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Abstract−− This article presents a numerical 

study for the magnetohydrodynamic flow of Casson 

nanofluid over a stretching sheet through a porous me-

dium under effects each of non-linear thermal radia-

tion, heat generation/absorption, Joule heating and 

slips boundary conditions. A two-phase nanofluid 

model is applied to represent the nanofluid mixture. 

The porous medium is represented via the Darcy 

model. A similar solution is obtained for the governing 

equations and a numerical treatment based on the 

Runge-Kutta method is conducted to the resulting sys-

tem of equations. In this study, the controlling physical 

parameters are the Casson fluid parameter 𝜷, the 

magnetic field 𝑴, the non-linear thermal radiation pa-

rameter 𝑹, the Brownian motion parameter 𝑵𝒃 and 

the thermophoresis parameter 𝑵𝒕. The obtained re-

sults revealed that an increase in the Casson parame-

ter, magnetic field parameter and Darcy number re-

duces the skin friction coefficient while the increase in 

the non-linear thermal radiation and the heat genera-

tion and absorption lead to a decrease in the local 

Nusselt number. 

Keywords−− Casson fluid, Magnetohydrodynam-ic, 

Nanofluid, Stretching sheet, thermal radiation. 

I. INTRODUCTION 

One of the important non-Newtonian fluids is the Casson 

fluid. This type of fluid gains several attentions, since it 

can be transformed into a flexible solid material at small 

values of the shear stress. The Casson fluid follows the 

behavior of the Newtonian fluid when the stress attaching 

to the critical value and it has high viscosity when the 

shear rate is zero. The honey, human blood and tomato 

liquid have similar properties of the Casson fluid. In the 

literature, there are numerous studies on the impacts of the 

physical parameters in Casson fluid (Souayeh et al., 2019; 

Reddy, 2016; Tamoor et al., 2017; Hayat et al., 2011; Ka-

taria and Patel, 2019a; Ullah et al., 2017; Kumaran and 

Sandeep, 2017; Kamran et al., 2017; Nawaz et al., 2018). 

Souayeh et al. (2019) analyzed the Magnetohydrody-

namic (MHD) Casson nanofluid along a thin needle under 

the effects of non-linear radiative heat transfer. Reddy 

(2016) considered the influences of thermal radiation and 

chemical reaction on MHD flow of a Casson fluid over 

exponentially stretching surface. Tamoor et al., (2017) in-

vestigated the MHD flow of a Casson fluid over a stretch-

ing cylinder. The ramped wall temperature and ramped 

surface concentration were considered for Casson fluid 

over an exponentially accelerated plate by Kataria and Pa-

tel (2019a). Nawaz et al., (2018) studied the MHD ax-

isymmetric flow of a Casson fluid by considering variable 

thermal conductivity and free stream. In the recent years, 

MHD flows have been received numerous attentions due 

to their importance in several branches of the modern in-

dustries. Rehman et al. (2018) introduced a numerical 

analysis for the flow of MHD Casson nanofluid over a ro-

tating disk. The Casson fluid with dissipative MHD under 

the variations on the chemical reaction and a heat source 

were considered by Ibrahim et al. (2017). Reddy et al. 

(2018a) adopted FEM method to study MHD natural con-

vection in a Casson fluid. Hayat et al. (2013) introduced a 

series solution for three-dimensional flow of an Oldroyd-

B fluid.  

Adding nanometer-sized particles, (nanoparticles) in 

the base fluid forming a new fluid entitled nanofluid. The 

nanoparticles are made of metals, oxides, carbides, or car-

bon nanotubes. The common base fluids are water, eth-

ylene glycol and oil. The nanofluid has several applica-

tions in heat transfer including engine cooling, micro-

electronics, fuel cells and heat exchanger. Pal et al. (2016) 

used a scaling group transformation to check the influ-

ences of the thermal radiation on MHD Casson nanofluid 

flow. Hayat et al. (2018) considered the Cattaneo-Chris-

tov double-diffusion theory of a three-dimensional flow of 

a viscoelastic nanofluid with impacts of the heat genera-

tion/absorption. Saqib et al. (2018) applied atangana–Ba-

leanu fractional derivative to MHD channel flow of CMC-

based-CNT's nanofluid through a porous medium. Kataria 

and Patel (2019b) studied MHD Casson fluid flow past 

oscillating porous plate with considering the ramped wall 

temperature. Also, Kataria and Mittal (2017) checked the 

influences of the magnetic field on the gravity-driven con-

vection nanofluid flow past an oscillating plate. Chamkha 

and Aly (2010-2011) studied MHD free/mixed convection 

flow of a nanofluid past plate under different conditions.  

