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Abstract— Analytical investigation is performed
into an unsteady Magnetohrodynamics mixed convec-
tive Casson fluid flow and heat transfer characteris-
tics with thermal radiation, wall slip, heat source and
buoyancy force in a permeable vertical channel. The
fluid is injected into the left wall of the channel and
sucked out at right wall. The governing momentum
and energy balance equations are achieved and tack-
led analytically. The effects of numerous thermophys-
ical parameters on the temperature profiles, velocity,
Nusselt number as well as skin friction are presented
graphically and discussed qualitatively. The results
show that a temporal decline in both the fluid temper-
ature and velocity profiles with thermal buoyancy.
Moreover, the enhancement in heat transfer due to
wall injection/suction also causes the skin friction to
decrease.

Keywords— Unsteady channel flow; MHD Casson
fluid; Velocity slip; Buoyancy force; Radiative heat.

I. INTRODUCTION

Hydromagnetic flows of Non-Newtonian fluids have nu-
merous utilizations in industry as well as engineering.
These include refinement of crude oil, magnetohydrody-
namics generators, plasma studies, nuclear reactors liquid
metal, geothermal energy extraction, etc. (Cramer and
and Pai, 1973; Abel et al., 2005). Due to complexity of
non-Newtonian fluids behavior, no single constitutive
equation can be utilized to describe all the non-Newto-
nian fluid properties. However, numerous models of
Non-Newtonian fluids have been proposed in the litera-
ture base on integral, differential and rate type categories.
One of such non-Newtonian model is the Casson fluid
model (Casson, 1959). A Casson fluid is a plastic fluid
which exhibits yield stress in its constitutive equation.
There are so many illustrations of Casson fluid flow
model like jelly, synovial fluids, tomato sauce, concen-
trated fruit juices, honey, food processing, soup, drilling
operations coal in water, synthetic lubricants, metallurgy,
paints, sewage sludge manufacturing of pharmaceutical
products and various more. Human blood is also assumed
to be Casson fluid due to the existence of various materi-
als like, fibrinogen, globin and protein in aqueous base
plasma in the blood. Hence, the Casson fluid applications
can be found in engineering, industrial processes, phar-
maceutical, food technology, polymer production, aero-
space technology and numerous hospital treatments.

Several researchers have investigated Casson fluid flow
with heat transfer under various physical situations and
configurations. Joye (2003) analyzed cylindrical geome-
tries for viscosity and shear rate corrections for a Casson
fluid. Attia and Sayed-Ahmed (2012) analyzed the be-
havior of MHD Couette flow for a Casson fluid with heat
transfer between parallel plates. Mustafa et al. (2011) an-
alyzed the unsteady flow behavior for Casson fluid past
a moving flat plate in presence of heat transfer. Mukho-
padhyay (2013) analyzed the transient flow of a Casson
fluid with heat transfer over a stretching surface with suc-
tion/blowing and observe that due to an enhancement in
Casson parameter the velocity field is vanquished and
thermal diffusivity and the temperature are increased due
to enhancement in thermal radiation. Pramanik (2014)
proposed a Casson fluid model for boundary layer flow
of a non-Newtonian fluid in presence of heat transfer as
well as suction or blowing at the surface. Rao et al.
(2015) described the nature of Casson non-Newtonian
fluid with of heat transfer and hydrodynamic slip condi-
tions under a semi-infinite vertical plate for laminar
boundary layer flow. Sekhar et al. (2015) considered the
effects of diffusion thermo on transient combined con-
vection magneto hydrodynamics boundary layer flow in
presence of porous medium for Casson fluid. Pushpala-
tha et al. (2016) proposed a Casson fluid model under
convective boundary conditions for transient free con-
vection flow for a channel bounded by a moving vertical
flat plate in a rotating system. The influence of nonlinear
thermal radiation and magnetic field on Casson fluid flow
over a cone under chemical reaction were elaborate by
Raju and Sandeep (2016). Bala and Reddy (2016) dis-
cussed the combined effect of chemical reaction and ther-
mal radiation on a Casson fluid on an exponentially in-
clined permeable stretching surface. Benazir et al. (2016)
presented a model for hydromagnetic Casson fluid flow
with non-uniform heat source/sink on a a vertical cone
and flat plate in presence of porous medium. The effects
of magnetic fields on heat transfer and stagnation point
flow on Casson Nano-fluid over a stretching sheet with
slip and convective boundary condition were discussed
by Ibrahim and Makinde (2016). Surzhikov and Shang
(2004) proposed a two-component plasma model for
two-dimensional glow discharge in presence of magnetic
field. The appropriateness of hydrodynamic characteriza-
tion for plasma flow in the heliospheric interface is dis-
cussed by Baranov and Ruderman (2013). The problem
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of decomposition of methane hydrate coexisting with wa-
ter in a high permeability reservoir is considered by
Tsypkin (2017). Heat and porous medium effects on
MHD flow have been discussed by various authors (Pra-
kash and Makinde, 2015; Ahmed and Batin, 2014;
Makinde, 2011; Das, 2017).

