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Abstract— The non-isotropic diffusion and reac-
tion problem in cylindrical particles of different
cross-sections is analyzed in this contribution employ-
ing the one-dimensional Generalized Cylinder Model
(1D-GCI). Such a model presents a single parameter
of straightforward calculation from the geometrical
magnitudes of the catalyst particles. Different but uni-
form values of axial and transversal effective diffusiv-
ities are assumed. The performance of the 1D-GCI'
model for the effectiveness factor estimation is as-
sessed for a variety of particle shapes and a set of ki-
netic expressions. Maximum errors in the predictions,
varying a Thiele modulus and the axial-to-transversal
diffusivities ratio, are below 6% for the first order re-
action and rise up to around of 9% and 11% for a
LHHW  (Langmuir-Hinshelwood-Hougen-Watson)
expression at the verge of the appearance of multiple
steady states, in the case of Raschig rings and solid
circular cylinders, respectively.

Keywords— effective reaction rates, one dimen-
sional model, reaction and anisotropic diffusion

1. INTRODUCTION

Molding is a key step in the manufacturing process of
catalyst and supports (Rosseau et al., 2022). The shape
and the size of the particles should promote catalytic ac-
tivity, facilitate mass transport through the catalyst bed
and minimize pressure drop. Besides, the particle re-
sistance to crushing and abrasion should be strengthened.
The choice of the shape and size is mainly driven by the
type of reactor (e.g. for fixed bed units, relatively large
particles of several millimetres are employed to avoid
high pressure drop). Among the different techniques, ex-
trusion is the most economical and commonly used one.
Special shapes as trilobes, Raschig rings, hollow cylin-
ders, etc. can be obtained using proper dies. On the con-
trary, the pressed pellet catalysts (such as tablets) are pre-
pared by compressing a dry powder (Hagen, 2015).

Diffusion and reaction in porous catalysts has been a
subject of intense investigation from an experimental
point of view (Haynes, 1988). Particularly, anisotropy ef-
fects can be found in pellets and extrudates due to the
manufacturing process (Satterfield, 1970; Rigby and
Gladden, 1998). To reduce this effect, binders and lubri-
cants are frequently added to the pastes (Hagen, 1995).

In general, it is accepted that in extrudates the trans-
versal effective diffusivities are smaller than the axial
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ones, while the opposite holds for pressed pellets. How-
ever, there is not a complete agreement on the magnitude
of such an effect in the literature. According to
Wijngaarden et al. (1998), anisotropy has not been
greatly studied, but it is expected that the ratio between
effective diffusivities (i.e., axial-to-transversal) may be
as high as 10, provided that cracks arise in the longitudi-
nal direction of the particles due to the manufacturing
process. Satterfield (1970) studied the diffusion in the ax-
ial direction of cylindrical particles and came to the con-
clusion that pellets prepared in the laboratory, under one-
sided compression in unlubricated dies, show strong ani-
sotropy effects. Differences in effective diffusivity, by a
factor as high as 3 to 4, appeared depending on the axial
position (Satterfield and Saraf, 1965; Cadle and Satter-
field, 1968a). In contrast, such an effect was absent in
catalysts manufactured by two-sided compression inside
lubricated dies (Cadle and Satterfield. 1968b, Gibilaro
and Waldram, 1981). However, Davidova and Schneider
(1990) found large differences between the mean pore ra-
dius for radial and axial directions (up to 4 times), even
when they employed commercialized Raschig rings man-
ufactured by two-sided compacting process in presence
of lubricants. Rigby et al. (1996) also reported values of
the radial diffusivities that are twofold higher than the ax-
ial ones for tableted pellets.

In spite of the fact that the anisotropic diffusion and
reaction in catalytic particles should be taken into ac-
count in the conservation balances (Wijngaarden et al.,
1998) just a few specific articles on the subject can be
found in the open literature. Asif et al. (2004, 2017) pre-
sented infinite series to approximate the effectiveness
factor for the solid circular cylinders and Raschig rings
undergoing non-isotropic diffusion and a first-order irre-
versible reaction. The authors developed such series from
the particular solutions of one-dimensional problems for
isotropic diffusion (i.e., an infinite cylinder and a disk).
A dimensionless parameter (y) depending on axial-to-ra-
dial effective diffusivity and height-to-diameter ratios is
introduced to account for anisotropic effects. The series
obtained as a correction of the infinite cylinder particular
solution is especially suitable when the radial diffusivity
is greater than the axial one. On the contrary, the series
achieved by a correction of the disk solution presents
higher precision when the radial diffusivity is lower than
the axial one. Maximum errors arise at y = 1 (i.e., radial
and axial diffusivities are of the same order of magnitude
for a cylindrical particle of the same height as diameter)
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for the solid circular cylinder series approximation, while
in the case of the Raschig ring they are reached at y =
0.5.