In addition, there are many problems related to the im-

pacts of the magnetic field on a nanofluid over different 

plates (Ramzan et al., 2016; Kataria and Patel, 2018; Shit 

et al., 2017; Sulochana et al., 2018; Prasad et al., 2018; 

Gaffar et al., 2015; Seth et al., 2018; Kumar et al., 2020; 

Palaniammal and Saritha, 2018; Mehryan et al., 2019; 

Mehryan et al., 2018; Pop and Sheremet, 2016; Reddy et 

al., 2018b). 
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Fig. 1. A schematic diagram of the considered model. 

For our knowledge, the authors ignored the case of 

MHD mixed convection flow of a non-Newtonian Casson 

nanofluid in the presence of non-linear thermal radiation, 

Joule heating and heat generation/absorption flow in a slip 

flow regime. Then, these works focus on the impacts of 

non-linear thermal radiation, Joule heating and heat gen-

eration/absorption for MHD mixed convection flow of a 

non-Newtonian Casson nanofluid. The presenting of the 

mathematical formulation and examination effects of the 

key parameters on the nanofluid flow and heat transfer 

characteristics were considered. The results revealed that 

the velocity profiles are decrease as magnetic field param-

eter, Darcy number; Casson fluid parameter 𝛽 and the 𝛾 

parameter are increase. In addition, the enhancement in 

nanoparticles volume fraction happens at higher values of 

several parameters such as magnetic field parameter, 

Darcy number, Casson fluid parameter 𝛽, 𝛾 parameter, 

thermo-phoresis parameter, Eckert number, Biot number 

and the heat source/sink parameter. 

II. METHODS 

A. Problem description 

In Fig. 1, sketch of the current physical mode is presented. 

It consists of a stretching surface with velocity 𝑈𝑤(𝑥) =
𝑎𝑥. Constant temperature and concentration 𝑇𝑤 and 𝐶𝑤 are 

transmitted to the surface of the wall while the free stream 

temperature and the concentration are 𝑇∞, 𝐶∞. Uniform 

magnetic field is considered in the vertical direction and 

both of effects of a heat generation/absorption and thermal 

radiation are taken into account. Additionally, at the sur-

face of the wall, slip condition and convective boundary 

conditions are assumed while the Joule heating term is in-

cluding in the energy equation. 

B. Mathematical formulation 

The stress tensor in case of the Casson fluid is given by: 

 𝜏𝑖𝑗 = {
2 (𝜇𝑝 +

𝑝𝑦

√2𝜋
) 𝑒𝑖𝑗 ,     𝜋 > 𝜋𝑐

2 (𝜇𝑝 +
𝑝𝑦

√2𝜋
) 𝑒𝑖𝑗 ,     𝜋 < 𝜋𝑐

 (1) 

The (𝑖, 𝑗) component of the deformation rate is 𝑒𝑖𝑗, the 

product of 𝑒𝑖𝑗  with itself is 𝜋𝑐 = 𝑒𝑖𝑗𝑒𝑗𝑖  and the critical 

value of this product based on the non-Newtonian model 

is 𝜋𝑐. The basic equations governing for MHD flow of 

Casson nanofluid are given by; 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (2) 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= 𝑣 (1 +

1

𝛽
)
𝜕2𝑢

𝜕𝑦2
−

𝜇

𝜌𝐾
𝑢 −

𝜎𝐵0
2

𝜌
𝑢, (3) 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼 (

𝜕2𝑇

𝜕𝑦2
) +

𝑄

(𝜌𝑐𝑝)𝑓

(𝑇 − 𝑇∞) −
1

(𝜌𝑐𝑝)𝑓

𝜕𝑞𝑟

𝜕𝑦
  

 +𝜏 {𝐷𝐵 (
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
) + (

𝐷𝑇

𝑇∞
) [(

𝜕𝑇

𝜕𝑦
)
2

]} +
𝜎𝐵0

2𝑢2

𝜌𝑐𝑝
 (4) 

 𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶

𝜕𝑦2
+ (

𝐷𝑇

𝑇∞
) (

𝜕2𝑇

𝜕𝑦2
) (5) 