From the literature survey, it implies that the problem
of unsteady flow of a conducting Casson fluid with heat
transfer in a permeable channel under the influence of
wall slip, thermal radiation, heat source, buoyancy force
and magnetic field has not received too much considera-
tion of researchers.

In this paper, we study joint effects of thermal radia-
tion, heat source, buoyancy force, wall slip and magnetic
field on unsteady flow of a conducting Casson fluid
through a permeable channel. In the given sections, the
model problem is designed and solved analytically. Ob-
tained results are discussed quantitatively and repre-
sented graphically.

I1. PROBLEM FORMULATION

We examine the unsteady hydromagnetic mixed convec-
tive flow of an electrically conducting radiating Casson
fluid in a vertical channel with permeable walls placed at
y = 0and y = L as shown in Fig. 1. The flow is consid-
ered with a uniform transverse magnetic field of amount
B, which applied perpendicular to channel, the induced
electric fields are considered to be very small and the
magnetic Reynolds number is negligible. In addition,
fluid injection takes place at the channel left wall, while
suction is taking place at the right wall. The channel left
wall is kept at temperature T, while the right wall is main-
tained at temperature T; such that T, < T;.

Taking into account the hypothesis made above, the
governing equations under the usual Boussinesq approx-
imation are given in the following form

ouy ,ou_ 1o 1) 0% _ asgu
6T+V6y_ pax+v(1+y)ay2 p +
Ba(T = Ty) @
ar ar 2T gy
pCp(;+VE)=km—%+Q(T—TO) (2)

where u, p, T, o, p, v, k, ¢ 0,7, 9, 6,7 and V are
respectively, the fluid velocity in x-direction, pressure,
fluid temperature, fluid electrical conductivity, fluid den-
sity, kinematic viscosity, thermal conductivity coeffi-
cient, specific heat at constant pressure, the heat source
parameter, time, gravitational acceleration, thermal ex-
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Figure 1: Schematic diagram of problem
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pansion coefficient, the Casson parameter and the wall
suction / injection velocity. With the help of Rosseland
approximation for thermal radiation in optically thick
media, theradiative heat flux g, is given by Rosseland
(1936) and Brewster (1992).

40* T 1606*T3 dT
qr = == ¢ — (3)

T3kt oy 3k* dy

where ¢* is the Stefan—Boltzman constant and k™ is the
mean absorption coefficient. The expression in Eq. (3) is
obtained by considering that the temperature differences
between the fluid and the channel walls are enough small
and T* ~ 4TT§ — 3Ts. The appropriate initial and
boundary conditions for the temperature and fluid veloc-
ities are described below:

u(y,0) =F»),T(»,0) = H(y) 4)

u(0,7) =0,T(0,7) =T,

u(L,7) = —b(1+ %) g—;‘ (L,7), T(L,T) = To(1 + e~9%)
where «a is the frequency parameter and b is the slip

length parameter. Dimensionless variables and parame-
ters are given below:
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Putting Eq. (5) into Egs. (1)-(4), we achieve,
W, el = 0 (1 412U _
o TReg = ax+(1+y)a772 MU + Gro, (6)
a0 a0 1+N1 926
§+Rea_(—w )W—se, @)
with
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where Pr is the Prandtl number, § is the velocity-slip pa-
rameter, Re is suction/injection Reynolds number, Gr is
the Grashof number, M is the magnetic field parameter,
S is the heat source parameter, Nr is the thermal radiation
parameter and A is the wall temperature decay parameter.
Other gquantities of concern are Nusselt number (Nu) and
skin friction coefficients (Cr) which are given as

