 24(2% —
D2 +23082° -1 + 3%

Let Q, be the set of all cubic free vertices in
CCC(k) at the k-th level with 2 < k < n, where we say
that a vertex is cubic free if its degree is 3 at the k-th
level. Letv € Qy , be an arbitrary element, in (k + 1)-th
level, we partition the new coming vertices in four sets.
The number of new vertices at every (k + 1)-th level is
448(23 — 1)k=3. The partition of these vertices is given
as follows: BF is the set of vertices at distance 1 from any
v € Q) with number of such vertices is 56(2% — 1)¥=3,
BX is the set of vertices at distance 2 from v € Q, with
cardinality |B¥| = 168(2% — 1)*~3, B is the set of ver-
tices at distance 3 from v € Q, with cardinality |B¥| =
168(23 — 1)*~3 and B is the set of vertices at distance
4 from v € Q, with cardinality |Bf| = 56(2% — 1)¥3.
Also we denote by B the set of vertices of CCC(1) that is
the initial vertices in each k-th level, so cardinality |B| =
8. This partition is also described in Table 1.

In Table 2 we gave the partition of all the vertices of
CCC(n), for n = 3, based on degree sum, eccentricity
and the membership to the sets B;, B,, B; and B,.

|

Table 1: Vertex partition of new coming vertices at (k + 1)-
th level, k > 2.
Set  number of vertices

Distance from any v € Qy

Bk 56(2% — 1)k-3 1
BY  168(23 —1)*3 2
B¥  168(23 — 1)k3 3
BF  56(2% —1)k3 4

Table 2: Vertex partition of CCC (n) based on degree sum and eccentricity of each vertex.

Representative d, S, Eccentricity €, frequency Range

vEBRB 4 16 3+4n+k—-2) 8 k=1,foralln > 2
v € BF 4 16 4(n+k—2) 56(23 — 1)k3 2<k<n-1
v € B¥ 4 13 4n+k—-2) 56(2% — 1)*3 k=n

v € B¥ 4 16 dn+k) -7 168(23 — 1)*3 2<k<n-1
v € BE 3 10 8n—7 168(23 — 1)*3 k=n

v € B¥ 4 16 4(n+k)—6 168(23 — 1)*~3 2<k<n-1
v € Bk 3 9 8n—6 168(23% — 1)*3 k=n

v € Bf 4 16 4n+k) -5 56(2% — 1)k3 2<k<n-1
v € B¥ 3 9 8n—5 56(2% — k-3 k=n
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Table 3: Vertex partition of CCC(n) based on degree product and eccentricity of each vertex.

Representative d, M, Eccentricity €, frequency Range

VEB 4 256 3+4n+k-2) 8 k=1,foralln = 2

v € Bk 4 256 4(n+k—2) 56(23 — 1)k=3 2<k<n-1

v € B¥ 4 108 4(n+k—2) 56(23 — 1)*3 k=n

v € BX 4 256 4n+k)—7 168(23 — 1)k~3 2<k<n-1

v € Bk 3 36 8n—7 168(23 — 1)k3 k=n

v € B¥ 4 256 4n+k)—6 168(23 — 1)k3 2<k<n-1

v € Bk 3 27 8n—6 168(23 — 1)k~3 k=n

v € Bf 4 256 4(n+k)—5 56(23 — 1)k=3 2<k<n-1

v € BF 3 27 8n—>5 56(23 — 1)*3 k=n

In the coming Theorems, we have computed modified yna 168(23 —k3 4 168(23 —
. A . . 4(n+k)-7

eccentric connectivity index ¢.(G), Ediz eccentric con- - 5 wez 16
nectivity index £&€(G), Augmented Eccentric Connec- D (8n 7) + 2= 168(2 -1 4(n+k)—6
tivity index “4&(G), superaugmented eccentric connectiv- 168(23 — 1)" 3 et Yo 56(23 -
ity index-1, index-2 and index-3 of CCC(n). K3 56 23 1)n-3
Theorem 1. Consider the graph G = CCC(n) withn > ) 4(n +k) st ( - (8n 5)’

2, then its modified eccentric connectivity index ¢.(G)
is equal to

£.(6) = 3712 _ S12n | 40%n.n 17152 4p
3 147 441
2912(2n — 2)7"'3 + 1680 (8n—7)7"3 +

1512 (8 n —6)7"3 + 504 (8 n — 5)7™ 3.
Proof: Let G = CCC(n) be the crystal structure of cubic
carbon. The vertex partition of CCC(n) based on degrees
sum of vertices and eccentricities with their frequencies
is given in Table 2. Then by using Table 2 the modified
eccentric connectivity index &.(G) can be calculated as
follows:

fc(G) = ZUEV(G)(S‘UEU) =16 X 8(3 + 4’(” - 1)) +
Y316 x 56(2° — DF3(4(n+ k —2)) +13 x
56(2% — 1)"34(2n — 2) + XR22(16 x 168) (23 —