In the previous equations, 𝑢 and 𝑣 are the velocity com-

ponents along the 𝑥 and 𝑦 axes, respectively. 𝛼 is the dif-

fusivity, 𝜌 is density of the fluid, 𝜌𝑝 is density of the na-

noparticles, 𝜈 is the kinematic viscosity of the fluid, 𝑇 is 

the fluid temperature, 𝑇∞ is ambient fluid temperature, 𝑄 

is the dimensional heat generation/absorption, 𝐷𝐵 is the 

Brownian diffusion coefficient, 𝐷𝑇  is the thermophoresis 

diffusion, 𝑐𝑝 is the specific heat at constant pressure, 

(𝜌𝑐𝑝)𝑓 is the heat capacity of fluid, 𝑞𝑟 = −
4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦
 is the 

nonlinear radiative heat flux where 𝜎∗ and 𝑘∗ are the 

Stefan-Boltzmann constant and the mean absorption coef-

ficient respectively, 𝑘 is the thermal conductivity, 𝐶 is the 

nanoparticles volume fraction and 𝜏 = (𝜌𝑐𝑝)𝑝/(𝜌𝑐𝑝)𝑓  is 

the ratio of the effective heat capacity of nanoparticle ma-

terial to the effective heat capacity of the base fluid. The 

subjected boundary conditions are assumed as: 

 

𝑢 = 𝑈𝑤(𝑥) + 𝛾0 (1 +
1

𝛽
)
𝜕𝑢

𝜕𝑦
,

𝑣 = 0,−𝑘
𝜕𝑇

𝜕𝑦
= ℎ(𝑇𝑤 − 𝑇),

𝐷𝐵
𝜕𝐶

𝜕𝑦
+

𝐷𝑇

𝑇∞

𝜕𝑇

𝜕𝑦
= 0, at 𝑦 = 0}

 
 

 
 

 (6) 

 𝑢 → 0, 𝑣 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞, as  𝑦 → ∞. (7) 

where 𝛾0, 𝑘 and ℎ represent the proportional constant of 

slip velocity, the thermal conductivity and the coefficient 

of convective heat transfer.  

Now, the following similarity transformations are pro-

posed: 

 

𝑢 = 𝑈𝑤𝑓
′(𝜂), 𝑣 = −√

𝜐𝑈𝑤

𝑥
𝑓(𝜂),

𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
, 𝜙(𝜂) =

𝐶−𝐶∞

𝐶∞
,

𝜂 = √
𝑈𝑤

𝜐𝑥
 𝑦,

}
 
 

 
 

 (8) 

where 𝑓′(𝜂), 𝜃(𝜂) and 𝜙(𝜂) represent the velocity, the 

temperature and the concentration of nanoparticles distri-

butions, respectively. The similarity transformations (8) 

are used to convert the governing partial differential Eqs. 

(3–5) with the boundary conditions (6) and (7) into a sys-

tem of ordinary differential equations as: 

 𝑓′′′(𝜂) +
𝛽

1+𝛽
(𝑓(𝜂)𝑓′′(𝜂) − 𝑓′

2(𝜂) − (𝑀 + 𝐷𝑎)𝑓′(𝜂)) = 0.  

   (9) 

𝜃′′(𝜂) + 𝑃𝑟 (𝑆𝜃(𝜂) + 𝑁𝑏𝜃´(𝜂)𝜙´(𝜂) + 𝑁𝑡𝜃´2(𝜂) +

𝑅 ((𝐶𝑡 + 𝜃(𝜂))
3
𝜙´(𝜂))

′

+ 𝐸𝑐𝑀𝑓′
2(𝜂) + 𝑓(𝜂)𝜃´(𝜂)) = 0(10) 

 𝜙′′(𝜂) + 𝐿𝑒𝑓𝜙′(𝜂) +
𝑁𝑡

𝑁𝑏
𝜃′′(𝜂) = 0, (11) 

with the boundary conditions: 
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𝑓(0) = 0, 𝑓′(0) = 1 + 𝛾 (1 +
1

𝛽
) 𝑓′′(0),

𝜃′(0) = −𝐵𝑖(1 − 𝜃(0)),

𝑁𝑏𝜙′(0) + 𝑁𝑡 𝜃′(0) = 0

} (12) 

 𝑓′(∞) → 0, 𝜃(∞) → 0, 𝜙(∞) → 0, (13) 

where 𝛽 is the Casson fluid parameter and the following 

parameters are defined: 

𝐵𝑖 = √𝑣/𝑎 ℎ𝑓/𝑘:  the Biot number. 

𝑆 = 𝑄/𝑎(𝜌𝑐𝑝)𝑓:  the heat source/sink parameter. 

𝑁𝑏 = 𝜏𝐷𝐵𝐶∞/𝑣:  the Brownian motion parameter. 