L%t 1\ oU
Cr=—2=(14+=)=— s 9
== ()5l L, ©)
Lqw a0
Nu=—"7=—(1+Nr)— ,
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where the wall shear stress t,, and the wall heat flux g,
are given as
1\ ou
Ty, = U (1 + —) — ,
w Y ay y:O,L
160'*T°3°) ar
3kk*

(10)
= —k (1 + 0

1. METHOD OF SOLUTION
In accordance to solve Egs. (6)-(8) analytically, we em-
ploy separation of variable technique.
Let
—Z—z =Ae M, U(n,t) = F(ne ™,

0(n,0) = Hme™

(1)
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Putting Eq. (11) into Egs. (6)-(8), we get

1\ d?F dF
(1 +;)W—Re£+ (A—M)F = —A—-GrH, (12)
14+N7T\ d?H dH
F(0)=0,H(0) =0, (14)

- _ 1)\ar —
F(1) = -6 (1 + y) T, HD =1,
Equations (12)-(14) are tackles analytically and we ob-

tained the following solutions for the temperature as well
as velocity profiles:

001.0) = (i) e — e (15

Using MAPLE, the non-homogeneous model Eq.
(12) is solved for the velocity profile as shown in the ap-
pendix. The expression for Nusselt number as well as

skin friction at the channel walls are obtained from Eq.
(9) as:

1
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IV. RESULTS AND DISCUSSIONS

In order to investigate the influence of the emerging pa-
rameters on the thermal and flow structure of a conduct-
ing Casson fluid under consideration, the numerical com-
putation of the analytical solutions obtained are per-
formed and presented in Figs. 2-17. In most of our com-
putations, we have taken A = 1, Pr = 7.1 (i.e. water) and
Gr > 0 (i.e. cooling), Re > 0 (i.e. injection at the left sur-
face and suction at the right surface of channel) and S >
0 (i.e. heat source).

A. Velocity Profiles

Figures (2)-(9) depict the velocity profiles in transverse
direction. Generally, the fluid velocity is zero at the left
wall, gaining to its pick value within the channel and re-
duces to a value at the right wall due to slip. It is note-
worthy that the velocity profiles tend to skew against the
right surface due to suction. In Fig. 2, it is found that the
Casson fluid velocity temporally reduces. This can be at-
tributed to the increasing cooling effects at the right wall
with time. In Figs. (3) -(5), an enhancement in Re, M and
Pr, causes a loss in the velocity profiles. As both fluid
injection at the left as well as suction at the right surfaces
increases, the cross flow velocity tends to dominate the
flow regime, leading to a loss in the axial velocity profile.
Moreover, the existence of magnetic field and conse-
quently the Lorentz force in the flow regime inhibits the
axial velocity profile. Increase in Prandtl number corre-
sponds to a gain in the fluid viscosity and a loss in the
thermal diffusivity, consequently, the fluid velocity de-
creases. Figures (6)-(9) reveal a loss in the fluid velocity
as the parameter values of &, S, Gr and y increase. This
can be attributing to the joint consequences of wall slip,
heat source, thermal buoyancy and the Casson fluid yield
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Figure 2: Velocity profiles for increasing time
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Figure 3: Velocity profiles for increasing injection/suction
Reynolds number Re.
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Figure 4: Velocity profiles for increasing magnetic field pa-
rameter M.
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Figure 5: Velocity profiles for increasing Prandtl number Pr.

stress. The presence of slip at the right surface of channel
tends to enhance the axial motion of the fluid. In addition,
the fluid converted to thin and flow speedy with upturn-
ing temperature because to heat source thermal buoyancy
effects. Meanwhile, as the Casson parameter increases,
the plastic fluid behavior changes gradually into that of
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Figure 6: Velocity profiles for increasing slip parameter &.
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Figure 7: Velocity profiles for increasing Grashof number Gr.
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Figure 8: Velocity profiles for increasing heat source parame-
ter S.
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Figure 9: Velocity profiles for increasing Casson parameter y.