Considering the most challenging cases as y concerns
(i.e., those values that lead to the maximum errors), at
least 5 terms of any of the two series are required to
achieve an error below of 1% when @ = 5 for the solid
circular cylinder (Asif et al., 2004) and when & =~ 10 for
the Raschig ring (Asif et al., 2017). However, if & is fur-
ther increased from the above indicated values (up to
around 10 for the solid circular cylinder and 15 for the
Raschig ring) at least 10 terms must be used to keep such
a level of precision. It is clear that the higher the Thiele
modulus (®) the greater the number of series terms
needed to keep a given level of precision. In summary,
the series approximations proposed by Asif et al. (2004,
2017) can be considered as appropriate, but they are re-
stricted for just two catalyst geometries (solid circular
cylinders and Raschig rings) undergoing first-order irre-
versible reaction. In addition, a moderate effort for im-
plementation is required.

In this context, the purpose of the present contribution
is to evaluate the performance of the Generalized Cylin-
der Model (1D-GCT") (Mariani et al., 2008) to predict ef-
fectiveness factor for anisotropic diffusion in cylindrical
particles with arbitrary cross-sections. A set of kinetic ex-
pressions, from the classical first order reaction to a more
challenging LHHW case, is considered for the evalua-
tions. The 1D-GCT model has a single parameter of
straightforward calculation from the geometrical magni-
tudes of the particles. It is also stressed that an analytic
expression for 1D-GCT model is available for a first or-
der reaction.

1. PROBLEM STATEMENT AND 1D MODEL
FORMULATION

A. Catalytic behaviour of an actual particle with non-
isotropic diffusion

For the purpose of the present contribution, we will con-
sider a single isothermal reaction within a cylindrical par-
ticle of arbitrary cross-section presenting uniform cata-
Iytic activity. The height, lateral area and volume of the
cylinder are Hgo, Sigrq: Vp,q- The transport of species is
expressed by means of the Fick law with uniform diffu-
sion coefficients, but different in the transversal and axial
directions (D4 and D, ,, respectively for species A). Thus,
the steady state conservation equations for a key-species
A inside the catalytic particle in terms of transversal (x, y)
and axial (z,) coordinates are

0%Cy 02Cy

92¢c
D (Gt +52) + Das g =mar (1)
Cyp=CpsONSygrqandatz, =0,z, =H, (1b)

where 7, is the consumption rate of 4, the suffix “S”
stands for the values at the external surface accessible to
species, the lateral surface Sy, 4 and the bases at z, = 0,
zq = H,. Inageneral case, r, will depend on the concen-
tration of other species, C;, apart from C,. Such depend-
encies can be considered from the stoichiometric rela-
tions between the fluxes: C; = Cis + (D;v;/D4v,4)(C4 —
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C,s), Where v; and v, are stoichiometric coefficients.
Note that (D; /Dy = D; /Dy ;).

Negligible heat and mass external transfer resistances
are assumed. Then, composition, temperature and con-
sumption rate of A can be considered as uniform on the
external surface of the particle.

By defining the dimensionless concentration Y =
C,/C,s, the dimensionless reaction rate r = 1, /145, EQs.

(1) becomes
%y | 3%y %y 1
(ﬁ-l_a_yz) +Ka—Z‘%—/1—2T(Y), (2&)
Y=1onS,,,andatz, =0,z, = H, (2b)
where k = D, ,/D, and 2 is the reaction scale (4% =
DyCps/Tas)-
Introducing a scaled axial coordinate z = z,/x/?,

Egs. (2) can be rewritten as

%y 1

%y 9%
(G +57) T x5z =37, (32)
Y =10nS,5 = Siara/kY? andat z = 0,
2= H,/ic\/? (3b)

Equations (3a, b) are the conservation equations for an
equivalent isotropic cylinder with diffusivity D,, the
same cross-section as the actual anisotropic particle, but
with scaled height, lateral area and volume (H, S, V) =
(Har Statar Vp.q) /x*/%. The solution of Egs. (3a,b) can be
undertaken by any procedure intended for an isotropic
catalytic body. Once Y (x, y, z) is obtained, it follows that
the solution Y, (x, y, z,) for the actual anisotropic cylin-
deris Y, (x,y,2,) = Y(x,y,2,/x"?).