𝑁𝑡 = 𝜏𝐷𝑇(𝑇𝑤 − 𝑇∞)/(𝑣𝑇∞): the thermophoresis parame-

ter. 

𝐿𝑒 = 𝑣/𝐷𝐵: the Lewis number. 

𝐷𝑎 = 𝜇/𝑎𝜌𝐾: the Darcy number. 

𝑅 = 16𝜎∗(𝑇𝑤 − 𝑇∞)
3/(3𝑘𝑘∗): the non-linear thermal ra-

diation parameter. 

𝑃𝑟 = 𝑣/𝛼: the Prandtl number. 

𝑀 = 𝜎𝐵0
2/(𝜌𝑎): the magnetic field parameter. 

𝛾 = 𝛾0√𝑎/𝑣: the nondimensional slip velocity pa-

rameter. 

𝐸𝑐 = 𝑈𝑤
2/(𝑐𝑝(𝑇𝑤 − 𝑇∞)): the Eckert number.  

𝐶𝑡 = 𝑇∞/(𝑇𝑤 − 𝑇∞): the ratio temperature parameter.  

The skin friction coefficient and the local Nusselt 

number in case of the Casson nanofluid flow are expressed 

by: 

 𝐶𝑓 = (1 +
1

𝛽
)
𝜏𝑤

𝜌𝑈𝑤
2 , (14) 

 𝑁𝑢𝑥 =
𝑥𝑞𝑤

𝛼(𝑇𝑤−𝑇∞)
, (15) 

and the reader will note that the dimensionless mass flux 

represented by a Sherwood number 𝑆ℎ𝑥  is now identically 

zero. 𝑞𝑤  and 𝜏𝑤  is the heat flux and the shear stress along 

the stretching sheet respectively on the following mathe-

matical formula: 

 𝑞𝑤 = −𝛼 (
𝜕𝑇

𝜕𝑦
)
𝑦=0

+ (𝑞𝑟)𝑦=0, (16) 

 𝜏𝑤 = 𝜇 (
𝜕𝑢

𝜕𝑦
)
𝑦=0

, (17) 

the dimensionless form of Eqs. (14) and (15) can be writ-

ten as: 

 𝑅𝑒𝑥
1/2
𝐶𝑓 = (1 +

1

𝛽
) 𝑓′′(0), (18) 

 𝑅𝑒𝑥
1/2
𝑁𝑢𝑥 = −(1 + 𝑅(𝐶𝑡 + 𝜃(0))

3
) 𝜃′(0), (19) 

here, 𝑅𝑒𝑥 =
𝑥

𝑣
𝑈𝑤(𝑥) is the local Reynolds number based 

on the stretching velocity 𝑈𝑥(𝑥). 

C. Results and discussion  

This part presents thorough discussions for all the ob-

tained results. Influences of the controlling parameters, 

namely, the Casson fluid parameter 𝛽, the Biot number 

parameter 𝐵𝑖, the heat source/sink parameter 𝑆, the 

Brownian motion parameter 𝑁𝑏, the thermophoresis pa-

rameter 𝑁𝑡, the Lewis number 𝐿𝑒, the Darcy number 𝐷𝑎, 

the non-linear thermal radiation parameter 𝑅, the Prandtl 

number 𝑃𝑟, the magnetic field parameter 𝑀, the propor-

tional constant of slip velocity 𝛾, the Eckert number 𝐸𝑐, 

and the ratio temperature parameter 𝐶𝑡 are examined us-

ing a set of the graphical results. Wide ranges of the gov 

erning parameters are taken into account to cover the  
 

  
Fig. 2. Velocity and temperature profiles for variations of the 

magnetic field 𝑀. 

 
Fig. 3. Concentration of nanoparticles profile for variations of 

the magnetic field 𝑀. 

physical insight, see results reported by Kamran et al. 

(2017), Kataria and Patel (2019b) and Kataria and Mittal 

(2017).  

Figures 2 and 3 show effects of the magnetic field pa-

rameter 0 ≤ 𝑀 ≤ 1.3 on the distributions of the velocity, 

the temperature and the concentration of nanoparticles. It 

is noted that an increase in the magnetic force enhances 

both of the temperature and nanoparticles volume fraction 

while the Casson nanofluid velocity is reduced. Physi-

cally, presence of the magnetic force in the flow domain 

causes a generation of the Lorentz force; that works to re-

sist the movement of the fluid. 