Newtonian fluid regime, results to an improvement in the
velocity profile.

B. Temperature Profiles

The influences of parameter variation on temperature
profiles are displayed in Figs. (10)-(13). Normally, the
fluid temperature is minimum at the left surface of chan-
nel, then growing to the prescribed amount at the right
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Figure 10: Temperature profiles for increasing time t.
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Figure 11: Temperature profiles for increasing injection/suc-

tion Reynolds number Re.
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Figure 12: Temperature profiles for increasing Prandtl number
Pr.
wall. In Fig. (10), it is remarkable that the Casson fluid
temperature reduces with time. This can be associated to
the imposed temporal cooling effect at the right surface
of the channel. In Figs. (11)-(12), a hike in Re and Pr,
causes a decrease in temperature profiles. The fluid suc-
tion at the right wall enhances heat loss to the ambient
dominating to a decrease in temperature. Moreover, as
the Prandtl number boosts, the thermal diffusivity de-
creases with high fluid viscosity, therefore, the fluid tem-
perature reduces. It is also significant to mark that the
temperature profiles lead to skew against the right surface
of channel due to suction. Interestingly, the fluid temper-
ature boosts to its pick value within the channel and then
decrease to the prescribed right wall value with a rise in
the heat source as shown in Fig. (13). This is expected,
since the presence of external heat source provides addi-
tion heating of the fluid causing an elevation in the tem-

perature profile.
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Figure 13: Temperature profiles for increasing heat source pa-
rameter S.
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Figure 14: Skin friction for increasing time t.
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Figure 16: Nusselt number for increasing Prandtl number Pr.

C. Skin Friction and Nusselt Number

Figures (14) -(17) describes the consequences of thermo-
physical parameters on the Nusselt number and skin fric-
tion. Normally, the skin friction is greater at the left sur-
face of channel as compare to the one at the right surface.
This may be associated to the presence of slip at the right
surface that tends to diminish the effect of wall shear-
stress. Meanwhile, it is curious to mark that the skin fric-
tion temporally reduces due to a loss in the velocity gra-

5 A=0.1,A=1,y=10,6=0.1,n=1
s t=1,Pr=7.1, M=1, Gr=1

=0.2,03,04,0.5

Nr
Figure 17: Nusselt number for increasing Nr, Re and S.

dient with time as shown in Fig. (14). A boost in the Cas-
son fluid parameter accounts a loss in the left wall skin
friction and a gain in the right wall skin friction. Figure
(15) shows that the skin friction rises with an improve-
ment in Gr and reduces with a boost in M and Re. This
may be associated to a boost in the velocity gradient with
thermal buoyancy and a loss in the fluid velocity and ve-
locity gradient due to magnetic field and fluid injec-
tion/suction. In Fig. (16), we observed that the rate of heat
transfer at the walls reduces with time and Prandtl num-
ber. Moreover, the Nusselt number boosts with an im-
provement in parameter values of Re and Nr but reduces
with a gain in S as shown in Fig. (17). As the thermal
radiation absorption and fluid injection/suction boosts,
the fluid temperature gradient boosts leading to a hike in
Nusselt number. However, a rise in the external heat
source causes a loss in the fluid temperature gradient and
consequently, Nusselt number reduces.

V. CONCLUSION

The unsteady hydromagnetic flow of a radiating Casson
fluid and heat transfer through a porous vertical channel
with slippery and non-uniform walls temperature was an-
alytically examined. The effects of various emerging
thermophysical parameters on the entire flow structure
and the thermal putrefaction were obtained and discussed
graphically and quantitatively. Our results can be sum-
marized as follows:

e The Casson fluid temperature and velocity tempo-
rally reduces due to the time dependent cooling ef-
fects at the right surface of channel.

e  Fluid velocity decreases with Re, M and Pr but in-
creases with Gr, S, § and y.

e  Fluid temperature decrease with Re and Pr but in-
creases with S.

o  Both Nusselt number as well as skin friction de-
creases with time.

e Skin friction decreases with M, Pr and Re but in-
creases with Gr.

o Nusselt number decreases with S and Pr but in-
creases with Re.

APPENDIX
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