By introducing in Egs. (3a,b) the dimensionless coor-
dinates (x’,y’,z") = (x,y,z)/l, where [ is the character-
istic length of the equivalent isotropic cylinder, [ =
V,/S, (S, is the total access area of the equivalent cylin-

der):
2%y 9%y 2%y
G +5m) +rgm =02, (%)
Y =1o0nS,,/I?andatz’ = H/I (3d)
where the Thiele modulus @ is
® =1/, (4a)

The effectiveness factor for the equivalent isotropic
cylinder is

n= pr rdV,/V,. (4b)
From the equivalence Y, (x, y, z,) = Y(x,y, z,/x"/?) itis
not difficult to conclude that the effectiveness factor of
the actual anisotropic cylinder is the same as that evalu-
ated by Eq.(4b).

B. 1D-GCT model

The one-dimensional Generalized Cylinder Model (1D-
GCTI) has been developed (Mariani et al., 2008) to ap-
proximate the behaviour of a catalytic particle with
transport in the three spatial directions by a solid body
that allows mass and heat transport in a single coordinate
x, 0 < x < L. Such a body presents a variable cross-sec-
tion S(x) = S,(x/L)? = S,(x’)°, where x’ = x/L and
S, is the total external area of the modelled particle. The
1D-GCTI model is applied here to the equivalent isotropic
cylinder described in the previous section.



M.J. TAULAMET, N.J. MARIANI, O.M. MARTINEZ, G.F. BARRETO

The 1D-GCI'model has two free parameters: the dif-
fusion length L and the shape factor o. L is evaluated by
matching the volume V,, of the particle to be modelled.
Hence, L = I(o + 1). Thus, the 1D-GCI" model will pre-
sent the same asymptotes of n as the modelled particle at
very low and very high values of ®.

The mass conservation balance according to the 1D-
GCI model can be written as

@) [5 (@) )] = (1 + 0)20r(Y), (50)
Y=1atx'=0 (5b)

dvy/dx' =0atx' =1 (5¢)

where the Thiele modulus (@) is the same as in the mod-

elled catalyst particle. The effectiveness factor is ob-
tained from

Mp-cer = (1+0) [ r(NE)7dx’. ()
It is worth noting that the 1D-GCI" model exactly en-
compasses the classical 1D problems in a slab (o = 0),
an infinitely long circular cylinder (¢ = 1) and a sphere
(o0 = 2). The term “generalized cylinder” to identify this
model is due to the fact that the effectiveness factor for a
first-order reaction can be expressed in a way extending
the well-known expression for an infinitely long solid cir-
cular cylinder (Mariani et al., 2003):

_ 1l(g+1)/2[(1+0)P]
Mp—ger (P) = ¢71(0_1)/2[(1+U)¢]' (7)

where I;[arg] is the modified Bessel function of real or-
der t.

The remaining parameter o is obtained by matching
the second order term of the expansion series of n in pow-
ers of (1/®) (i.e. applied for high reaction rates). Then,

o=T/(1-T), 8
where T is the parameter for the equivalent isotropic cyl-
inder that can be evaluated by (Mariani et al., 2008):

16
_ Foo+?loo/H
T (142l /H)? (2)
with
— l°°
T 1+42l00/H (90)

where T, ¥ [, are the values of the parameter T and the
effective length [ when the height H of the cylinder tends
to infinite, respectively.

Equation (9a) is strictly valid for a first order reaction.
However, the level precision of the estimations does not
change significantly when other kinetic expressions are
employed. A general expression to obtain T' is given in
Keegan et al. (2006). Values of I, for different cross-
section shapes are displayed in Tables 1 and 2.

C. Kinetic expressions

Three types of irreversible Kinetic expressions were
tested: the usual reference for a first order reaction, a
zero-order reaction and a Langmuir-Hinshelwood-
Hougen-Watson (LHHW) expression showing abnormal
behaviour (i.e., kinetics which go through a maximum as
reaction proceeds):

First-order reaction: r =Y, (10a)
Zero-order reaction: r = 1, (10b)
LHHW: r = 81Y/(1 + 8Y)?, (10c)
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Figure 1: n vs. @ for the actual anisotropic particle and for the
1D-GCI" model (zero-order reaction and Raschig ring with
h=H/b = 0.25).