To explain effects of values of the Casson fluid param-

eter 0 ≤ 𝛽 ≤ 1.3 on velocity and distributions of the na-

noparticles, it should be mentioned that the Casson fluid 

parameter 𝛽 refers to the inverse relation between the 

yield stress and the rate of the fluid viscosity. So, an in-

crease in the Casson fluid parameter 𝛽 leads a shortage of 

decrease in the yield stress and increases the viscosity, 
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Fig. 4. temperature profile for variations of Casson nanofluid 𝛽. 

 
Fig. 5. Concentration of nanoparticles profile for variations of 

Casson fluid 𝛽. 

 
Fig. 6. Effect of the non-linear thermal radiation parameter 𝑅 

on the temperature profile. 

leading to a decrease in the velocity of the fluid and in-

crease in the rate of concentration of nanoparticles, as it 

can be seen in Figs. 4 and 5. 

Figures 6, 7, 8 and 9 elucidate impacts of the non-lin-

ear thermal radiation parameter 0 ≤ 𝑅 ≤ 0.8 and ratio of  
 
 

 
Fig. 7. Effect of the non-linear thermal radiation parameter 𝑅 on 

the concentration of nanoparticles profile. 

 
Fig. 8. Effect of the ratio temperature parameter 𝐶𝑡 on the tem-

perature profile. 

the temperature parameter 0 ≤ 𝐶𝑡 ≤ 0.8 on profiles of the 

Casson nanofluid temperature 𝜃(𝜂) and the concentration 

of nanoparticles 𝜙(𝜂). It is clear that both of the tempera-

ture and the concentration of nanoparticles are supported 

by alteration of 𝑅 and 𝐶𝑡. This behavior can be clarified 

by the fact that the increase in the non-linear thermal radi-

ation parameter and ratio temperature parameter leads to 

generate an extra heat in the flow domain which in turn 

enhances both of the temperature and the concentration of 

nanoparticles. 

Figures 10 and 11 explain influence of the Prandtl 

number 1 ≤ 𝑃𝑟 ≤ 20 on the distributions of the tempera-

ture and the concentration of nanoparticles. The results re-

vealed that an increase in 𝑃𝑟 reduces profiles of the tem-

perature and concentration of the nanoparticles. The phys-

ical interpretation of this behavior is due to the weakness 

in the thermal conductivity of the Casson nanofluid result-

ing from the increase in 𝑃𝑟 which reduces the tempera-

ture. On the other hand, an increase in the Prandtl number 

results in a decrease in the concentration of the nanoparti-

cles within the fluid because of the strong inertia that leads 
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Fig. 9. Effect of the ratio temperature parameter 𝐶𝑡 on the 

concentration of nanoparticles profile. 

 
Fig. 10. Effect of the Prandtl number 𝑃𝑟 on the temperature 

profile. 

 
Fig. 11. Effect of the Prandtl number 𝑃𝑟 on the concentration 

of nanoparticles profile. 

to the removal of these particles from the surface of the 

fluid. 

Figure 12 depicts the negative effectiveness of the 

Lewis number 1 ≤ 𝐿𝑒 ≤ 5 on the concentration of nano-

particles distribution. In fact, strengthening the values of 

Lewis number 𝐿𝑒 means an enhancement of the thermal  
 

 
Fig. 12. Effect of the Lewis number 𝐿𝑒 on the concentration of 

nanoparticles profile. 

 
Fig. 13. Effect of the Brownian motion parameter 𝑁𝑏 on the con-

centration of nanoparticles profile. 

transfer compared to the total transition and consequently 

the concentration profiles are diminished. In addition, the 

Brownian random motion 0.1 ≤ 𝑁𝑏 ≤ 1.7 means move-

ment of the nanoparticles in the fluid in all directions and 

this directly gives decrease to concentration of these par-

ticles. Therefore, as it can be seen from Fig.13, the growth 

in the Brownian motion parameter 𝑁𝑏 causes a reduction 

in the concentration of nanoparticles profile.  

Moreover, in Figs.14 and 15, effects of the thermo-

phoresis parameter 0.1 ≤ 𝑁𝑡 ≤ 1.7 on profiles of temper-

ature and concentration of nanoparticles are displayed. 

Positive effects of 𝑁𝑡 are noted and these are due to ac-

quisition of the liquid particles on a temperature which in-

creases the thermal energy and consequently increases the 

thickness of the boundary layer and increases the concen-

tration of nanoparticles in the fluid as well. 

Figures 16 and 17 explain effects of the heat source/ 

sink parameter −0.3 ≤ 𝑆 ≤ 0.01 on the profiles of tem-

perature and the concentration of nanoparticles. It is clear 

that a growth in the distributions of both temperature and 

concentration of nanoparticles is markedly significant 

when the convective mode is changed from a heat sink 

−0.3 ≤ 𝑆 ≤ 0 to a heat source 0 ≤ 𝑆 ≤ 0.01. Physically, 
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Fig. 14. Effect of the thermophoresis parameter 𝑁𝑡 on the tem-

perature profile. 