D 3@4Mm+k)—7)+10 x 168(23 1)"3(8n —

7) + TRz3(16 X 168)(2° — D (4(n+ k) — 6) +
9x168(2° —1)"3(8n - 6) =.
TR TR g E2gn g 2912(2n —
3 147 441

2)7" 341680 (8n—7)7""3%+ 1512 (8n —
6)7"73 + 504 (8 n — 5)7"3.
O
Theorem 2. Consider the graph G = CCC(n) withn >
2, then its Ediz eccentric connectivity index &€(G) is
equal to

Erc 728 x773  1680x7M3
§°(6) = +
3+4-(n 1) 4(2n-2) 8n—7
1512x7"73 | 504x7773 yn-1 896 x7k=3
8n— 6 8n—5 k=2 4(n+k-2)
n—12688 x7%~3 n_1 2688 x7k3 n_1 896 x7%3

k=2"4(n+k)=7 +Z’< 2 4(n+k)—6 k=2 4(n+1)-s5"
Proof: Let G = CCC(n) be the crystal structure of cubic
carbon. The vertex partition of CCC(n) based on degrees
sum of vertices and eccentricities with their frequencies
is given in Table 2. Then by using Table 2 the Ediz ec-
centric connectivity index ££¢(G) is calculated as fol-
lows:

Egc _ Sv _ 3 _
£9(6) = Zvevoy (2) = 8530y + Zho3 56(2
k-3 __ 16 3 n-3__13
1) 4(n+k-2) + 56(2 1) 4(2n 2)

After, some easy computations, we get the stated result.
O
In Table 3 we gave the partition of all the vertices of
CCC(n), forn > 3, based on degree product, eccentricity
and the membership to the sets B;, B,, B; and B,
Theorem 3. Consider the graph G = CCC(n) withn >
3, then its Augmented Eccentric Connectivity index
AZ(6) is equal to
A _ 2048
§(6) = 3+4(n-1)
4536x7™""3  1512x7™73
8n—-6 8n-5
n— 143008 x7k n— 143008 x7k n-1 14336 x7k—3
Li= 4(n+k)-7 + 2= 4(n+k)-6 + 2= 4(n+k)-5
Proof: Let G = CCC(n) be the crystal structure of cubic
carbon. The vertex partition of CCC(n) based on degrees
of vertices and eccentricities with their frequencies is
given in Table 3. Then by using Table 3 the Augmented
Eccentric Connectivity index “4£(G) is calculated as fol-
lows:
Agc My
£6) = Soero) (2) = 85
k-3 __256 3 n-3__108
D 4(n+k-2) +56(2° - ) 4-(2n 2) ey T
Yrol168(23 — 1)k3 +168(23 —
n-3 n-1 3 _ 1\k-3__256
1) @) +Yic 168(2 1) prev:
168(23 — 1)” 3 gt yn156(23 —
k-3 3 _1\n-3_27
) 4(n +k) -5 + 56(2 D (8n 5)’
After, some easy computations, we get the stated result.
O
Using Table 3 and Egs. (5-7) the following corollaries

gives superaugmented eccentric connectivity index-1, in-
dex-2 and index-3 denoted by S*4&¢, $4£5 and S4&5.

Corollary 1. Consider the graph G = CCC(n) withn >
3, then its superaugmented eccentric connectivity index-
1 S%4&¢ isequal to

SAgc _ 2048
ST = (3+4(n—1))2

6048 X773 6048x7" 3
4(2n-2) 8n-7
n_1 14336 x7K73
k=2" 4(n+k-2)

ot k- 356(2° —

4(n +k) 7

6048x7M3
(8n-7)2

6048 x7M73
(4(2n-2))2
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4536x7M3
(8n-6)2
n—1 43008 x7k~3
k=2 (4(n+k)-7)2

1512x7173 n—1 14336 x7K—3
(8n-5)2 k=2 (4(n+k-2))2
k-3 k-3
_1 43008 x7 _114336 X7
Z + Zn 1 + Zn 1

k=2 (4(n+Kk)-6)2 k=2 (4(n+k)-5)2
Corollary 2. Consider the graph G = CCC(n) withn >
3, then its superaugmented eccentric connectivity index-
1 S%4&S isequal to
SSASC _ 2048 6048 x7™73  6048x713
27 (3+4(m-1))3 ' (4(2n-2))3 (8n—7)3
4536x7™"3  1512x7773 + 3yl 14336 x7k~3
(8n—-6)3 (8n—5)3 k=2 (4(n+k-2))3
n—1 43008 x7k=3 n—1 43008 x7k—3 n—1 14336 x7K—3
k=2 (4(n+1)-7)3 k=2 (4(n+k)-6)3 k=2 (4(n+1k)-5)3