Expression (10c) is particularly challenging for any ap-
proximation, as it leads close to the onset of the multiple
steady-state behaviour.

I1l. RESULTS
The COMSOL Multiphysics® platform was used to
solved Egs. (2a,b) for the actual anisotropic cylinder or
Egs. (3a,b) for the equivalent isotropic cylinder. As ex-
pected, it was checked that the effectiveness factors
n from both solutions coincide. For a given &, the ap-
proximate values n;p_gcr from the solution of Egs.(5a-
c) of the 1D-GCT model are compared with values of
1 on the basis of the relative error ¢:
€ = 100(M1p-ger —M/n. (11)
As stated in section 11.B, the 1D-GCT" model was de-
veloped in such a way that it matches the asymptotes of
n at very low and very high values of & for the actual
particle. Then, the maximum deviations will appear for
intermediate values of ®. This behaviour can be observed
in Fig. 1 for the zero-order kinetic (Eq. 10b) and a
Raschig ring with h = H/b = 0.25 (see Table 1).
Maximum errors (denoted by ¢,,,,) have been em-
ployed as a criterion to assess the 1D-GCI" model preci-
sion for each Kkinetic expression and catalyst geometry:
Emax = rgaHxlgl (12)

Considering the first order kinetic (Eq.10a), Table 1
shows values of emax for a variety of cross-section shapes
of the cylindrical particles. In this group of particles emax
arise at k # 0, i.e., at a finite value H given in Table 1 in
dimensionless form h = H /b, where b is a characteristic
dimension of the different cross-sections, also displayed
in Table 1. It is remarked that the highest value of &,,,,
in Table 1 is 1.6%.

Table 2 shows ¢,,4, for another group of cylindrical
shapes, also for a first order reaction. Different behaviour
from particles in Table 1 can be appreciated, as values of
Emax arise at k - 0 (i.e., h = oo, dominant transversal
diffusion). Besides, the highest &,,,, in Table 2 rises to
around 6%. It is noted that pellet-strings used for catalyst
testing (Moonen et al., 2017) behave as long cylinders,
h — oo,

A systematic and significant impact of the kinetic ex-
pression on the 1D-GCI" model precision arises. As ex-
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Table 1. Geometric features and emax values from the 1D-GCI” model for different particles. First order reaction and k#0

Particle
Solid cir- Raschig _ _ Quadra- 7-lobes cen- 6-notches
cular cyl- - Parallelepiped Trilobe tral holed central holed
inder rng lobe ring ring
¢ =
- &80 @
Cross-section KL:
T i T — a a c
b b a a
Dimensions b=1 a=0.5b a=b a=b/1.15  a=b/1.41 g;gggg ac—: bk{/26.783
a=1.047
Emax 1.4% 1.3% 1.6% 1.3% 1.4% 1.1% 1.2%
h=H/b 0.35 0.20 0.20 0.43 0.35 0.22 0.07
2 0.5 0.0 0.637 0.866 0.707 -0.375 0.222
Table 2. Geometric features and emax Values from the 1D-GCI" model for different particles. First order reaction and k—0 (h—).
Particle
8-lobes Star 4-Holed ring 10-Holed ring
b
Cross-section
a
b dCt2cC1
C
Dimensions a=b/2.613 a=b/3.425 a=bi2%27 a=b/8; ci=b/5
c=h/3.274 c2=0.3 b; d=b/4
Emax 4.8% 5.3% 4.9% 5.9%
2 0.547 0.306 -0.241 -0.636
solid circular cylinder and the Raschig ring are presented
12% in Figs. 2a and b. For the solid circular cylinder (Fig. 2a),
Em Emax OCCUrS at an intermediate value of h in the range of
% @ _ 0.25-0.35 (i.e., y = 0.2 — 0.26), with the highest value
8% e of £ax=11.2%at y = 0.2 for the LHHW Kinetic expres-
Zoroworder sion (Eg. 10c). Likewise, values of &,,,, for the Raschig
6% (Eq. 10b) rings in Fig. 2b arise for h within the range 0.1425-0.25
" LHHW (i.e., y = 0.125 — 0.2) and the highest &,,,, is around
(Eq. 10c) 8.9% at y = 0.125, also for LHHW kinetics. In addition,
2% the highest values of &,,,, for the zero-order expression
. m are consistently lower: 2.9% for the solid circular cylin-