 
Fig. 15. Effect of the thermophoresis parameter 𝑁𝑡 on the con-

centration of nanoparticles profile. 

 

Fig. 16. Effect of the heat source/sink parameter 𝑆 on the tem-

perature profile. 

for heat source it can be seen that the boundary layer gen-

erates an additional energy which causes an enhancement 

in the temperature. However, in the case of heat sink, the 

convective mode absorbs the heat which decreases pro 
 

 
Fig. 17. Effect of the heat source/sink parameter 𝑆 on the 

concentration of nanoparticles profile. 

 
Fig. 18. Temperature profile for variations of the Eckert num-

ber 𝐸𝑐. 

files of the temperature. For all cases, the increase in val-

ues of the heat source/sink parameter supports the concen-

tration of nanoparticles. 

Figures 18 and 19 show features of the temperature 

and concentration of nanoparticles for the values of the 

Eckert number 0 ≤ 𝐸𝑐 ≤ 1.6. It is clear that the increase 

in the distributions of both the temperature and the con-

centration follows an increase in the values of 𝐸𝑐. Physi-

cally, the Eckert number controls movement of the ran-

dom nanoparticles within the boundary layer, which acts 

as a marker to increase the fluid temperature due to its 

high viscosity. 

In the same context, Figs. 20 and 21 explain impacts 

of the Darcy number 0 ≤ 𝐷𝑎 ≤ 1.3 on the profiles of the 

velocity and the concentration of nanoparticles. It is found 

that an increment in 𝐷𝑎 leads to a raise in the distribution 

of the concentration of nanoparticles while the velocity is 

reduced. Physically, the increase in 𝐷𝑎 means lower val-

ues of the permeability of the fluid in the porous medium 

which reduces its movement and the collision of nanopar-

ticles in the porous medium gaining high thermal energy 

and increases the concentration of nanoparticles.  
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Fig. 19. Concentration profile for variations of the Eckert num-

ber 𝐸𝑐. 

 
Fig. 20. Velocity profile for variations of the Darcy number 

𝐷𝑎. 

Also, Figs. 22 and 23 present influences of the param-

eter 0.1 ≤ 𝛾 ≤ 1 on the velocity, temperature and con-

centration of nanoparticles profiles. It is clear that effects 

of the parameter 𝛾 on the velocity of Casson nanofluid are 

negative but on the temperature and the concentration of 

nanoparticles distributions are positive. Additionally, Fig. 

24 elucidates effects of the Biot number 0.1 ≤ 𝐵𝑖 ≤ 0.5 
on the temperature and the concentration of nanoparticles 

distributions. It is clear that an increase in values of 𝐵𝑖 
means an enhancement in both of the temperature and the 

concentration of nanoparticles distributions.  

On the other side, Fig. 25 observes the gradually de-

crease in the skin friction profiles when the values of 𝑀 
and 𝐷𝑎 are increasing. Figure 26 shows that the boost in 

the heat source/sink parameter 𝑆, non-linear thermal radi-

ation parameter 𝑅 causes a decreasing in the local Nusselt 

numbers. Finally, Fig. 27 shows effect of the different val-

ues of the Prandtl number 𝑃𝑟 and the non-linear thermal 

radiation parameter 𝑅 on the local Nusselt number. It was 

found that the enhancement in the values of both 𝑃𝑟 and 

𝑅 lead to increase in the local Nusselt number. 

D. Numerical solutions 

The fourth order Runge–Kutta method is applied to solve 

the similar Eqs. (9-11) with the boundary conditions (12)  

 

 
Fig. 21. Concentration of nanoparticles profile for variations of 

the Darcy number 𝐷𝑎. 

 
Fig. 22. Velocity profile for variations of 𝛾 parameter. 

 
Fig. 23. Temperature and concentration of nanoparticles pro-

files for variations of 𝛾 parameter 

and (13). This method starts with reducing order of the 

differential equations by introducing new variables as fol-

lows: 
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Fig. 24. Temperature and concentration of nanoparticles pro-

files for variations of Biot number parameter 𝐵𝑖. 

 
Fig. 25. Effects of magnetic field 𝑀 and Darcy number 𝐷𝑎 on 

the skin friction coefficient. 