Corollary 3. Consider the graph G = CCC(n) withn >
3, then its superaugmented eccentric connectivity index-
1 S%4&S isequal to
SSAfc _ 2048 6048 x7™73  6048x713
37 B+an-1))% | (4(2n-2))* (8n-7)*
4536x7""3  1512x7773 n_1 14336 x7k73
(8n—-6)* (8n—5)% +Xk=2 (4(n+k-2))%
n_1 43008 x7k3 n_1 43008 x7k~3 n_1 14336 x7k73
Lic=2 (a(n+k)-7)% + Xk= (4(n+k)-6)* + Xk= (4(n+k)-5)%

111. ECCENTRIC POLYNOMIAL OF CRYSTAL
STRUCTURE OF CUBIC CARBON

In this section we shall compute the modified eccentric
connectivity polynomial Crystal Structure of Cubic Car-
bon.

Theorem 4. Consider the graph graph ¢ = CCC (n) with
n = 3, then its modified eccentric connectivity polyno-
mial £.(G, x) is equal to

— 1 4 _ n,.4(2n-2)
£(6,x) = ——((728x* — 104)7"x +

(43904x* — 6272)x 24" 4 (1680x* —
240)7"x877 4 (1512x* — 216)7"x8"6 + (504x* —
72)7" %85 + 128x47 57 (x*)" +
128x4 871 (x*)™ + 384x* 77 (x*)" +
384x4 67 (x)" — 18816x*" 1 — 18816x*"+2 —
6272x*™3 — 6272x*").

Proof: Let G = CCC(n) be the crystal structure of cubic
carbon. The vertex partition of CCC(n) based on degrees
sum of vertices and eccentricities with their frequencies
is given in Table 2. Then by using Table 2 the modified
eccentric connectivity polynomial ¢é.(G, x) can be calcu-
lated as follows:

£.(G,x) = Tpev(g) Spx = 16 x 8xCG+4-1) 4

Y2116 x 56)(23 — 1)k-3x(#(+k-2)) (13 x

56)(23 — 1)"3x(+@n-2) L yn-1(16 x 168)(23 —
k=37 4 (10 x 168) (2% — " 3xE=7) 4

50(3):197-201 (2020)

Y116 x 168) (2% — 1)k 3x(4(+0-6) 4 (9 x
168)(23 — 1)"3x(Bn=6) 4 yr-1(16 x 56)(2°% —
1)k—3x(4-(n+k)—5) + (9 X 56)(23 _ 1)n—3x(8n—5) —

——((728x* — 104)7"x*C"D) 4 (43904x* —

6272)x~2H 4 (1680x* — 240)7"x5"7 +
(1512x* — 216)7"x876 + (504x* — 72)7"x%"~5 +
128x4"=571 (x )™ + 128x4 87" (x*)™ +
384x* 77 (x*)" + 384x* 07 (x )" —
18816x*"*1 — 18816x*"+2 — 6272x4"+3 —

6272x4").

[m}
IV. COMPARISON
In this section we shall add a Table 4 and a Fig. 2 which
shows the comparison of all the computed eccentric indi-
Ces.
V. CONCLUSION

As an effective modeling, analysis and computational
tool, graph theory is widely used in chemical mathemat-
ics to deal with various chemistry problems. Graph can
express the molecule structure, where atom can be de-
noted as vertex and connect element can be regraded as
edge. In our article, we mainly study the chemistry fea-
tures of chemical structures in term of eccentricity based
indices computations that help to predict many physico-
chemical properties of the chemical compound under
study. In this regard we have computed the eccentric
based topological indices of carbon cubic structure of n-
layers. Namely we have computed and gave a numerical
comparison table of modified eccentric connectivity in-
dex &.(G), Ediz eccentric connectivity index £&¢(G),
Augmented Eccentric Connectivity index 4&€(G), super-
augmented eccentric connectivity index-1, index-2 and
index-3 of CCC(n).

1 2 3 - 5 6 7

Saies2 Series3 Seriesd Series5

Seiesl

Figure 2: Graphical Comparison of computed indices from Ta-
ble 4.

Table 4: Comparison of the £.(G), ££6(G), 4&°(G), SSAEE, 545 and 5485 of G = CCC(n).

n £ 7(0) “(G) s¥gs g e
3 92232 342.65 2470.2 170.69 12.072 0.87
4 960696 1621.6 11489 515.05 23.5 1.1
5 8.93 x 10° 8532.2 59507 1957.5 65.036 2.1855
6 7.79 x 107 47824 330110 8573.8 224.04 59
7 6.5 x 108 279180 19137 x 108 41088 885.67 19.2
8 5.33 x 10° 1.6762 x 106  1.1433 x 107 209300 3841.9 70.7
9 4.26 x 1010 1.0272 x 107 6.9814 x 107  1.1141 x 10° 17814 285.5
10 3.36 x 1011 6.3947 x 107 4.3338 x 10®  6.1304 x 10 86853 1232.5
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