0.0 0.2 0.4 0.6 08 y 1.0

10%

&% (b) _
~+First-order
(Eq. 10a)
6%
Zero-order

(Eq. 10b)
4% LHHW
(Eq. 10c)

2%

0%

0.0 0.2 0.4 0.6 0.8 y 1.0

Figure 2: &4y VS. ¥ = h/(1 + h) for 1D-GCI" model
(a) solid circular cylinder (b) Raschig ring

pected, the highly non-linear kinetics (Eq. 10c) leads to
the largest errors. Values of €4, VS.y = h/(1 + h) em-
ploying the three kinetic expressions (Egs. 10a-c) for the

der (y = 0.26 in Fig. 2a) and 3.6% for the Raschig ring
(y = 0.2 in Fig. 2b).

It is important to remark that &,,,, = 0 wheny — 1
(i.e., k = 0, h > oo) for the solid circular cylinder, as the
1D-GCI" model becomes exact (irrespective of the ki-
netic expression) while, on the contrary, the model keeps
a residual error for the Raschig ring. However, as it can
be appreciated from Fig. 2b, it is considerably less than
the maximum value of &,,,, for each kinetic expression.

Although &,,,, is a suitable indicator of the predictive
capability of the 1D-GCT" model, from a practical point
of view it is of interest to assess an average error for a
given range of the Thiele modulus. Then, we defined
such an average error as:

£a = f;"f|g|dcp/(q>2 - ). (13)

The range 0.5 < ® < 2.5 was selected to include the
zone of maximum errors at the intermediate values of ®.
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10%
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8% Emax=8.9%0
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Figure 3: || vs. @ for 1D-GCI" model and LHHW Kkinetic ex-
pression (Eq. 10c). (a) solid circular cylinder (y = 0.2) (b)

Raschig ring (y = 0.125)

0%

Figures (3a) and (3b) show the values of || vs. @ for
the solid circular cylinder (y = 0.2) and for the Raschig
ring (y = 0.125), respectively, in both cases for the
LHHW Kinetics (Eq. 10c). Despite the fact that the values
of y are those for which ¢,,,, takes place, values of &,
are around 1.2% and 1.0%, respectively. Therefore, it can
be concluded that 1D-GCT" model allows reaching a no-
ticeably high level of precision on average and tolerable
maximum errors, even when a highly challenging kinetic
expression is employed.

IVV. CONCLUSIONS

The predictive capability of the one-dimensional Gener-
alized Cylinder Model (1D-GCT) to estimate the effec-
tiveness factor in a variety of cylindrical particles with
different cross-sections under anisotropic diffusion and
reaction is analysed in this contribution. The axial and the
transversal effective diffusivities are assumed independ-
ent of the position. Simultaneously, a set of kinetic ex-
pressions are employed that include from the elementary
first order reaction to a challenging LHHW expression
with parameters that lead close to the onset of the multi-
ple steady state behaviour. The 1D-GCI" model has a sin-
gle free parameter of straightforward calculation from the
shape of the catalyst particles. An advantage of the model
stems on the fact that, for any particle geometry undergo-
ing a first order reaction a simple analytical expression to
obtain the effectiveness factor is available.

The performance of the model is evaluated by com-
puting the maximum error (&,,4,) in the effectiveness
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factor estimation varying the Thiele modulus and the ax-
ial-to-transversal diffusivity ratio (x) from 0 to . For a
first order reaction &,,,, was lower than 1.6% and 6%
when considering groups of particles for which such val-
ues arise either at finite x or as k — 0 (i.e., transversal
diffusivity much higher than the axial one), respectively.

Irrespective of the catalyst geometry, the more com-
plex the kinetic expression the higher the values of &,,,.
For the extensively used solid circular cylinders and
Raschig rings with LHHW Kinetics (Eq. 10C), &4 rises
up to around 9% and 11% (for finite values of k), respec-
tively. In addition, if average errors in the practically
common range of Thiele modulus 0.5-2.5 are considered
for such particles, values less than 1.2% arise.

If higher precision is required in the estimation of ef-
fectiveness factor, advanced 1D models (as the 1D-VD
model, Mariani et al., 2013) can be used, although at ex-
pense of more involved parameter evaluations.
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