𝐹(1) = 𝐹(2), 
𝐹(2) = 𝐹(3), 

𝐹(3) = −(
𝛽

1+𝛽
) (−𝑌(2)2 + 𝑌(1)𝑌(3) − (𝑀 + 𝐷𝑎)𝑌(2)), 

𝐹(4) = 𝐹(5), 

𝐹(5) = −𝑃𝑟 (𝑆𝑌(4) + 𝑁𝑏𝑌(5)𝑌(7) + 𝑁𝑡𝑌(5)2

+ 3𝑅(𝐶𝑡 + 𝑌(4))
2
𝑌(5)2 + 𝐸𝑐𝑀𝑌(2)2

+ 𝑌(1)𝑌(5)) /(1 + 𝑃𝑟𝑅(𝐶𝑡 + 𝑌(4))3) 

𝐹(6) = 𝐹(7), 
𝐹(7) = −𝐿𝑒𝑌(1)𝑌(7) − (𝑁𝑡/𝑁𝑏) 𝐹(5), 

with the knowledge that 

𝑓(𝜂) = 𝑌(1), 

𝑓′(𝜂) = 𝑌(2) =
𝑑𝑓(𝜂)

𝑑𝜂
=

𝑑𝑌(1)

𝑑𝜂
= 𝐹(1), 

𝑓′′(𝜂) = 𝑌(3) =
𝑑2𝑓(𝜂)
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=
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Fig. 26. Effects of heat source/sink parameter 𝑆 and non-linear 

thermal radiation 𝑅 on the local Nusselt number. 

 
Fig. 27. Effects of Prandtl number 𝑃𝑟 and non-linear thermal 

radiation 𝑅 on the local Nusselt number. 
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then the shooting technique is used through the computa-

tions. Number of the grid points are equal 500 and 𝜂𝑚𝑎𝑥  

is equal 10 and hence the step size is 2×10−2. In addition, 

the convergence criteria are chosen to be equal 10−5. Val-

idations tests are conducted and presented in Tables 1 and 

2. It is noted that excellent agreements were found be-

tween the presented results (in special cases) and those ob-

tained by Kamran et al. (2017). 

III. CONCLUSIONS 

Magnetohydrodynamic flow of Casson nanofluid over a 

stretching surface in the presence of heat generation/ab-

sorption, non-linear thermal radiation and slip boundary 

conditions effects has been investigated. Self-similar so-

lutions are obtained for the governing equations and the  
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Table 1. Comparison between the values of local Nusselt number 

−𝜃′(0) for Kamran et al. (2017) and our present study for the 

values of 𝑁𝑏 and 𝑀 when 𝛽 = 𝐿𝑒 = 1, 𝑁𝑡 = 0.1, 𝐵𝑖 = 0.2, 𝛾 =
0.3, 𝐸𝑐 = 0.5, 𝑃𝑟 = 0.71 in absence of 𝐷𝑎, 𝑆, 𝑅 and 𝐶𝑡. 
𝑁𝑏 = 0.1 Kamran 

et al. 

(2017) 

Present 

study 
𝑀 = 0.5 Kamran 

et al. 

(2017) 

Present 

study 

𝑀 −𝜃′(0) −𝜃′(0) 𝑁𝑏 −𝜃′(0) −𝜃′(0) 
0.2 0.1262 0.1262 0.1 0.1142 0.1142 

0.5 0.1141 0.1142 0.3 0.1097 0. 1098 

0.7 0.1071 0.1073 0.5 0.1052 0. 1053 

1 0.0979 0.0982 0.9 0.0956 0. 0957 

Table 2. Comparison between the values of local Nusselt number 

−𝜃′(0) for Kamran et al. (2017) and our present study for the 

values of 𝑁𝑡 and 𝑃𝑟 when 𝛽 = 𝐿𝑒 = 1, 𝑁𝑏 = 0.1, 𝐵𝑖 = 0.2, 

𝛾 = 0.3, 𝐸𝑐 = 0.5, 𝑀 = 0.5 in absence of 𝐷𝑎, 𝑆, 𝑅 and 𝐶𝑡. 
𝑃𝑟
= 0.71 

Kamran 

et al. 

(2017) 

Present 

study 

𝑁𝑡 = 0.1 Kamran 

et al. 

(2017) 

Present 

study 

𝑁𝑡 −𝜃′(0) −𝜃′(0) 𝑃𝑟 −𝜃′(0) −𝜃′(0) 
0.1  0.1141  0.1142  0.71  0.1141  0.1142  

0.3  0.1130  0.1131  2  0.1307  0.1306  

0.5  0.1119  0.1120  5  0.1344  0.1344  

0.9  0.1096  0.1096  8  0.1328  0.1328  

resulting system of equations is solved using the shooting 

technique. Comparisons between the Newtonian nano-

fluid and non-Newtonian Casson nanofluid cases are per-

formed and wide ranges of the governing parameters are 

assumed. The important findings in this study can be sum-

marized as follows:  

• The velocity decreases by the increase in values of the 

magnetic field parameter 𝑀, Darcy number 𝐷𝑎, Cas-

son fluid parameter 𝛽 and the 𝛾 parameter. 

• The temperature in the boundary layer is enhanced by 

an increment in the 𝛾 parameter, Eckert number 𝐸𝑐, 

magnetic field parameter 𝑀, Darcy number 𝐷𝑎, ther-

mophoresis parameter 𝑁𝑡, Biot number 𝐵𝑖, non-linear 

thermal radiation parameter 𝑅 and the 𝐶𝑡 parameter. 

• The concentration of nanoparticles is enhanced as the 

values of the magnetic field parameter 𝑀, Darcy num-

ber 𝐷𝑎, Casson fluid parameter 𝛽, 𝛾 parameter, ther-

mophoresis parameter 𝑁𝑡, Eckert number 𝐸𝑐, Biot 

number 𝐵𝑖 and the heat source/sink parameter 𝑆 are 

increased.  

• Enhancements in the Nusselt number values are ob-

tained as a result of the increase in values of the ther-

mal radiation parameter 𝑅, Prandtl number 𝑃𝑟 and the 

Casson fluid parameter 𝛽 while the reverse effect is 

given in case of the heat source/sink parameter 𝑆.  

• The increasing in the magnetic field parameter 𝑀 and 

the Darcy number 𝐷𝑎 lead to decreasing in the skin 

friction coefficient.  
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NOMENCLATURE 

𝑎  Stretching rate. 

𝐵𝑖  Biot number. 

𝐶  Concentration of nanoparticles. 

𝐶𝑓 Skin friction coefficient. 

𝐶𝑤 Nanoparticles fraction at wall. 

𝐶∞ Stream concentration. 

𝐶𝑡   Ratio temperature parameter. 

𝐷𝑎  Darcy number. 

𝐷𝐵  Brownian diffusion coefficient. 

𝐷𝑇  Thermophoresis diffusion coefficient. 

𝐸𝑐  Eckert number. 

𝑒𝑖𝑗   Deformation rate. 

𝑓′(𝜂) Velocity function. 

ℎ Coefficient of convective heat transfer. 

𝐾  Permeability. 

𝑘∗  Mean absorption coefficient. 

𝑘  Thermal conductivity. 

𝐿𝑒  Lewis number. 

𝑀  Magnetic field parameter. 

𝑁𝑏  Brownian motion parameter. 

𝑁𝑡  Thermophoresis parameter. 

𝑁𝑢𝑥  Local Nusselt number. 

𝑃𝑟  Prandtl number. 

𝑄 Dimensional heat generation/absorption. 

𝑞𝑟 Nonlinear radiative heat flux. 

𝑞𝑤  Heat flux. 

𝑞𝑚 Mass flux. 

𝑅 Non-linear thermal radiation parameter. 

𝑅𝑒𝑥 Local Reynolds number. 

𝑆  Heat source/sink parameter. 

𝑆ℎ𝑥  Local Sherwood number. 

𝑇  Temperature. 

𝑇𝑤  Temperature at wall. 

𝑇∞ Stream temperature. 

𝑈𝑤  Stretching sheet velocity. 

𝑢, 𝑣  Velocity components. 

𝑥, 𝑦  Space coordinates. 

Greek Symbols 

𝛼  Thermal diffusivity. 

𝛽  Casson fluid parameter. 

𝛾 Nondimensional slip velocity parameter. 

𝜂  Similarity variable. 

𝜃(𝜂)  Dimensionless temperature function. 

𝜈  Kinematic viscosity 

𝜌  Density of the fluid 

𝜎∗  Stefan-Boltzmann constant. 

𝜏  Ratio of the effective heat capacity of nanoparticle 

material to the effective heat capacity of the base 

fluid. 

𝜏𝑤 Shear stress along the stretching sheet. 

𝜙(𝜂) Dimensionless concentration of nanoparticles func-

tion. 

𝜇  Dynamic viscosity. 

𝜇𝑝  Plastic dynamic viscosity 

𝜋  Product of the component of deformation rate with 

itself. 

𝜋𝑐  Critical Product of the component of deformation 

rate with itself. 
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